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PREFACE 


The  present  volume  is  the  result  of  an  effort  to  write  a  modern 
text-book  on  the  Calculus  which  shall  be  essentially  a  drill  book. 
With  this  end  in  view,  the  pedagogic  principle  that  each  result 
should  be  made  intuitionally  as  well  as  analytically  evident  to  the 
student  has  been  kept  constantly  in  mind.  Indeed  it  has  been 
thought  best  in  some  cases,  as  for  example  in  Maxima  and  Minima 
and  the  Theorem  of  Mean  Value,  to  discuss  the  question  first 
from  the  intuitional  side,  in  order  that  the  significance  of  the  new 
idea  might  be  made  plain  in  the  most  direct  manner.  The  object 
has  not  been  to  teach  the  student  to  rely  upon  his  intuition,  but  in 
some  cases  to  use  this  faculty  in  advance  of  the  analytical  investi¬ 
gation.  The  short  chapter  on  Numbers  is  intended  to  give  the 
student  a  chance  to  review  his  ideas  of  number.  Limits  and 
Continuity  are  treated  at  length,  the  latter  mostly  from  a  graphical 
standpoint,  —  the  only  method  suited  to  a  first  couise.  In  fact, 
graphical  illustration  has  been  drawn  upon  to  the  fullest  extent 
throughout  the  book. 

As  special  features,  attention  may  be  called  to  the  effort  to 
make  perfectly  clear  the  nature  and  extent  of  each  new  theorem, 
the  large  number  of  carefully  graded  exercises,  and  the  summa¬ 
rizing  into  working  rules  of  the  methods  of  solving  problems.  In 
the  Integral  Calculus  the  notion  of  integration  over  a  plane  area 
has  been  much  enlarged  upon,  and  integration  as  the  limit  of  a 
summation  is  constantly  emphasized.  The  book  contains  more 
material  than  is  necessary  for  the  usual  course  of  one  hundred 
lessons  given  in  our  colleges  and  engineering  schools ;  but  this 
gives  teachers  an  opportunity  to  choose  such  topics  as  best  suit 
the  needs  of  their  classes.  It  is  believed  that  the  volume  contains 
all  subjects  from  which  a  selection  naturally  would  be  made  in 
preparing  students  either  for  elementary  work  m  applied  science 
or  for  more  advanced  work  in  pure  mathematics. 
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PREFACE 


Certain  proofs  of  considerable  difficulty  (as  the  existence  of  the  . 
number  e)  have  been  inserted  with  the  belief  that,  while  it  is  not 
always  advisable  to  require  beginners  to  learn  them,  a  discussion 
of  them  with  the  class  will  render  such  investigations  profitable 
and  stimulating. 

With  a  few  exceptions  the  author  has  found  it  impracticable  to 
acknowledge  his  indebtedness  to  the  large  number  of  American, 
English,  and  continental  writers  whose  books  and  articles  have 
helped  and  inspired  him  in  the  work,  the  bulk  of  the  matter 
having  long  been  the  common  property  of  all  mankind.  While 
many  of  the  exercises  are  new,  a  large  number  are  standard  and 
are  to  be  found  in  many  of  the  best  treatises. 

The  author’s  acknowledgments  are  due  to  Professor  M.  B. 
Porter  of  the  University  of  Texas  for  critically  examining  the 
manuscript,  to  Professor  James  Pierpont  of  Yale  University  for 
many  valuable  suggestions,  to  my  former  colleagues,  Professor 
E.  R.  Hedrick  of  the  University  of  Missouri  and  Dr.  C.  N. 
Haskins,  for  their  interest  and  assistance,  to  Dr.  C.  E.  Stromquist 
of  the  University  of  Princeton  for  verifying  the  examples,  and  to 
my  colleague,  Mr.  L.  C.  Weeks,  for  drawing  the  figures.  The 
thanks  of  the  author  are  also  due  to  his  former  instructor  in  mathe¬ 
matics,  Professor  John  E.  Clark,  now  Professor  Emeritus  of  Yale 
University,  who  first  advised  and  encouraged  him  to  undertake 
the  task  of  writing  this  book. 

Sheffield  Scientific  School,  > 

Yale  University,  July,  1904. 
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CHAPTER  I 

COLLECTION  OF  FORMULAS 


1.  Formulas  for  reference.  For  the  convenience  of  the  student 
we  give  the  following  list  of  elementary  formulas  from  Algebra, 
Geometry,  Trigonometry,  and  Analytic  Geometry. 


1.  Binomial  Theorem  ( n  being  a  positive  integer)  : 

(a  +  b)n  =  a"  +  nan~lb  +  ~  a"-2 3 4 5 6b2  +  ~  w'-W  +  ■■■ 

\2  [8 

n  (n  —  1)  (n  —  2)  •  •  •  (n  —  r  +  2)  ,,,  , 

H - - - — — ; — ~ — 1 - -  an~r+lbr- 1  -\ —  ■ 


Also  written 


\r  —  1 


(a  +  by  =  o»  +  +  (”)  a»-262  +  +  • 


2.  n  \  =  \n  =  1  •  2  •  3  •  4  •  •  •  (n  —  1)  n. 

3.  In  the  quadratic  equation  ax2  +  bx  +  c  =  0, 

when  62  —  4  ac  >  0,  the  roots  are  real  and  unequal ; 
when  b'2  —  4  ac  =  0,  the  roots  are  real  and  equal  ; 
when  b2  —  4  ac  <  0,  the  roots  are  imaginary. 


4.  When  a  quadratic  equation  is  reduced  to  the  form  x2  +  px  =  q, 
p  =  sum  of  roots  with  sign  changed, 
and  q  =  product  of  roots  with  sign  changed. 


5.  In  an  arithmetical  series, 

l  =  a  +  (n  —  l)d;  s  =  ^(a  +  l)  =  -  [2  a  +  (n  —  l)d]. 

Ji  £ 


6.  In  a  geometrical  series, 

,  rl  —  a 

l  —  arn~l\  s  = - — 

r  —  1 

1 


a  (rn  —  1) 


r  —  1 
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7.  log  ab  =  log  a  +  log  b.  “•  l0S  a'1  —  n  a- 

n  i 

8  log  -  =  log  a  -log  b.  10.  log  V«=-loga. 

b 

11.  log  1=0.  12.  loga  0  =  1.  13.  log  ^  =  -  log  a. 

14.  Circumference  of  circle  =  2  nr*  '  16.  Volume  of  prism  =  Ba. 

15.  Area  of  circle  =  nr2.  17-  Volume  of  pyramid  =  ^Ba. 

18.  Volume  of  right  circular  cylinder  =  nr-a. 

19.  Lateral  surface  of  right  circular  cylinder  =  2  n ra. 

20.  Total  surface  of  right  circular  cylinder  =  2  nr  (r  +  a). 


21. 

22. 

23. 

24. 

26. 

27. 

28. 
29. 


31. 

32. 

33. 

34. 

36. 

37. 


Volume  of  right  circular  cone  =  £  nr2a. 

Lateral  surface  of  right  circular  cone  =  nrs. 

Total  surface  of  right  circular  cone  =  nr(r  +  s). 

Volume  of  sphere  =  f  nr3.  25.  Surface  of  sphere  =  4  nr2. 

1  1  .  +  1 

sin  x  = - ;  cos  x  = - ,  tan  x  = - 

esc  x  sec  x  cot  x 


sin  x  .  cos  x 

tana;  = - >  cot  x  =  — : — 

cos  x  sin  x 


sin2  x  +  cos2  x  =  1 ;  1  +  tan2  *  =  sec2  x ;  1  +  cot2  x  =  esc2  x. 
sin  x  =  cos(|  -  x)  ;  30.  sin  (n  -  x)  =  sin  x ; 

cos  x  =  sin  ;  cos  (n  —  %)  —  —  cos  x  j 

tanx  =  cot  —  x)  • 

sin  (x  +  y)  =  sin  x  cos  y  +  cos  x  sin  y. 

sin  (x  —  y)  =  sin  x  cos  y  —  cos  x  sin  y. 

cos  (x  +  y)  =  cos  x  cos  y  —  sin  x  sin  y. 

tan  x  +  tan  y 


tan  (n  —  x)  —  —  tan  x. 


tan  (x  +  y)  = 


1  —  tan  x  tan  y 


35.  tan  (x  —  y)  = 


tan  x  —  tan  y 
1  +  tan  x  tan  y 
2  tan  x 


sin  2  x  =  2  sin  x  cos  x  ;  cos  2  x  =  cos2  x  —  sin2  x ;  tan  2  x  =  - - - 

1  —  tan2 


\ 


x 


•  2  tan  - 

„  .  x  x  „X  .  -X  .  2 

sm  x  =  2  sni  -  cos  -  ;  cos  x  =  cos2 - sm2  -  ;  tan  x  - - 

2  2  2  2  1  —  tan2- 

2 


*  In  formulas  14-25,  r  denotes  radius,  a  altitude,  B  area  of  base,  and  s  slant  height. 
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38.  cos2  x  —  -  +  -  cos  2  x  :  sin2  x  =  -  —  -  cos  2  x. 

2  2  2  2 

39.  1  +  cos  x  =  2  cos2  - ;  1  —  cos  x  =  2  sin2  -  • 

2  2 


.  X  ll  —  cos  X 

4°.  =  - - - ; 


X 


5  C0S2=±  \ 


1 


COS  X 


;  tan 


X  _  / 1  —  c 

2  ±\l+c 


cosx 
+  cosx 


41.  sin  x  +  sin  y  =  2  sin  (x  +  y)  cos  i(x  —  y). 

42.  sin  x  —  sin  y  =  2  cos  4  (x  -f  y)  sin  i(x  —  y).  Y, 

43.  cos  x  +  cos  y  =  2  cos  i  (x  +  y)  cos  i(x  —  y). 

44.  cos  x  —  cos  y  =  —  2  sin  £  (x  -f  y)  sin  £  (x  —  y). 

45.  — — —  =. — - —  =  — - — ;  Law  of  Sines, 
sin  A  sin  B  sin  C 

46.  a2  =  b2  +  c2  —  2  be  cos  A  ;  Law  of  Cosines. 

47.  d  =  V (xi  —  X2)2  +  (y  1  —  y-i)'2 ;  distance  "between  points  (xj,  2/1)  and  (x2,  2/2). 

48.  d  =  ^ Xl  +  ^  ;  distance  from  line  Ax  +  By  +  C  =  0  to  (Xi,  2/1)- 

±  VjL2  +  R2 

49.  x  =  Xl  X~ ,  ?/  =  yi  ^  ;  coordinates  of  middle  point. 

2  2 

50.  x  =  x0  +  x',  y  =  2/0  +  2/'  5  transforming  to  new  origin  (x0,  22o)- 

51.  x  =  x7  cos  0  —  2/'  sin  0,  y  =  x'  sin  0  +  y'  cos  0 ;  transforming  to  new  axes  mak¬ 

ing  the  angle  6  with  old. 

52.  x  =  p  cos  0,  y  =  p  sin  0 ;  transforming  from  rectangular  to  polar  coordinates. 

53.  p  =  Vx2  +  y2,  0  =  arc  tan  -  ;  transforming  from'  polar  to  rectangular  coor- 
di  nates. 


54.  Different  forms  of  equation  of  a  straight  line  : 

(a)  y  ~  yi  =  y2  ~  yi- ,  two-point  form  ; 
x  —  Xi  x2  —  Xi 

(b)  -  +  -  =  1,  intercept  form  ; 
a  b 

(c)  y  —  V\  —  m(x  —  Xi),  slope-point  form  ; 

(d)  2/  =  mx  +  6,  slope-intercept  form  ; 

(e)  x  cos  a  +  y  sin  a  =  p,  normal  form  ; 

(f )  Ax  +  By  +  C  =  0,  general  form. 


55.  tan  0  =  — _ — ,  angle  between  two  lines  whose  slopes  are  mi  and  m2. 

1  +  »»im2 

mi  =  m2  when  lines  are  parallel, 


and  mi  = - —  when  lines  are  perpendicular. 

m2 

56.  (x  —  a)2  +  (2/  —  |3)2  =  r2,  equation  of  circle  with  center  (a,  /3)  and  radius  r. 
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2.  Greek  alphabet. 

Letters 

Names 

A  a 

Alpha 

B  /3 

Beta 

r  y 

Gamma 

A  8 

Delta 

E  e 

Epsilon 

z  r 

Zeta 

H  v 

Eta 

@  e 

Theta 

i  t 

Iota 

K  /c 

Kappa 

A  \ 

Lambda 

M  ^ 

Mu 

Letters 

Names 

N 

V 

Nu 

b-1 

z 

Xi 

0 

0 

Omicron 

n 

7 r 

Pi 

p 

P 

Rho 

2 

CT  ? 

Sigma 

T 

T 

Tau 

T 

V 

Upsilon 

0 

Phi 

X 

% 

Chi 

\p 

yjr 

Psi 

n 

CO 

Omega 

3.  Natural  values  of  trigonometric  functions. 


Angle  in 
Radians 

Angle  in 
Degrees 

Sin 

Cos 

Tan 

Cot 

.0000 

0° 

.0000 

1.0000 

.0000 

(X) 

90° 

1.5708 

.0873 

5° 

.0872 

.9962 

.0875 

11.430 

85° 

1.4835 

.1745 

10° 

.1736 

.9848 

.1763 

5.071 

O 

O 

00 

1.3963 

.2618 

15° 

.2588 

.9059 

.2679 

3.732 

75° 

1.3090 

.3491 

20° 

.3420 

.9397 

.3640 

2.747 

70° 

1.2217 

.4363 

25° 

.4226 

.9063 

.4663 

2.145 

65° 

1.1345 

.5236 

30° 

.5000 

.8660 

.5774 

1.732 

O 

O 

o 

1.0472 

.6109 

35° 

.5730 

.8192 

.7002 

1.428 

55° 

.9599 

.0981 

O 

O 

<  .6428 

.7660 

.8391 

1.192 

O 

O 

o 

.8727 

.7854 

45° 

.7071 

.7071 

1.0000 

1.000 

45° 

.7854 

■ 

_ 

Cos 

Sin 

Cot 

Tan 

Angle  in 
Degrees 

Anglo  in 
Radians 
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Angle  In 
Radians 

Angle  in 
Degrees 

Sin 

Cos 

Tan 

Cot 

Sec 

Csc 

0 

0° 

0 

1 

0 

CO 

1 

CO 

It 

2 

90° 

1 

0 

OO 

0 

CO 

1 

7 r 

180° 

0 

-  1 

0 

CO 

- 1 

CO 

1  CO 

270° 

-  1 

0 

CO 

0 

CO 

-  1 

2  7T 

300° 

0 

1 

0 

CO 

1 

CO 

Angle  in 
Radians 

Angle  in 
Degrees 

Sin 

Cos 

Tan 

Cot 

Sec 

Csc 

0 

0° 

0 

1 

0 

CO 

1 

CO 

7 r 

6 

30° 

1 

2 

V3 

2 

Vs 

3 

V3 

2  V3 

3 

2 

7 r 

4 

45°  ■ 

V2 

2 

V2 

2 

1 

1 

V2 

V2 

7 r 

3 

60° 

V3  , 
2 

1 

2 

V3 

V3 

3 

2 

2  V3 

3 

Tt 

'2 

90° 

1 

0 

CO 

0 

00 

1 
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4.  Rules  for  signs. 


Quadrant 

Sin 

Cos 

Tan 

Cot 

Sec 

Csc 

First  .... 

+ 

+ 

+ 

+ 

+ 

+ 

:  Second .... 

+ 

- 

- 

- 

+ 

1 

Third  .... 

- 

- 

4- 

+ 

- 

- 

Fourth .... 

- 

+ 

— 

- 

+ 

- 
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NUMBERS 

5.  Rational  numbers.  All  positive  and  negative  integers  and 
fractions,  and  zero,  are  called  rational  numbers.  We  shall  assume 
that  the  student  is  familiar  with  the  most  elementary  properties 
of  these  numbers  and  their  use  in  ordinary  Arithmetical  work. 

6.  Comparison  of  rational  numbers  with  the  points  of  a  straight 
line.  The  series  of  rational  lumbers  is  unlimited,  for  between 
any  two  we  can  always  insert  as  many  more  rational  numbers  as 
we  please.  Nevertheless  there  exist  gaps  everywhere  in  the  series, 
as  may  be  clearly  seen  if  we  set  up  a  correspondence  between  the 
series  of  rational  numbers  and  the  points  of  a  straight  line. 

o  a  p 

On  a  straight  line  of  indefinite  length  select  a  zero  point  0  and 
a  definite  unit  of  length  for  measuring  segments.  A  length  may 
then  be  constructed  corresponding  to  any  rational  number  a  which 
we  lay  off  to  the  right  or  left  of  0  according  as  a  is  positive  or 
negative.  In  this  way  we  obtain  a  definite  end  point  P  which  may 
be  considered  as  the  point  corresponding  to  the  rational  number  a* 
We  may  then  say,  to  every  rational  number  there  corresponds  one 
and  only  one  p>oint  on  the  straight  line. 

But  there  are  lengths  which  are  incommensurable  with  a  given 
unit  of  length.  From  Geometry  we  have  the  familiar  example  of 
the  diagonal  of  a  square  whose  side  is  the  unit  of  length.  Laying 
off  such  a  length  from  the  origin  on  the  straight  line  we  obtain 
an  end  point  which  corresponds  to  no  rational  number. And 

*  In  above  figure  a  is  taken  as  positive. 

t  Length  of  diagonal  of  a  unit  square  =  V2.  This  cannot  be  an  integer,  for  no  integer  multi¬ 
plied  by  itself  gives  2.  Neither  can  it  be  a  fraction  ;  for,  if  possible,  let 

\/2  “  (A) 

0 

where  a  and  b  are  integers  which  do  not  have  a  common  factor.  Squaring  both  sides, 


Since  a  and  b  have  no  common  factor,  a2  and  b2  can  have  no  common  factor  ;  and  (B),  which 
says  that  b2  is  contained  twice  in  a2,  contradicts  our  hypothesis  (A).  Therefore,  since  v2  is 
neither  an  integer  nor  a  fraction  it  cannot  be  a  rational  number. 
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since  there  are  infinitely  many  lengths  which  are  incommensurable 
with  the  unit  of  length,  the  straight  line  is  infinitely  richer  in 
point-individuals  than  the  series  of  rational  numbers  is  in  number- 
individuals.  This  comparison  has  led  to  the  recognition  of  a  certain 
incompleteness  of  the  system  of  rational  numbers,  while  we  ascribe  to 
the  straight  line  completeness  and  absence  of  gaps,  that  is,  continuity. 

7.  Irrational  numbers.  If  we  wish  to  study  the  straight  line 
arithmetically,  the  system  of  rational  numbers  having  been  found 
wanting,  it  becomes  necessary  to  extend  our  system  of  numbers 
in  such  a  way  that  it  shall  have  the  same  completeness,  or  continuity , 
as  the  straight  line.  This  has  been  done  by  the  creation  of  irra¬ 
tional  numbers  which  are  de  fined  in  terms  of  rational  numbers  only. 
The  scope  of  this  book  does  not  permit  the  development  of  the 
modern  arithmetic  theory  of  rational  numbers ;  hence  we  shall 
only  call  the  attention  of  the  student  to  the  existence  of  irrational 
numbers  and  to  the  statement :  the  irrational  numbers  completely 
fill  up  all  the  gaps  ivhich  exist  in  the  system  of  rational  numbers ; 
i.e.  we  assume  that  to  every  point  on  a  straight  line  corresponds 
a  number,  rational  or  irrational,  and  conversely.  Following  are 
examples  of  irrational  numbers  : 

V2  =  1.4142186  •  •  •,* 
log105  =  0.6989700  •••,! 

7T  =  3.141 5929^.., 
e  =  2.7182814^-. 

8.  Real  numbers.  All  rational  and  irrational  numbers  are  called 
real  numbers.  These  are  arranged  in  order  with  respect  to  their 
magnitudes  as  follows : 

4  3 - 2 - 1  0 - hi - 1-2 - h  3 - h  4  •••, 

increasing  as  we  pass  from  left  to  right. 

*  It  was  shown  in  footnote  on  p.  7  that  V2  cannot  he  a  rational  number. 

t  Suppose  this  to  he  a  rational  number,  then 

logio5  =  7> 

.  0 

where  a  and  b  are  positive  integers.  Then 

a 

10  »=  5,  or  10“'=  5\ 

That  is,  no  matter  what  the  values  of  a  and  b,  we  would  have  a  number  whose  last  digit  is 
zero  equal  to  a  number  whose  last  digit  is  5 ;  this  being  absurd,  our  hypothesis  that  log,05  was  a 
rational  number  is  absurd. 
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The  symbol  >  is  read  is  greater  than ,  and  the  symbol  <  is  read 
is  less  than. 

It  is  sometimes  convenient  to  write  a  >  0,  which  means  that  a 
is  positive ;  or  h  <  0,  showing  that  h  is  negative. 

We  may  also  write  such  expressions  as 

3  >  —  1,  or  —  8  <  —  5,  etc. 

The  symbol  >  is  read  is  greater  than  or  equal  to ,  and  is  equiva¬ 
lent  to  the  symbol  <£,  read  is  not  less  than. 

The  symbol  <  is  read  is  less  than  or  equal  to,  and  is  equivalent 
to  the  symbol  3>,  read  is  not  greater  than. 

The  symbol  ^  is  read  is  greater  or  less  than,  and  is  equivalent  to 
the  symbol  =f=,  read  is  not  equal  to. 

9.  Numerical  or  absolute  value.  By  the  numerical  value  or  abso¬ 
lute  value  of  a  real  number  we  mean  its  value  taken  positively. 
The  numerical  or  absolute  value  of  a  is  denoted  by  the  symbol  \  a\. 

Thus,  |5|  =  |— 5|=+5. 

10.  Imaginary  numbers.  Consider  the  equation 

z2  +  1  =  0. 

No  real  number  substituted  for  x  will  satisfy  this  .equation. 
To  overcome  this  difficulty,  our  number  system  must  be  enlarged 
by  the  creation  of  a  new  number.  If  i  is  a  number  such  that 
i2  =  —  1,  then  the  above  equation  is  satisfied  by  substituting  i  or 

—  i  for  x.  Hence  .  . 

x  =  ±  i 

is  called  the  solution  of  the  equation,  and  the  new  number 
*  =  I  is  termed  the  imaginary  unit. 

If  a  is  real,  the  expression 

a  V—  1,  or  ai , 

defines  an  imaginary  number. 

11.  Complex  numbers.  The  sum 

a  +  hi, 

where  a  and  b  are  real  numbers,  defines  a  complex  number.  The 
first  term  belongs  to  the  system  of  real  numbers,  while  the  second 
belongs  to  the  system  of  imaginary  numbers.  Complex  numbers 
suffice  for  all  algebraic  operations. 
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12.  Division  by  zero  excluded.  -  is  indeterminate.  I1  or,  the 

quotient  of  two  numbers  is  that  number  which  multiplied  by  the 
divisor  will  give  the  dividend.  But  any  number  whatever  multi¬ 
plied  by  zero  gives  zero,  and  the  quotient  is  indeterminate ;  that 
is,  any  number  whatever  may  be  (Considered  as  the  quotient,  a 
result  which  is  of  no  value. 

^  has  no  meaning,  a  being  different  from  zero,  for  there  exists 

no  number  such  that  if  it  be  multiplied  by  zero  the  product  would 
equal  a. 

Therefore  division  by  zero  is  not  an  admissible  operation. 

13.  Only  real  numbers  considered.  Unless  otherwise  stated,  only 
real  numbers  are  considered  in  what  follows  in  this  book. 


CHAPTER  III 


VARIABLES  AND  FUNCTIONS 


14.  Variables.  A  variable  is  a  quantity  to  which  an  unlimited 
number  of  values  can  be  assigned.  Variables  are  denoted  by  the 
later  letters  of  the  alphabet.  Thus,  in  the  equation  of  a  straight 

line, 

5  +  *  =  l. 

a  b 


x  and  y  may  be  considered  as  the  variable  coordinates  of  a  point 
moving  along  the  line. 

15.  Constants.  A  quantity  whose  value  remains  unchanged  is 
called  a  constant. 

Numerical  or  absolute  constants  retain  the  same  values  in  all 
problems,  as  2,  5,  V7,  i r,  etc. 

Arbitrary  constants ,  or  parameters ,  are  constants  to  which  any 
one  of  an  unlimited  set  of  numerical  values  may  be  assigned, 
and  they  are  supposed  to  have  these  assigned  values  throughout 
the  investigation.  They  are  usually  denoted  by  the  earlier  letters 
of  the  alphabet.  Thus,  for  every  pair  of  values  arbitrarily  assigned 
to  a  and  b,  the  equation 


represents  some  particular  straight  line. 

16.  Interval  of  a  variable.  Very  often  we  confine  ourselves  to 
a  portion  only  of  the  number  system,  bor  example,  we  may 
restrict  our  variable  so  that  it  shall  take  on  only  such  values  as 
lie  between  a  and  b,  where  a  and  b  may  be  included,  or  eithei  oi 
both  excluded.  We  shall  employ  the  symbol  [a,  i],  a  being  less 
than  5,  to  represent  the  numbers  a ,  b ,  and  all  the  numbers  between 
them,  unless  otherwise  stated.  This  symbol  [a,  J]  is  lead  the 
interval  from  a  to  b. 
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17.  Continuous  variation.  A  variable  x  is  said  to  vary  continu¬ 
ously  through  an  interval  [a,  S],  when  x  starts  with  the  value  a 
and  increases  until  it  takes  on  the  value  b  in  such  a  manner  as 
to  assume  the  value  of  every  number  between  a  and  b  in  the 
order  of  their  magnitudes.  This  may  be  illustrated  geometrically 
as  follows : 

a  x  b 

O - — ■— ■■■■o 

0  APB 

The  origin  being  at  0,  lay  off  on  the  straight  line  the  points  A 
and  B  corresponding  to  the  numbers  a  and  b.  Also  let  the  point 
P  correspond  to  a  particular  value  of  the  variable  x.  Evidently 
the  interval  [a,  b ]  is  represented  by  the  segment  AB.  Now  as  x 
varies  continuously  from  a  to  l  inclusive,  i.e.  through  the  interval 
[a,  ft],  the  point  P  generates  the  segment  AB. 

18.  Functions.  When  two  variables  are  so  related  that  the 
value  of  the  first  variable  depends  on  the  value  of  the  second 
variable,  then  the  first  variable  is  said  to  be  a  function  of  the 
second  variable. 

Nearly  all  scientific  problems  deal  with  quantities  and  relations 
of  this  sort,  and  in  the  experiences  of  everyday  life  we  are  con¬ 
tinually  meeting  conditions  illustrating  the  dependence  of  one 
quantity  on  another.  For  instance,  the  weight  a  man  is  able  to  lift 
depends  on  his  strength,  other  things  being  equal.  Similarly,  the 
distance  a  boy  can  run  may  be  considered  as  depending  on  the  time. 
Or,  we  may  say  that  the  area  of  a  square  is  a  function  of  the  length 
of  a  side,  and  the  volume  of  a  sphere  is  a  function  of  its  diameter. 

19.  Independent  and  dependent  variables.  The  second  variable, 
to  which  values  may  be  assigned  at  pleasure  within  limits  depend¬ 
ing  on  tlie  particular  problem,  is  called  the  independent  variable,  or 
argument;  and  the  first  variable,  whose  value  is  determined  as 
soon  as  the  value  of  the  independent  variable  is  fixed,  is  called 
the  dependent  variable,  or  function. 

Frequently,  when  we  are  considering  two  related  variables,  it 
is  in  our  power  to  fix  upon  whichever  we  please  as  the  inde¬ 
pendent  variable  ;  but  having  once  made  the  choice,  no  change  of 
independent  variable  is  allowed  without  certain  precautions  and 
transformations. 
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One  quantity  (the  dependent  variable)  may  be  a  function  of  two 
or  more  other  quantities  (the  independent  variables,  or  arguments). 
For  example,  the  cost  of  cloth  is  a  function  of  both  the  quality 
and  quantity ,  the  area  of  a  triangle  is  a  function  of  the  base  and 
altitude;  the  volume  of  a  rectangular  parallelopiped  is  a  function 
of  its  three  dimensions. 

20.  Notation  of  functions.  The  symbol  f(x)  is  used  to  denote  a 
function  of  x,  and  is  read  f  function  of  x.  In  order  to  distinguish 
between  different  functions  the  prefixed  letter  is  changed,  as 
F(x),  (f)(x),f(x),  etc. 

During  any  investigation  the  same  functional  symbol  always 
indicates  the  same  law  of  dependence  of  the  function  upon  the 
variable.  In  the  simpler  cases,  this  law  takes  the  form  of  a  series 

of  analytical  operations  upon  that  variable.  Hence,  in  such  a 

case,  the  same  functional  symbol  will  indicate  the  same  operations 
or  series  of  operations,  even  though  applied  to  different  quantities. 
Thus,  if 

f(x)  —  a?  —  9  x  +  14, 
then  f(y)  =  y1  -  9  y  +  14. 

Also  f{a)  =  or  —  9  a  +  14, 

f(b  +  1)  =  (b  +  l)2  -  9  (5  +  1)  +  14  =  b2  —  7  b  +  6, 
/(0)=02-  9-0  +14  =  14, 

/(-!)  =  (- l)2-9(-l)  +  14  =  24, 

/(3)  =  32  —  9  •  3  +  14  =  —  4, 

/(7)=  72-  9-7  +14  =  0,  etc. 


Similarly  <f)(x,  y)  denotes  a  function  of  x  and  y,  and  is  read 
<f)  f  unction  of  x  and  y. 


If 

then 

and 

Again,  if 
then 
and 


<f>(x,  y)  =  sin  (x  +  y), 
cf)  (a,  b)  —  sin  (a  +  b ), 

°)=s:nf=1- 

F(x,  y,  z)  =  2  x  +  3  y  —  1 2  z, 

F(m,  —  m,  m)  =  2  m  —  3  m  —  1 2  m  =  —  13  m, 
F( 3,  2,  l)=2-3  +  3-  2  —  12-1=0. 


Evidently  this  system  of  notation  may  be  extended  indefinitely. 
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*  21.  Values  of  the  independent  variable  for  which  a  function  is 

defined.  Consider  the  functions 

a?  —  2  x  +  5,  sin  x,  arc  tan  x 

of  the  independent  variable  x.  Denoting  the  dependent  variable 
in  each  case  by  y,  we  may  write  1 

y  =  x2  —  2  x  +  5,  y  =  sin  x,  y  =  arc  tan  x. 

In  each  case  y  (the  value  of  the  function)  is  known,  or,  as  we 
say,  defined ,  for  all  values  of  x.  This  is  not  by  any  means  true  of 
all  functions,  as  the  following  examples  illustrating  the  more  com¬ 
mon  exceptions  will  show. 


Here  the  value  of  y  (i.e.  the  function)  is  defined  for  all  values 
of  x  except  x  =  b.  When  x  =  b  the  divisor  becomes  zero  and  the 
value  of  y  cannot  be  computed  from  (1).  Any  value  might  be 
assigned  to  the  function  for  this  value  of  the  argument. 

(2)  y  =  Vi. 

In  this  case  the  function  is  defined  only  for  positive  values  of  x. 
Negative  values  of  x  give  imaginary  values  for  ?/,  and  these  must 
be  excluded  here  where  we  are  confining  ourselves  to  real  num¬ 
bers  only. 

(3)  y  =  lo gax.  a  >  0 

Here  y  is  defined  only  for  positive  values  of  x.  For  negative 
values  of  x  this  function  does  not  exist  (see  §  35). 

(4)  y  =  arc  sin  x,  y  =  arc  cos  x. 

Since  sines  and  cosines  cannot  become  greater  than  +  1  nor  less 
than  —  1,  it  follows  that  the  above  functions  are  defined  for  all 
values  of  x  ranging  from  —  1  to  +  1  inclusive,  but  for  no  other 
values. 

22.  One-valued  and  many-valued  functions.  A  variable  y  is  said 
to  be  a  one-valued  function  of  a  second  variable  x  when  y’has  one 
and  only  one  value  corresponding  to  each  value  of  x.  Thus,  in 

y  =  3  a? 

y  is  a  one-valued  function  of  x. 


$ 


v  • 
B 


A  Jl/HL** 


C  ‘  ' 


,  .1 
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If  to  each  value  of  the  second  variable  there  correspond  more 
than  one  value  of  the  first  variable,  then  the  first  variable  is  said 
to  be  a  many-valued  function  of  the  second  variable.  In 

y~  =  5x 

y  is  a  two-valued  function  of  x  since 

y  =  ±  V5  x. 

Again,  in  y  =  arc  tan  x 

it  is  seen  that  there  is  no  limit  to  the  number  of  values  of  y  corre¬ 
sponding  to  a  given  value  of  x.  For,  let  a;  =  0,  then  y  =  mr,  where 
n  denotes  zero  or  any  integer. 

23.  Explicit  functions.  When  a  relation  between  x  and  y  is 
given  by  means  of  an  equation  solved  for  y,  then  y  is  called  an 
explicit  function  of  x.  Thus,  in 

u  —  2  xs  —  x1  4-  3.  v  =  ^  X  ^  , 

y  —  sin  ax,  y  —  log  (1  +  x),  y  =  5  ax, 

y  is  in  each  case  an  explicit  function  of  x. 

Again,  in  z  —  log  (x  +  y) 

z  is  an  explicit  function  of  x  and  y. 

Similarly  w  =  e*vz 

exhibits  w  as  an  explicit  f  unction  of  x,  y,  and  z. 

Symbolically  these  explicit  functions  may  be  respectively  denoted 

hy  \ 

y  =/(*), 

z  =  $(x,  y), 
w  -  F(x,  y,  z ). 

24.  Inverse  functions.  Let  y  be  given  as  a  function  of  x  by 
means  of  the  relation 

V  =/(*)• 

It  is  usually  possible  in  the  case  of  functions  considered  in  this 
book  to  solve  this  equation  for  x,  giving 

x  =  (f>(y); 
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that  is,  to  consider  y  as  the  independent,  and  x  as  the  dependent 
variable.  In  that  ease 

f(x)  and  <f>  (y) 

are  said  to  be  inverse  functions.  When  we  wish  to  distinguish 
between  the  two  it  is  customary  to  call  the  first  one  given  the 
direct  function  and  the  second  one  the  inverse  function.  Thus,  in 
the  examples  which  follow,  if  the  second  members  in  the  first 
column  are  taken  as  the  direct  functions,  then  the  corresponding 
members  in  the  second  column  will  be  respectively  their  inverse 
functions. 

x  =  ±  Vy  —  1. 


y  =  o?  +  1, 

y  =  «*» 

y  =  sin  x, 


x 


!o  gay- 

x  =  arc  sin  y. 


25.  Integral  rational  functions.  When  y  is  put  equal  to  an 
expression  which  is  formed  from  x  and  constants  by  means  of 
addition,  subtraction,  and  multiplication,  repeated  a  finite  num¬ 
ber  of  times,  then  y  is  said  to  be  an  integral  rational  function  of  x, 
or  a  polynomial.  Examples  are 

y  =  2«3  —  5*2T2«  —  3,  y  =  ax 2  +  bx  4-  c. 

26.  Rational  functions.  When  y  is  equal  to  an  expression 
which  is  formed  from  x  and  constants  by  means  of  the  four  fun¬ 
damental  operations  only,  repeated  a  finite  number  of  times,  then 
y  is  said  to  be  a  rational  f  unction  of  x.  Functions  of  this  sort  do 
not  contain  radicals  and  may  be  reduced  to  the  quotient  of  two 
integral  rational  functions,  i.e.  to  the  quotient  of  two  polynomials 
in  x  not  involving  fractional  or  negative  exponents.  For  example, 


2  x  —  3  3  x 


2 


y  = 


x  +  1 


X 


+  7  x, 


X 


giving  y  as  a  rational  function  of  x,  may  be  reduced  to  the  form 


y  = 


7  x*  +  5  x? 


23  a?  +  11  x  +  2 


x  —  x 
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27.  Explicit  algebraic  functions.  If  y  is  placed  equal  to  an 
expression  which  is  formed  from  x  and  constants  by  a  finite 
number  of  repetitions  of  the  four  fundamental  operations  and 
the  extraction  of  integral  roots,  then  y  is  called  an  explicit  alge¬ 
braic  function  of  x.*  Thus,  in 


y  —  3  x*  —  2  V 'x 
2  xs  +  x  —  6 


y  = 


y  = 


3  x  +  7 

x  —  1 
xz  +  2  * 


-5, 

+  11  x1  +  9, 


y  is  in  each  case  an  explicit  algebraic  function  of  x. 

Evidently  both  rational  functions  and  integral  rational  functions 
are  explicit  algebraic  functions.  mJ-?  «*-*'*' 

28.  Transcendental  functions.  All  functions  which  are  not  alge¬ 
braic  are  classed  as  transcendental.  The  elementary  transcendental 
functions  are : 

(1)  Exponential  functions,  in  which  variables  enter  as  exponents; 
as  ax,  yx,  ex+v,  xv\  etc. 

(2)  Logarithmic  functions,  involving  the  logarithms  of  the  vari¬ 
ables  ;  as  log  ax,  log  (x  +  y),  etc. 

(3)  Trigonometric  functions^ ;  as  sin  ax,  cos  (x  —  y),  tan  5  z,  etc. 


*  In  general  y  is  said  to  be  an  algebraic  function  of  x  if  y  is  a  root  of  an  equation  of  the 
/o  (D  yn  +/i  (#)  yn  -1 +/a  (*)  yn~2  +  •  •  •  +/»  -i  (®)  v  +/» (*)=  o, 


where  /0  (a), /i  (*),/*(*)••■  are  integral  rational  functions  of  x  (see  §25). 

t  In  the  further  study  of  mathematics  an  angle  is  always  understood  to  he  given,  not  in 
degrees,  minutes,  and  seconds,  but  in  terms  of  the  radian  as  unit  angle.  This  unit  angle  is  the 
angle  subtended  at  the  center  of  a  circle  by  an  arc  whose  length  is  equal  to  that  of  the  radius  of 
the  circle.  The  measure  of  any  angle  in  terms  of  this  unit  is  the  ratio  of  the  length  of  the  arc 
which  subtends  the  angle  to  the  length  of  the  radius.  Thus,  in  figure, 


angle  A  OB  = 


arc  AB 
~~AO~  ' 


If  arc  AB  is  twice  the  radius  in  length,  then 

angle  A  OB  =  2. 

Since  in  any  circle  the  ratio  of  the  circumference  to  the  radius  is 


2  w,  we  have 


angle  2  7t=  360°, 
angle  n  =  180°, 
180' 

angle  1  =  — 


=  57°.29  - 
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(4)  Inverse,  trigonometric  functions  ;  as  arc  sin  xr*  arc  cot  (a;  —  g), 
etc. 

Many  more  transcendental  functions  are  studied  in  the  higher 
branches  of  mathematics. 

I 

EXAMPLES 

1 .  Given  f(x )  =  x8  -  10  x2  +  31  x  -  30  ;  show  that 

/( 0)  =  -  30,  f(y)  =  y8  -  10  y2  +  31  y-  30, 

/( 2)  =  0,  f(a)  =  a8  -  10  a2  +  31  a  -  30, 

/( 3)  =/( 5),  f(yz)  =  y*z8  -  10 y2z2  +  31  yz  -  30, 

/( 1)  >/(-  3),  f(x  -  2)  =  x8  -  16 x2  +  83 x  -  140, 

/(_!)  =  -6/(6). 


2.  If  f(x)  =  x3  — 10  x2  +  31  x  —  30,  and  0  (x)=  x4  -  55x2  -  210x  -  216 ;  show  that 

/( 2)  =  0(-2), 

/( 3)  =  0(- 3), 

/(5)  =  0(-4), 

/(0)  + 0(0) +  246  =  0. 

3.  Given  F{x)  =  x  (x  -  1)  (x  +  6)  (x  -  1)  (x  +  f) ;  show  that 

F( 0)  =  F(l)  =  F(-  6)  =  F(i)  =  F(-  f)  =  0. 

4.  If  /(mi)  =  — 1 — show  that 

mi  + 1 

/(mi)  —  f(m«)  _  mi  -  m2 
1 +/(m.i)/(m2)  1  +  mim2 


5. 


Given  <p  (x)  =  log 


^  _  g* 

- ;  show  that 

1  +  x 

0  (x)  +  0  {y)  =  0  ( 


a:  +  y  \ 

1  +  xy  / 


6.  If  /(0)  =  cos  0  ;  show  that 

/(/)  =/(-  <P)=-f(n  -  0)  =-/(*  +  /)• 


7. 


If  F(0)  =  tan  0 ;  show  that 

F(2  8)  = 


2F(0) 


8.  Given  0  (x)  =  x2,t  +  x2m  +  1 ;  show  that 

0(1)  =  3,  0(0)  =  1,  0(ffl)  =  0(-a). 


*  Also  written  sin—1  x,  the  —1  not  being  considered  as  a  negative  exponent  in  the  ordinai'y 
sense,  but  merely  indicating  the  inverse  function.  '  The  expression  y  =  arc  sin  a;  should  be  read 
y  equals  the  arc  (or  angle)  whose  sine  is  x,  and  the  same  relation  between  x  and  y  is  given  by 
sin  y  =  x. 

Tor  example,  since  tan  -  =  1, 

-  =  arc  tan  1. 
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THEORY  OF  LIMITS 


T  ^9.  Limit  of  a  variable.  If  a  variable  v  takes  on  successively  a 
series  of  values  that  approach  nearer  and  nearer  to  a  constant 
value  l  in  such  a  manner  that  \v  —  l\*  becomes  and  remains  less 
than  any  assigned  arbitrarily  small  positive  quantity,  then  v  is  said 
to  approach  the  limit  l ,  or  to  converge  to  the  limit  l.  Symbolically 
this  is  written  limit  v  =  l. 

The  following  familiar  examples  illustrate  what  is  meant. 

(1)  As  the  number  of  sides  of  a  regular  inscribed  polygon  is  in¬ 
definitely  increased,  the  limit  of  the  area  of  the  polygon  is  the  area 
of  the  circle.  In  this  case  the  variable  is  always  less  than  its  limit. 

(2)  Similarly  the  limit  of  the  area  of  the  circumscribed  poly¬ 
gon  is  also  the  area  of  the  circle,  but  now  the  variable  is  always 
greater  than  its  limit. 

(3)  Consider  the  series 

{A)  1  — l  +  — • 

The  sum  of  any  even  number  (2  n)  of  the  first  terms  of  this 


series  is 


$u  =  l 


111  1 

2  +  4  g  +  "  '  +  22,l~2 


0271-1 7 


(B) 


S2n  = 


—  - 1 
•  2'Jn 


2 

3 


JL- 


By  6,  p.  1 


-i-  1  3  3-22"-1 

Similarly  the  sum  of  any  odd  number  (2ti  +  1)  of  the  first 
terms  of  the  series  is 

111  11 

-  4-  .  . 

8  1 


S. 


2n  +  l  1  2^4 

1 


22ri 


-i  +  2 2n’ 


(0)  s2n+1  = 


-1 

2- n+l  2  1 
_i_l  =  3  +  3  •  22”' 


*  To  be  read  the  numerical  value  of  the  difference  between  v  and  l. 
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Writing  (B)  and  (C)  in  the  forms 


we  have 
and 


g  ^2n  g  .  22*-!’  '^2)1+1  g  g  .  22”’ 


limit  /2  _  \  _  limit  _ 

n=  oo  V  3  2”/  ri=  oo  3  •  2: 


2k—  1  _  O’ 


limit 
n  =  co 


S, 


2n  +  l 


limit  1 
n  =  oo  3  -  22" 


=  0. 


Hence  by  definition  of  the  limit  of  a  variable  it  is  seen  that  both 
S.2n  and  N2re+1  are  variables  approaching  I  as  a  limit  as  the  num¬ 
ber  of  terms  increases  without  limit. 

Summing  up  the  first  two,  three,  four,  etc.,  terms  of  (A),  the 
sums  are  found  by  (B)  and  ( C )  to  be  alternately  less  and  greater 
than  f,  illustrating  the  case  when  the  variable ,  in  this  case  the  sum 
of  the  terms  of  (A),  is  sometimes  less  and  sometimes  greater  than 
its  limit. 

In  the  examples  shown  the  variable  never  reaches  its  limit.  This 
is  not  by  any  means  always  the  case,  for  from  the  definition  of 
the  limit  of  a  variable  it  is  clear  that  the  essence  of  the  definition 
is  simply  that  the  numerical  value  of  the  difference  between  the 
variable  and  its  limit  shall  ultimately  become  and  remain  less  than 
any  positive  number  we  may  choose  however  small. 

(4)  As  ap  example  illustrating  the  fact  that  the  variable  may 
reach  its  limit,  consider  the  following.  Let  a  series  of  regular 
polygons  be  inscribed  in  a  circle,  the  number  of  sides  increasing 
indefinitely.  Choosing  any  one  of  these,  construct  the  circum¬ 
scribed  polygon  whose  sides  touch  the  circle  at  the  vertices  of 
the  inscribed  polygon.  Let  pn  and  Pn  be  the  perimeters  of  the 
inscribed  and  circumscribed  polygons  of  n  sides  and  C  the  circum¬ 
ference  of  the  circle,  and  suppose  the  values  of  a  variable  x  to  be 
as  follows : 


Pnl  @1  ^nl  Pn+V  ^n  +  V  Pn  +  2’  Bn  +  2,  etC. 


Then  evidently, 


limit 
n  —  oo 


X=  C, 


and  the  limit  is  reached  by  the  variable. 
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/30.  Infinitesimals.  A  variable  v  whose  limit  is  zero  is  called 
an  infinitesimal.*  This  is  written 

limit  v  =  0, 

and  means  that  the  successive  numerical  values  of  v  ultimately 
become  and  remain  less  than  any  positive  quantity  however  small. 
Such  a  variable  is  said  to  become  indefinitely  small  or  to  ultimately 
vanish. 

If  limit  v  =  l,  then  limit  (v  —  l)  —  0  ; 

that  is,  the  difference  between  a  variable  and  its  limit  is  an  infini¬ 
tesimal. 

Conversely,  if  the  difference  between  a  variable  and  a  constant  is 
an  infinitesimal ,  then  the  variable  approaches  the  constant  as  a 
limit. 

31.'  The  concept  of  infinity  (oo).  If  a  variable  v  ultimately 
becomes  and  remains  greater  than  any  assigned  positive  number 
however  large,  we  say  v  increases  without  limit ,  and  write 

limit  v  =  +  oo. 

If  a  variable  v  ultimately  becomes  and  remains  algebraically 
less  than  any  assigned  negative  number,  we  say  v  decreases  without 
limit ,  and  write 

limit  v  =  —  <x>. 

If  a  variable  v  ultimately  becomes  and  remains  in  numerical 
value  greater  than  any  assigned  positive  number  however  large, 
we  say  v,  in  numerical  value ,  increases  without  limit ,  or  v  becomes 
infinitely  great ,f  and  write 

limit  v  —  oo. 

Infinity  (oo)  is  not  a  number;  it  simply  serves  to  characterize 
a  particular  mode  of  variation  of  a  variable  by  virtue  of  which  it 
increases  or  decreases  without  limit. 

*  Hence  a  constant,  no  matter  how  small  it  may  be,  is  not  an  infinitesimal. 

t  On  account  of  the  notation  used  and  for  the  sake  of  uniformity ,  the  expression  limit  v  —  +  00  is 
sometimes  read  v  approaches  the  limit  plus  infinity.  Similarly  limit  v  —  —  00  is  read  v  approaches 
the  limit  minus  infinity,  and  limit  v  =  <*>  is  read  v,  in  numerical  value,  approaches  the  limit 
infinity. 

While  the  above  notation  is  convenient  to  use  in  this  connection,  the  student  must  not  forget 
that  infinity  is  not  a  limit  in  the  sense  in  which  we  defined  a  limit  on  page  19,  for  infinity  is  not 
a  number  at  all, 
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32.  Limiting  value  of  a  function.  Given  a  function  f(x). 

If  the  independent  variable  x  takes  on  any  series  of  values 
such  that 

limit  x  =  a, 


and  at  the  same  time  the  dependent  variable /(z)  takes  on  a  series 
of  corresponding  values  such  that 

limit  f(x)  =  A , 


then  as  a  single  statement  this  is  written 


limit 

X  =  Cl 


f(x)  =  A, 


and  is  read  the  limit  of  f(x),  as  x  approaches  the  limit  a  by  any  set 
of  values ,  is  A.* 

33.  Continuous  and  discontinuous  functions.  A  function  f(x)  is 
said  to  be  continuous  for  x  =  a  if  the  limiting  value  of  the  function 
when  x  approaches  the  limit  a  in  any  manner  is  the  value  assigned 
to  the  function  for  x  =  a.  In  symbols,  if 


limit 

x  —  a 


f(x)  =  f(ci ) 


9 


then  f(x)  is  continuous  for  x  =  a. 

The  function  is  said  to  be  discontinuous  for  x  —  a  if  this  con¬ 
dition  is  not  satisfied.  For  example,  if 


limit 
x  —  a 


f(x)  =  ao, 


the  function  is  discontinuous  for  x  =  a. 

The  attention  of  the  student  is  now  called  to  the  following  cases 
which  occur  frequently. 

Case  I.  As  an  example  illustrating  a  simple  case  of  a  func¬ 
tion  continuous  for  a  particular  value  of  the  variable,  consider 
the  function 

x2  —  4 
x  —  2 


For  x  —  1,  f(x)—f(  1)=  3.  Moreover,  if  x  approaches  the  limit 
1  in  any  manner,  the  function  f(x)  approaches  3  as  a  limit.  Hence 
the  function  is  continuous  for  x  =  l.  • 


*  It  sometimes  happens  that /(a)  approaches  one  limit  when  x  approaches  a,  x  being  always 
less  than  a  ;  and  a  different  limit  when  x  approaches  a,  x  being  always  greater  than  a.  Or ,f(x) 
may  approach  a  limit  from  one  side  and  not  from  the  other  ;  or  it  may  approach  no  limit  from 
either  side.  Evidently  the  above  definition  excludes  all  such  exceptional  cases. 
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Case  II.  The  definition  of  a  continuous  function  assumes  that 
the  function  is  already  defined  for  x  =  a.  If  this  is  not  the  case, 
however,  it  is  sometimes  possible  to  assign  such  a  value  to  the 
function  for  x  ~  a  that  the  condition  of  continuity  shall  be  satis¬ 
fied.  The  following  theorem  covers  these  cases : 

Theorem.  If  f{x)  is  not  defined  for  x  =  «,  and  if 

“  =  «/(*)  =  B, 

then  f  ( x )  will  be  continuous  for  x  =  a,  if  B  is  assumed  as  the  value 
°ff{x)  f°r  x  =  a.  Thus  the  function 

3^  —  4 
x  —  2 

is  not  defined  for  x  =  2  (since  then  there  would  be  division  by 
zero).  But  for  every  other  value  of  x , 


x2  -4 

=  x  +  2  ; 

x  —  2 

and 

limit  „ 

=  4; 

*  =  2(*  +  2) 

therefore 

limit  x2  —  4 

=  4. 

x  =  2  x  —  2 

Although  the  function  is  not  defined  for  x  =  2,  if  we  arbitrarily 
assign  it  the  value  4  for  x  =  2,  it  then  becomes  continuous  for  this 

value. 

A  function  f(x)  is  said  to  be  continuous  in  an  interval  when  it  is 
continuous  for  all  values  of  x  in  this  interval .* 

34.  Continuity  and  discontinuity  of  functions  illustrated  by  their 
graphs. 

(1)  Consider  the  function  x2,  and  let 
(A)  y  =  z2. 

*  In  this  book  we  shall  deal  only  with  functions  which  are  in  general  continuous,  that  is,  con¬ 
tinuous  for  all  values  of  x,  with  the  possible  exception  of  certain  isolated  values,  our  results  in 
general  being  understood  as  valid  only  for  such  values  of  x  for  which  the  function  in  question 
is  actually  continuous.  Unless  special  attention  is  called  thereto,  we  shall  as  a  rule  pay  no 
attention  to  the  possibilities  of  such  exceptional  values  of  x  tor  which  the  function  is  discon' 
tinuous.  The  definition  of  a  continuous  f unction  f  (x)  is  sometimes  roughly  (but  imperfectly) 
summed  up  in  the  statement  that  a  small  change  in  x  shall  produce  a  small  change  in  f(x).  We 
shall  not  consider  functions  having  an  infinite  number  of  oscillations  in  a  limited  region. 
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If  we  assume  values  for  x  and  calculate  the  corresponding  values 
of  y,  we  can  plot  a  series  of  points.  Drawing  a  smooth  line  free¬ 
hand  through  these  points  a  good  representation 
of  the  general  behavior  of  the  function  may  be 
obtained.  This  picture  or  image  of  the  function 
is  called  its  graph.  It  is  evidently  the  locus  of  all 
points  satisfying  equation  (A). 

Such  a  series  or  assemblage  of  points  is  also 
called  a  curve.  Evidently  we  may  assume  values 
of  x  so  near  together  as  to  bring  the  values  of  y  (and  therefore 
the  points  of  the  curve)  as  near  together  as  we  please.  In  other 
words,  there  are  no  breaks  in  the  curve,  and  the  function  x1  is 
continuous  for  all  values  of  x. 

(2)  The  graph  of  the  continuous  function  sin  x  is  plotted  by 
drawing  the  locus  of 


y  =  sin  x. 

It  is  seen  that  no  break  in  the 
curve  occurs  anywhere. 

(3)  The  continuous  function  ex  is  of  very  fre¬ 
quent  occurrence  in  the  Calculus.  If  we  plot  its 
graph  from 

y  =  ex,  (e  =  2.718  •••) 

we  get  a  smooth  curve  as  shown.  From  this  it 
is  clearly  seen  that, 

(a)  when  x  =  0,  y  (  =  ex)  =  1; 

(b)  when  x  >  0,  y  (=  ex)  is  positive  and  increases  as  we  pass 
towards  the  right  from  the  origin ; 

(c)  when  x  <  0,  y  (=  ex)  is  still  positive  and  decreases  as  we 
pass  towards  the  left  from  the  origin. 

(4)  The  function  log,,*  is  closely  related  to 
the  last  one  discussed.  In  fact,  if  we  plot  its 
graph  from 

y  ~  l°ge  x, 

it  will  be  seen  that  its  graph  has  the  same  Y 
relation  to  OX  and  OY  as  the  graph  of  ex  has  to  OF  and  OX. 
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Here  we  see  the  following  facts  pictured : 

(a)  For  x  =  1,  loge:c  =  logel  =  0. 

(b)  For  x  1,  logez  is  positive  and  increases  as  x  increases. 

(c)  For  1  >  a;  >  0,  log^  is  negative  and  increases  in  numerical 
value  as  x  diminishes. 


(d)  For  x<0,  lo gex  is  not  defined;  hence  the  entire  graph  lies 
to  the  right  of  OY. 

(5)  Consider  the  function  and  set 


X 


y  = 


1  UL 


X 


If  the  graph  of  this  function  be  plotted,  it  will  be  seen  that  as  x 
approaches  the  value  zero  from  the  left  (neg¬ 
atively)  the  points  of  the  curve  ultimately 
drop  down  an  infinitely  great  distance,  and 
as  x  approaches  the  value  zero  from  the  right 
the  curve  extends  upward  infinitely  far. 

The  curve  then  does  not  form  a  continuous 
branch  from  one  side  to  the  other  of  the  axis 
of  Y,  showing  graphically  that  the  function 
is  discontinuous  for  x  —  0,  but  continuous  for  all  other  values  of  x. 

(6)  From  the  graph  of 
2  x 

it  is  seen  that  the  function 
2  x 

1  —  x2 


xy>  - 


Oo 


is  discontinuous  for  the  two  values 
other  values  of  x. 

(7)  The  graph  of 

y  =  tan  x 

shows  that  the  function  tan  x  is 
discontinuous  for  infinitely  many 

values  of  x,  namely,  x  =  — ,  where 


x  =  ±  1,  but  continuous  for  all 


n  denotes  any  odd  positive  or  negative  integer. 


0 


\ 


n 


**  j  *  r>\ 
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(8)  The  function 

arc  tan  x 


f 


y 


has  infinitely  many  values  for  a  given  value  of  x,  the  graph  of 
equation 

y  =  arc  tan  x 

consisting  of  infinitely  many  branches.  If,  how- 
__  ever,  we  confine  ourselves  to  any  single  branch, 
A  the  function  is  continuous.  For  instance,  if  we 
say  that  y  shall  be  the  arc  of  smallest  absolute 
value  whose  tangent  is  x,  that  is,  y  shall  take 


—  and  — ,  then  we  are  limited  to  the 

2  2 


on  only  values  between 

branch  passing  through  the  origin  and  the  condition  for  continuity 
is  satisfied. 

(9)  Similarly 


arc  tan 


x 


is  found  to  be  a  many-valued  function.  Confining  ourselves  to  one 
branch  of  the  graph  of 


y  =  arc  tan  -» 
00 


we  see  that  as  x  approaches  zero  from 

the  left  y  approaches  the  limit  —  and 

A 


7 T 
2 

Y 

- 

O 

X 

IT 

2 

as  x  approaches  zero  from  the  right  y  approaches  the  limit  +  —  • 

Hence  the  function  is  discontinuous  when  x  =  0.  Its  value  for 
x  —  0  can  be  assigned  at  pleasure. 

Functions  exist  which  are  discontinuous  for  every  value  of  the 
independent  variable  within  a  certain  range.  In  the  ordinary  ap¬ 
plications  of  the  Calculus,  however,  we  deal  with  functions  which 
are  'discontinuous  (if  at  all)  only  for  certain  isolated  values  of 
the  independent  variable ;  such  functions  are  therefore  in  general 
continuous,  and  are  the  only  ones  considered  in  this  book. 

35.  Fundamental  theorems  on  limits.  In  problems  involving 
limits  the  use  of  one  or  more  of  the  following  theorems  is  usually 
implied.  It  is  assumed  that  the  limit  of  each  variable  exists  and 
is  finite. 
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Theorem  I.  The  limit  of  the  algebraic  sum  of  a  finite  number  of 
variables  is  equal  to  the  like  algebraic  sum  of  the  limits  of  the  several 
variables. 

Theorem  II.  The  limit  of  the  product  of  a  finite  number  of  vari¬ 
ables  is  equal  to  the  product  of  the  limits  of  the  several  variables. 

Theorem  III.  The  limit  of  the  quotient  of  tivo  variables  is  equal 
to  the  quotient  of  the  limits  of  the  separate  variables ,  provided  the 
limit  of  the  denominator  is  not  zero. 

Before  proving  these  theorems  it  is  necessary  to  establish  the 
following  properties  of  infinitesimals. 

(1)  The  sum  of  a  finite  number  of  infinitesimals  is  an  infinitesimal. 
To  prove  this  we  must  show  that  the  numerical  value  of  this  sum 
can  be  made  less  than  any  small  positive  quantity  (as  e)  that  may 
be  assigned  (§  30).  That  this  is  possible  is  evident,  for,  tire  limit 
of  each  infinitesimal  being  zero,  each  one  can  be  made  numerically 

less  than  -  (n  being  the  number  of  infinitesimals)  and  therefore 
n 

their  sum  can  be  made  numerically  less  than  e. 

(2)  The  product  of  a  constant  c  and  an  infinitesimal  is  an  infini¬ 
tesimal.  For  the  numerical  value  of  the  product  can  always  be 
made  less  than  any  small  positive  quantity  (as  e)  by  making  the 

numerical  value  of  the  infinitesimal  less  than  -• 

c 

(3)  The  product  of  any  finite  number  of  infinitesimals  is  an  infini¬ 
tesimal.  For  the  numerical  value  of  the  product  may  be  made 
less  than  any  small  positive  quantity  that  can  be  assigned.  If  the 
given  product  contains  n  factors,  then  since  each  infinitesimal  may 
be  assumed  less  than  the  nth  root  of  e,  the  product  can  be  made 
less  than  e  itself. 

(4)  If  v  is  a  variable  which  approaches  a  limit  l  different  from 
zero ,  then  the  quotient  of  an  infinitesimal  by  v  is  also  an  infinitesi¬ 
mal.  For  if  limit  v  —  Z,  and  k  is  any  number  numerically  less 
than  Z,  then  by  definition  of  a  limit,  v  will  ultimately  become  and 

r  emain  numerically  greater  than  k.  Hence  the  quotient  -•>  where 

e  is  an  infinitesimal,  will  ultimately  become  and  remain  numerically 

less  than  and  is  therefore  by  (2)  an  infinitesimal. 
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Proof  of  Theorem  I.  Let  vv  v2,  v3 ,  •  •  •  be  the  vai'iables,  and  lv 
L,  l3,  •••  their  respective  limits.  We  may  then  write 

vx-lx  =  ev 

^2  4  ^2’ 

V3  4  C3’ 

where  ep  e2,  e3,  •  •  •  are  infinitesimals  (i.e.  variables  having  zero  for 
a  limit).  Adding, 

(A)  (yx  +  v2  +  v3  H - )  —  (4  +  4  +  4  d - )  =  (ei  +  6a  +  es  - )• 

Since  the  right-hand  member  is  an  infinitesimal  by  (1),  p.  27, 
we  have  from  the  converse  theorem  on  p.  21, 

limit  (vx  +  v2  +  v3  4 - )  =  lx  +  l2  +  l3  -\ - 

or,  limit  (yx  +  v2  +  v3  8 - )  =  limit  vx  +  limit  v2  +  limit  v3-\ - , 

which  was  to  be  proved. 

Proof  of  Theorem  II.  Let  vx  and  v2  be  the  variables,  lx  and 
l2  their  respective  limits,  and  ex  and  e2  infinitesimals ;  then 

vi  =  4  + 

and  v2  —  l2  +  e2. 

Multiplying,  vxv2  =  (lx  +  ex)  (l2  +  e2) 

44  ”b  4^2  8“  4*fi  8“  ^1^2’ 

or, 

(B)  ^p2  ~  44  4^2  “8  4^1  "b  ^1^2* 

Since  the  right-hand  member  is  an  infinitesimal  by  (1)  and  (2), 
p.  27,  we  have  as  before 

limit  (vxv2)  —  If  2  =  limit  vx  ■  limit  v2 , 

which  was  to  be  proved. 

Proof  of  Theorem  III.  Using  same  notation  as  before, 

h  _  4  +  ei  _  4  +  44  +  U  _  4\ 

V2  l,.  +  e2  l2  \^j  t  4/ 

_  4  _  4gl  4C2  * 

v2  4  4  (4  +  e2) 


or, 

(0) 
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Here  again  the  right-hand  member  is  an  infinitesimal  by  (4), 
p.  27,  if  l2  d=  0,  hence 

limit  ( =T  =  l|mit  yi, 

\voJ  L  limit  v2 

which  was  to  be  proved. 

It  is  evident  that  if  any  of  the  variables  be  replaced  by  con¬ 
stants  our  reasoning  still  holds  and  the  above  theorems  are  true. 

36.  Special  limiting  values.  The  following  examples  are  of 
special  importance  in  the  study  of  the  Calculus.  In  the  first 
twelve  examples  a  >  0  and  c  0. 

Written  in  the  form  of  limits.  Abbreviated  form  often  used. 


(1) 

limit  c  ^  . 

*  =  °a:  ’ 

O !  rs> 

II 

8 

(2) 

II  3 

8  ~ 

« 

II 

8 

C  •  00  =  GO. 

(3) 

limit  x  . 

X  =  n~=™' 

00 

—  =  00. 
c 

(4) 

limit  £ _  q  . 

X  =  OO  2'  ’ 

-  =  0. 

00 

(5) 

limit  ((x  _  ,  ^  when 
X  =  —  co  1  ’ 

a  <  1  ; 

a"®  =  +  00. 

(3) 

limit  ax  _  q  when 

X  =  +  00 

a  <  1  ; 

a+0°  =  0. 

(7) 

limit  ax  _  q  when 

X  =  —  oo 

a>  1  ; 

a"®  =  0. 

(8) 

limit  ax  _  .  qp  when  a  >  1 ; 

X  =  +  00  1 

a+*  =  +  oc. 

(9) 

^irniQ  loga  x  =  +  oo,  when 

a  <  1  ; 

l°ga  0  =  +  CO. 

(10) 

limit  x  _  _  when 

X  =  -\-  co  &a 

a  <  1 ; 

log«  (+»)  =  -  oo. 

(11) 

Hmit  |Qg^  x  =  _  oo, __  when 

a>  1 ; 

l0ga  0  =  -  CO. 

(12) 

limit  x  __  _|_  oo  when 

X  =  +  00  ba 

a  >  1 ; 

l0ga(+  CO)  =  +  CO. 

The  expressions  in  the  second  column  are  not  to  be  consideied 
as  expressing  numerical  equalities  (oo  not  being  a  number)  ;  they 
are  merely  symbolical  equations  implying  the  relations  indicated  in 
the  first  column,  and  should  be  so  understood. 
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/13y  Find  ^imit  - - — ,  where  n  denotes  any  positive  integer.* 

'  '  x  —  a  x  —  a 

By  division  we  get 

x>>  ~  =  xn~l  +  axn~2  +  «V'3  d - (-  an~2x  +  an~l 

x  —  a 

for  every  value  of  x  except  x  —  a.  Therefore 

limit  xn-an  =  limit  ^-i  limit  ax^2  +  limit  a„-2x  +  limit  ^ 
x  =  a  x  —  a  x  =  a  x  =  a  x  —  a  x—a 

[By  Theorem  I,  p.  27.] 

The  limit  of  each  term  in  the  second  member  is  a”~l;  and  since 
there  are  n  terms,  we  have 

limit  xn  -  an 


x—a  x—a 


=  na" 


y,/\ 


(1,.  C1  ,,  ,  limit  Sin x  n 

(14)  Show  that  n - =  1. 

v  '  x  =  0  x 

Let  0  be  the  center  of  a  circle  whose  radius  is  unity. 

Let  arc  AM  =  arc  AM'  =  x,  and  let  MT  and  M’T  be  tangents 

drawn  to  the  circle  at  M  and  M'.  From  Geometry, 

y*  , 


MPM'  <  MAM'  <  MTM ; 
or,  2  sin  x  <  2  x  <  2  tan  x. 

Dividing  through  by  2  sin  x  we  get 

x  1 

1  <- - < 


sin  x  cos  x 


If  now  x  approaches  the  limit  zero, 

limit  x 


x  —  0  si 


sin  x 


must  lie  between  the  constant  1  and  ^'m'A  which  is  also  1. 

x  =  0  cos  X 

rpi  r  limit  x  ..  limit  sin  x  rp,  ttt  oh 

Therefore  A  — —  =  1,  or  A - =  1.  Th.  Ill,  p.  27 


x  =  0  £ 


Sill  x 


x  —  0 


X 


*  Restricted  to  a  positive  integer  in  order  to  simplify  the  work.  The  result  holds  true  for  all 
values  of  n. 


theory  of  limits 


31 


It  is  interesting  to  note  the  behavior  of  this  function  from  its 
graph,  the  locus  of  equation 


sin  x 


Although  the  function  is  not  defined  for  x  —  0,  yet  it  is  not 
discontinuous  when,  x  =  0  if  we  define 


sin  0 
~0~ 


=  1. 


Case  II,  p.  23 


(15)  Find  the  limit  of  the  sum  of  the  series 

..11  1 

1  + 1 +  a  + +  sF*’ 

as  the  number  of  terms  increases  without  limit. 

By  formula  6,  p.  1,  we  find  that  the  sum  of  n  terms  of  the 
series  is 


S  = 


ny  _  i  3  1 


i-1 


sa¬ 


lience 


limit 

n  =  oo 


8  = 


2  V  3,! 

limit  3 
n  —  oo  2 

3  limit 
2  n  =  oo 


?,1~r 


1  -  — 

3" 


_  3  1“  limit  ,-i ,  _  limi 

—  2  \_n  =  oo  ^ '  '  n  —  i 

-IM- 


limit  / 1_ 

oo  \  3” 


3 

2* 


37.  The  number  e.*  We  first  proceed  to  prove  two  important 
theorems. 

Theorem  I.  If  a  is  a  variable  >  —  1  which  varies  continuously 
in  any  interval  not  including  zero ,  then  the  function 

<f>(a)  =  (  l  +  a)“ 

varies  in  a  sense  contrary  to  a. 


*  The  proofs  in  tills  section  are  due  to  Vall<5e-Poussin 
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We  start  with  the  identity 

an+l  —  1  —  (a  —  l)(an  +  an~l  4 - +  a  4-  1), 

or,  ctn+1  =  1  +(a  -  1)  (an  +  a n~l  +  •  •  •  +  a  +  1); 

where  a  denotes  any  positive  number  and  n  a  positive  integer. 

Since  the  last  parenthesis  is  >  or  <  (n  + 1)  according  as  a  is  > 
or  <  1,  or  according  as  (a  —  1)  is  positive  or  negative,  we  have  in 
either  case 


a 


71  +  1 


>  1  +  (n  4-  1)  (a*  —  1). 


Let  co  he  any  number  >  —  n  and  different  from  zero,  and 
replace  a  in  this  inequality  by  the  quotient 


1  + 


CO 


n  +  1 

Multiplying  both  members  by  (  1  + 

1  + 


l+  = 

n 


n  + 1 


and  reducing  gives 


CO 


n  +  1 


72  +  1 


CO 


>  f  1  +  - 

n 


Let  m  be  any  integer  >  n ;  then  by  repeated  applications  of 
the  last  result  we  see  that 

co\m  &A" 

1+-)  >  l  1+-)  5 


vi  J 


and  it  readily*  follows  that 


co\ w 


1+-)  ^(1  +  -)  » 


m  J 


n  J 


co\u 


n  J 


according  as  co  <  0.  Now  replacing  co  by  ma  we  get 


> 


vi  \ ma 
1  +  —a 
n 


(ff)  (1  +  a)*  < 

according  as  a  <  0.  This  proves  our  statement  for  two  values  (as 

171 

a  and  —  a)  having  the  same  sign  and  whose  quotient  is  rational. 

In  order  to  extend  this  proof  to  the  case  of  two  values  a  and  /3 
whose  ratio  is  irrational,  consider  first  the  case  when  a  >  0. 

*  The  assumption  is  here  made  that  raising  hoth  members  of  an  inequality  to  any  power, 
rational  or  irrational,  does  not  or  does  change  the  sense  of  the  inequality  according  as  the  power 
is  positive  or  negative. 
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Assuming  a  <  /3  we  may  so  choose  m  and  n  that 

a  <  —  a  <  /3. 
n 

771 

Now  let  —  a  approach  ^  as  a  limit  by  a  series  of  increasing 

values  ;  then  the  second  member  of  the  inequality  (A)  will  be 
constantly  decreasing  and  we  get  in  the  limit  since  the  function 
is  continuous 

i  i 

(1  +  of  >  (1  +  /3)P, 

or’  <*>(“)>  0(0).  a  <  /3 

Similarly  when  a  <  0  we  shall  get 

a>/3 

which  establishes  the  theorem  for  all  cases. 

Theorem  II.  Definition  of  the  number  e.  As  a  approaches  the 
limit  zero ,  the  f  unction 

=  (1  +  a)a 


of  Theorem  I  approaches  a  limit.  In  whatever  manner  a  approaches 
zero,  the  limit  is  the  same  number.  This  limit  is  denoted  by  e. 
Consider  the  two  variables  a  and  (3  connected  by  the  condition 


1 


+  a  = 


1 

1  +  /3’ 


where  0  >  a  >  —  1  ; 


then  it  follows  that 


0(a)  =  (l+/3)<£(/3).* 


If  a  tends  towards  zero  through  a  series  of  increasing  (therefore 
negative)  values,  /3  will  be  positive  and  tend,  towards  zero  through 
a  series  of  decreasing  values.  Then,  by  Theorem  I,  we  know  that 
<p(a)  continually  decreases  and  <£(/?)  continually  increases.  But 
0(a)  always  remains  positive  and  therefore  must  tend  towards 
some  definite  limit  (see  Theorem  II,  above).  Denoting  this  limit 


1 

1  1 
*<Ma)=(l  +  a)“=  (l+ '  +  ^ 


|^a  =  — — -1  by  hypothesis. J 


1+0  1+B  1 

P  =(1  +  0)  P  =(1  +  0)(1  +  0)P=(1  +  »<M0). 


84 


DIFFERENTIAL  CALCULUS 


by  e,  the  last  equation,  in  which  1  +  ft  tends  towards  the  limit 
unity,  becomes  in  the  limit 

Since  a  was  negative  and  ft  positive,  this  proves  that  the  limit  is 
the  same  whatever  may  be  the  sign  of  the  variable. 

To  evaluate  this  limit  we  note  that  4>  (ft)  increases  towards  its 
limit,  while  <f>  (a)  =  (1  +  ft)  4>  (ft)  decreases  towards  the  same  limit 
(=  e).  Hence  for  all  positive  values  of  ft, 

</>  (ft)  <  e  <  (1  +  ft)  <f>  (ft)- 

By  means  of  this  inequality  we  may  calculate  the  value  of  e  to 
any  desired  degree  of  accuracy  by  choosing  ft  sufficiently  small. 
If  we  let  ft  =  i,  then 

(!)2  < e  <  (|)3; 

hence  e  certainly  lies  between  2  and  4.  In  Chapter  XX,  Ex.  14, 
p.  237,  we  give  a  more  expeditious  method  for  calculating  e. 

Approximately  g  =  2.71828 

Plotting  the  graph  of  (f)  (a)  from 

1 

y  =  (  l  +  a)h 

and  assigning  to  y  the  value  e  when  a  =  0, 
we  see  that  as  a  increases  without  limit  y 
approaches  the  limit  1,  and  as  a  approaches 
the  limit  —1  from  the  right  y  increases 
without  limit. 

Natural  logarithms  are  those  which  have  the  number  e  for  base. 
These  logarithms  play  a  very  important  rdle  in  mathematics. 
When  the  base  is  not  indicated  explicitly,  the  base  e  is  always 
understood  in  what  follows  in  this  book.  Thus  logev  is  written 
simply  log  v. 

Natural  logarithms  possess  the  following  characteristic  prop¬ 
erty:  If  a  approaches  zero  as  a  limit  in  any  way  whatever, 

limit  ^  a ^  —  limit  log  (1  -f  a)a  =  log  e  =  1. 

a 


.  Y 

e 

7 

ii 

CJ 

\  y=e 

l  y=i 

— 1 

0 

a 
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EXAMPLES 

Prove  the  following. 

1  limit  /x  +  1  \ 

x  =  oo\  x  )  ~  u 

_  limit  limit  /1\ 
x  =  cc'  >  +  x  =  <x\x) 

[Since  these  limits  exist.] 

=  1  +  0  =*1. 

2  limit  /  x2  +  2  x  \  _  1 

x  =  cc\5_3x2/—  3' 

Pvoof  limit  / X2  +  2  x  \  _  limit 
X  =  0O\5_3x2/  x  =  co 


[Dividing  both  numerator  and  denominator  by  a;2.] 
limit  /1+?\ 

_  X  =  co  \  ^  X) 

limit  (l_3\ 

X  =  C0Vx2  ) 

[Since  the  limit  of  the  denominator  is  not  zero.] 

limit  ....  ,  limit  /2\ 
x  =  <»i  '  +  X  =  X\x  ) 

limit  /_5  \  _  limit 

X  =  CO  \  ^2  /  X  =  CO  ' 


Th.  I,  p.  27 


Th.  Ill,  p.  27 


Th.  I,  p.  27 


[Since  these  limits  exist.] 
1  +  0  _  1 

0  —  3  ~  3 


g  limit  x2  —  2  x  +  5 
'  x=l  x2  +  7 


1 

2’ 


6.  ™  (3  ax2  —  2  /ix  +  5  A2)  =  3  ax2. 


4. 

5. 

9. 


limit  3  x3  +  G  x2  _  ^ 
x  =  0  2 x4  —  15x2 

limit  x2  +  1  _  g 
£  =  —  2  x  +  3  _ 

limit  r 2  sjn  /a  _|_  rnx\ 
in  =  0  L  ' 


7.  limit  (ax2  +  bx  +  c)  =  00. 

g  limit  (x  -  fc)2  -  2  fcc3  } 
^  =  0  x  (x  +  A:) 


cos  (a  —  mx)]  =  sin  2  a. 


10. 


limit 
u  =  v 


u  +  v 
2 


sin  ■». 


11. 


limit 
y  =  ir 


[tan2  (y  —  6)  —  cos  2/]  =  sec2  0. 
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12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

25. 

26. 


limit  cos  (a  -  a)  , 


a  =  -  cos  (2  a  —  a) 
2 


=  —  tan  a. 


^  (  arc  tan 1 \  -  — ,  n  being  an  odd  integer. 
0\  x  /  2 

m't  (arc  cos  Vl  -  ?/2)  =  — ,  ji  being  an  odd  integer. 
—  1  2 


limit 
x  =  0 

limit 


limit  «(e5  +  e-s}  =  a. 

z  =  0  2 

limit  2  xs  -f  3  x2  _ 
x  =  0  X3 

limit  5  x2  —  2  x 

-  =  00. 

x  =  co  a: 

limit  V 


:  00 


2/  +  1 


=  1. 


20.  limitsi-J  =  3. 
s= 1 s - 1 

21.  limit  (x  +  h)«  -  z"  =  nx>i- 

/i  =  0  7i 

22.  S[coa(«  +  A)^]  = 

23  limit  * arj  <P  _  ^ 

'0  =  0  ^ 


limit  w.(ri.  +  1) 
ft  =  co  (w  +  2)  (n  +  3) 

limit  1 

c  =  a  x  -  a 


=  1. 


24. 


limit  1  ~  cos  0  _  1 


0  =  0 


=  —  oo,  if  x  is  increasing  as  it  approaches  the  value  a. 

Limit  — 1 —  _  _j_  if  x  is  decreasing  as  it  approaches  the  value  a. 
'  —  a  x  —  a 


i. 

cos  0, 


(tyt/r  ' 


CHAPTER  V 

DIFFERENTIATION 

38.  Introduction.  We  shall  now  proceed  to  investigate  the 
manner  in  which  a  function  changes  in  value  as  the  independ¬ 
ent  variable  changes.  The  fundamental  problem  of  the  Differ¬ 
ential  Calculus  is  to  establish  a  measure  of  this  change  in  the 
function  with  mathematical  precision.  It  was  while  investigating 
problems  of  this  sort,  dealing  with  continuously  varying  quantities, 
that  Newton*  was  led  to  the  discovery  of  the  fundamental  prin¬ 
ciples  of  the  Calculus,  the  most  scientific  and  powerful  tool  of  the 
modern  mathematician. 

39.  Increments.  The  increment  of  a  variable  in  changing  from 
one  numerical  value  to  another  is  the  difference  found  by  sub¬ 
tracting  the  first  value  from  the  second.  An  increment  of  x  is 
denoted  by  the  symbol  Ax,  read  delta  x. 

The  student  is  warned  against  reading  this  symbol  “  delta  times 
x,"  it  having  no  such  meaning.  Evidently  this  increment  may  be 
either  positive  or  negative!  according  as  the  variable  in  changing 
is  increasing  or  decreasing  in  value.  Similarly 

Ay  denotes  an  increment  of  y , 

A </>  denotes  an  increment  of 

A f{x)  denotes  an  increment  oif(x),  etc. 

If  in  y  =f(x)  the  independent  variable  x  takes  on  an  increment 
Ax,  then  Ay  is  always  understood  to  denote  the  corresponding 
increment  of  the  function  f(x)  (or  dependent  variable  y). 

*  Sir  Isaac  Newton  (1642-1727),  an  Englishman,  was  a  man  of  the  most  extraordinary  genius. 
He  developed  the  science  of  the  Calculus  under  the  name  of  Fluxions.  Although  Newton  had 
discovered  and  made  use  of  the  new  science  as  early  as  1G70,  his  first  published  work  in  which  it 
occurs  is  dated  1687,  having  the  title  Philosophise  Naturalis  Principict  Mathematics .  Ihis  was 
Newton’s  principal  work.  Laplace  said  of  it,  “It  will  always  remain  preeminent  above  all  other 
productions  of  the  human  mind.” 

t  Some  writers  call  a  negative  increment  a  decrement. 
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The  increment  A y  is  always  assumed  to  he  reckoned  from  a  defi¬ 
nite  initial  value  of  y  corresponding  to  the  arbitrarily  fixed  initial 
value  of  x  from  which  the  increment  Ax  is  reckoned.  For  instance, 
consider  the  function 

V  =  **• 

1 

Assuming  x  =  10  for  the  initial  value  of  x  fixes  y  —  100  as  the 
initial  value  of  y. 

Suppose  x  increases  to  x  =  12,  that  is,  Ax  =  2  ; 

then  y  increases  to  y  =  144,  and  Ay  =  44. 

Suppose  x  decreases  to  x  =  9,  that  is,  Ax  =  —  1 ; 

then  y  decreases  to  y  =  81,  and  Ay  =  — 19. 

It  may  happen  that  as  x  increases  y  decreases,  or  the  reverse ; 
in  either  case  Ax  and  Ay  will  have  opposite  signs. 

It  is  also  clear  (as  illustrated  in  the  above  example)  that  if 

y  =f(x) 

is  a  continuous  function  and  Ax  is  decreasing  in  numerical  value, 
then  Ay  also  decreases  in  numerical  value. 

40.  Comparison  of  increments.  Consider  the  function 

(A)  y  =  z2. 


Assuming  a  fixed  initial  value  for  x,  let  x  take  on  an  increment 
Ax.  Then  y  will  take  on  a  corresponding  increment  Ay ,  and  we 
have 

y  +  Ay  =  (x  +  A  x)2, 

or,  y  +  Ay  =  x2  +  2  x-  Ax  +  (Ax)2. 

Subtracting  (A),  y  =  x2 
( B )  Ay  =  2  x-  Ax  +  (Axf 

we  get  the  increment  Ay  in  terms  of  x  and  Ax. 

To  find  the  ratio  of  the  increments,  divide  (B)  by  A*,  giving 


Ay 

Ax 


2  x  +  Ax. 


If  the  initial  value  of  x  is  4,  it  is  evident  that 

limit  Ay  _  _ 

Ax  —  0  Ax  ~ 
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Let  us  carefully  note  the  behavior  of  the  ratio  of  the  increments 
of  x  and  y  as  the  increment  of  x  diminishes. 


Initial 

value  of  x 

New ' 
value  of  x 

Increment 

Ax 

Initial 
value  of  y 

New 

value  of  y 

Increment 

Ay 

Ay 

Ax 

4 

5.0 

1.0 

16 

25. 

9. 

9. 

4 

4.8 

0.8 

16 

23.04 

7.04 

8.8 

4 

4.6 

0.6 

16 

21.16 

5.16 

8.6 

4 

4.4 

0.4 

16 

19.36 

3.36 

8.4 

4 

4.2 

0.2 

16 

17.64 

1.64 

8.2 

4 

4.1 

0.1 

16 

16.81 

0.81 

8.1 

4 

4.01 

0.01 

16 

16.0801 

0.0801 

8.01 

It  is  apparent  that  as  Ax  decreases  Ay  also  diminishes,  but  their 
ratio  takes  on  the  successive  values  9,  8.8,  8.6,  8.4,  8.2,  8.1,  8.01; 

illustrating  the  fact  that  — ^  can  be  brought  as  near  to  8  in  value 

Ax 

as  we  please  by  making  Ax  small  enough.  Therefore 

limit  A y  _  „ 

Ax  —  0  Ax 

41.  Derivative  of  a  function  of  one  variable.  The  fundamental 
definition  of  the  Differential  Calculus  is : 

The  derivative  *  of  a  function  is  the  limit  of  the  ratio  of  the  incre¬ 
ment  of  the  function  to  the  increment  of  the  independent  variable ,  when 
the  latter  increment  approaches  the  limit  zero. 

When  the  limit  of  this  ratio  exists,  the  function  is  said  to  be 
differentiable ,  or  to  possess  a  derivative. 

The  above  definition  may  be  given  in  a  more  compact  form 
symbolically  as  follows  :  Given 

(A)  y  =f(x), 

and  assume  for  x  some  value  for  which  f(x)  is  continuous. 

Let  x  take  on  an  increment  Ax ;  then  y  takes  on  an  increment 
A y,  the  new  value  of  the  function  being 

(B)  y  -\-  Ay  =f(x  +  Ax). 


*  Also  called  the  differential  coefficient  or  the  derived  function. 
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To  find  the  increment  of  function,  subtract  (A)  from  (B),  giving 
(C)  Ay  =  fix  +  Ax)  ~f{x). 

Dividing  by  the  increment  of  the  variable  Ax ,  we  get 

m\  -J-  f(x  +  ~f(x) 

V  ’  Ax  'Ax 


£ 


The  limit  of  this  ratio  when  Ax  approaches  the  limit  zero  is, 
from  our  definition,  the  derivative  and  is  denoted  by  the  symbol 

dx 


Therefore 

(X) 


dff  _  limit 
dx  Ax"  =  O 


fix  +  Ax)  —  fjx)  ^ 


Ax 


defines  the  derivative  of  y  [or  f(x)]  with  respect  to  x. 
From  ( D )  we  also  get 


•SifiS 


yy] 


dy  _  limit  A  y 
dx  Ax  =  O  Ax  * 


The  process  of  finding  the  derivative  of  a  function  is  called 
differentiation. 

It  should  be  carefully  noted  that  the  derivative  is  the  limit  of 
the  ratio ,  not  the  ratio  of  the  limits.  The  latter  ratio  would  assume 

the  form  jj,  which  is  indeterminate  (§  12,  p.  10). 

42.  Symbols  for  derivatives.  Since  Ay  and  Az  are  always  finite 
and  have  definite  values,  the  expression 

Ay 

Ax 

is  really  a  fraction.  The  symbol 

dy 
dx ' 

however,  is  to  be  regarded,  not  as  a  fraction ,  but  as  the  limiting 
value  of  a  fraction.  In  many  cases  it  will  be  seen  that  this  symbol 
does  possess  fractional  properties,  and  later  on  we  shall  show  how 
meanings  may  be  attached  to  dy  and  dx,  but  for  the  present  the 

symbol  is  to  be  considered  as  a  whole. 
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Since  the  derivative  of  a  function  of  x  is  in  general  also  a  func¬ 
tion  of  x,  the  symbol  f'(x)  is  also  used  to  denote  the  derivative  of 
f(x).  Hence,  if 

V  =/(*), 


we  may  write 


<ty 

dx 


=/»> 


which  is  read  the  derivative  of  y  with  respect  to  x  equals  f  prime 
of  x.  The  symbol 

d 

dx 

when  considered  by  itself  is  called  the  differentiating  operator ,  and 
indicates  that  any  function  written  after  it  is  to  be  differentiated 
with  respect  to  x.  Thus 

—-or  ~  u  indicates  the  derivative  of  y  with  respect  to  x ; 
dx  dx 


-T-f(%)  indicates  the  derivative  oif(x)  with  respect  to  x; 

( AjJU 

d 

—  (2  a?  +  5)  indicates  the  derivative  of  2  or2  +  5  with  respect  to  x. 

d 

The  symbol  Dx  is  used  by  some  writers  instead  of  — -•  If  then 

(AjJu 


y  =/(s), 


we  may  write  the  identities 


f!  =  =  f fix)  =  DJ(x)=f(x). 

(Aj'JC  CL'JC’  CLJC/ 


43.  Differentiable  functions.  From  the  Theory  of  Limits  it  is 
clear  that  if  the  derivative  of  a  function  exists  for  a  certain  value 
of  the  independent  variable,  the  function  itself  must  be  continuous 
for  that  value  of  the  variable. 

The  converse,  however,  is  not  always  true ;  functions  having 
been  discovered  that  are  continuous  and  yet  possess  no  derivative. 
But  such  functions  do  not  occur  often  in  applied  mathematics,  and 
■in  this  hook  only  differentiable  functions  are  considered ,  that  is,  func¬ 
tions  that  possess  a  derivative  for  all  values  of  the  independent 
variable  save  at  most  for  isolated  values. 
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44.  General  rule  for  differentiation.  From  the  definition  of  a 
derivative  it  is  seen  that  the  process  of  differentiating  a  function 
y  =f(x)  consists  in  taking  the  following  distinct  steps : 


General  Rule  for  Differentiation 

1 

First  step.  In  the  function  replace  x  by  x  +  Ax,  giving  a  new 
value  of  the  function ,  y  +  Ay. 

Second  step.  Subtract  the  given  value  of  the  function  from  the  new 
value  in  order  to  find  Ay  ( the  increment  of  the  function) . 

Third  step.  Divide  the  remainder  Ay  (the  increment  of  the  func¬ 
tion)  by  Ax  (the  incremeyit  of  the  independent  variable). 

Fourth  step.  Find  the  limit  of  this  quotient ,  when  Ax  (the  incre¬ 
ment  of  the  independent  variable)  approaches  the  limit  zero.  This  is 
the  derivative  required. 

The  student  should  become  thoroughly  familiar  with  this  rule 
by  applying  the  process  to  a  large  number  of  examples.  Three 
such  examples  will  now  be  worked  out  in  detail. 


Ex.  1.  Differentiate  3  x2  +  5. 

Solution.  Applying  the  successive  steps  in  the  General  Rule  we  get,  after  placing 
y  =  3  x2  +  5, 

First  step.  y  +  Ay  =  3  (x  +  Ax)2  +  5 

=  3x2  +  6x-Ax  +  3  (Ax)2  +  5. 


Second  step.  y  +  Ay  =  3x2  +  6x-Ax  +  3 (Ax)2  -f  5 
y  —  3  x2  +5 

Ay  —  6  x  •  Ax  +  3  (Ax)2. 


Third  step. 


—  =  6  x  +  3  •  Ax. 
Ax 


c7?/ 

Fourth  step.  —  =  6  x.  Ans. 

dx 

Wre  may  also  write  this 

—  (3x2  +  5)  =  6x. 
dx 


Ex.  2.  Differentiate  x3  —  2  x  +  7. 

Solution.  Place  y  =  x3  —  2  x  +  7. 

First  step.  y  +  Ay  =  (x  -f  Ax)3  -  2  (x  +  Ax)  +  7 

=  x3  +  3  x2  •  Ax  +  3  x  •  (Ax)2  +  (Ax)3  -  2  x  -  2  •  Ax  +  7. 
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Second  step.  y  -f  Ay  =  x3  +  3 x2  ■  Ax  +  3 x  ■  (Ax)2  +  (Ax)8  —  2x  —  2  - Ax +  7 

y _ =  x3 _ _  — 2x  +7 

AV  =  3  x'2  •  Ax  +  3  x  ■  (Ax)2  +  (Ax)8  -  2  •  Ax. 

A  if 

Third  step.  —  =  3  x2  +  3  x  •  Ax  +  (Ax)2  -  2. 

Ax 

Fourth  step.  —  =  3x2  —  2.  Ans. 

dx 

Or,  -^-(x3  -  2x  +  7)  =  3x2  -  2. 
dx 

Ex.  3.  Differentiate  — . 

x2 


Solution.  Place 


First  step. 
Second  step. 
Third  step. 
Fourth  step. 
Or, 


y  +  Ay  = 


c 

(x  +  Ax)2 


Ay 


C 

(x  +  Ax)2 


c 

X2 


—  c  •  Ax(2x  -(-  Ax) 
x2  (x  +  Ax)2 


Ay  2  x  -f  Ax 

—  =  —  c - . 

Ax  x2  (x  +  Ax)2 

dy  _  2  x  _  2  c 

dx  x2(x)2  x8 

d  /  c  \  _  —  2c 

dx\x'2J  x3 


Ans. 


45.  Applications  of  the  derivative  to  Geometry.  We  shall  now 
consider  a  theorem  which  is  fundamental  in  all  applications  of  the 
‘  Differential  Calculus  to  Geometry.  Let 

y  =f(x) 


be  the  equation  of  a  curve  AB.  Consider  a  fixed  point  P  whose 
coordinates  are  (x,  y).  Let  x  take  on  an  increment  Ax(=  MN); 
then  y  takes  on  an  increment  A y  (=  RQ),  the  coordinates  of  Q 
being  ( x  +  Ax.  y  +  Ay). 

From  the  figure,  MP  —  y  =f  (x) 
and  NQ  =  y  +  Ay  —f(x  +  Ax) ; 

therefore  EQ  =  Ay  =  f(x  +  Ax)  —f  (x). 

Draw  a  secant  line  through  P  and  Q  and 
a  tangent  line  to  the  curve  at  P.  Then 

EQ  Ay 

Ax 


N  x 


tan  <h  -  tan  QPE  =  — ^  =  — —  = 

*  D  D  /\  /vi 


PE 

—  slope  of  secant  line  PQS. 


f(x  +  Ax)  -f(x) 

Ax 
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If  we  now  let  Ax  approach  the  limit  zero,  the  point  Q  will  move 
along  the  curve  and  approach  nearer  and  nearer  to  P,  the  secant 
will  turn  about  P  and  approach  the  tangent  as  a  limiting  position, 
and  we  may  write 

taU  T  =  Aa^O  (tan  ^ 

_  limit  Ay 
Ax  =  0  Ax 

limit  fix  +  Ax)  -f(x) 

Ax  =  0  Ax  ’  ’ 


tan  t 


^  from  (E\  p.  40 

dm  v  x 

slope  of  tangent  line  JPT.  Hence 


Theorem.  The  value  of  the  derivative  at  any  point  of  a  curve  is 
equal  to  the  slope  of  the  line  drawn  tangent  to  the  curve  at  that  point. 

It  was  this  tangent  problem  that  led  Leibnitz*  to  the  discovery 
of  the  Differential  Calculus. 


Ex.  1.  Find  the  slopes  of  the  tangents  to  the  parabola  y  —  x2  at  the  vertex,  and 
at  the  point  where  x  =  4. 

Solution.  Differentiating  by  General  Buie,  p.  42,  we  get 

fly 

(A)  —  =  2  x  =  slope  of  tangent  line  at  any  point  on  curve. 

dx 

To  find  slope  of  tangent  at  vertex,  substitute  x  =  0  in  (A), 

dy 

giving  —  =  0. 

dx 

Therefore  the  tangent  at  vertex  has  the  slope  zero,  that  is, 
it  is  parallel  to  the  axis  of  x  and  in  this  case  coincides  with  it. 

To  find  slope  of  tangent  at  the  point  P,  w.xere  x  =  i,  substi¬ 
tute  in  (A),  giving 

dy  _  . 
dx  ’ 

that  is,  the  tangent  at  the  point  P  makes  an  angle  of  45°  with  the  axis  of  x. 

*  Gottfreid  Wilhelm  Leibnitz  (1646-1716)  was  a  native  of  Leipzig.  His  remarkable  abilities 
were  shown  by  original  investigations  in  several  branches  of  learning.  He  was  first  to  publish 
his  discoveries  in  Calculus  in  a  short  essay  appearing  in  the  periodical  Acta  Eruditorum  at 
Leipzig  in  1684.  It  is  known,  however,  that  manuscripts  on  Fluxions  written  by  Newton  were 
already  in  existence,  and  from  these  some  claim  Leibnitz  got  the  new  ideas.  The  decision  of 
modern  times  seems  to  be  that  both  Newton  and  Leibnitz  invented  the  Calculus  independently 
of  each  other.  The  notation  used  to-day  was  introduced  by  Leibnitz. 
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EXAMPLES 


Use  the  General  Rule,  p.  42;  in  differentiating  the  following  examples. 

1.  y  —  3x2.  Ans.  —  =  6x. 

dx 


2.  y  =  x~  —  3  x. 

3.  y  —  ax 2  +  6x  +  c. 


4.  y  =  x3. 

5.  r  =  ad2. 

6.  p  =  2  q2. 


7.  s  =  £2  -2f  +  3. 


dy 

dx 

dy 

dx 


=  2x  —  3. 
=  2  ax  +  b. 


—  =  3  z2. 
dx 

dr  „  „ 

—  =2a0. 
d8 


dp 

dq 

ds 

dt 


=  4  g. 

=  2t-2. 


8.  y  = 


dy  _  _  1_ 
dx  x'2 


9. 

h- 


ds  _  4 

df 


10.  Find  the  slope  of  the  tangent  to  the  curve  ?/  =  2  x3  —  0  x  +  5,  (a)  at  the  point 
where  x  =  1  ;  (b)  at  the  point  where  x  =  0.  Ans.  (a)  0  ;  (b)  —  6. 


11.  (a)  Find  the  slopes  of  the  tangents  to  the  two  curves  y  =  8x2  — 1  and 
y  —  2  x2  +  3  at  their  points  of  intersection,  (b)  At  what  angle  do  they  intersect  ? 

Ans.  (a)  ±12,  ±8;  (b)  arctan¥47. 


CHAPTER  VI 


RULES  FOR  DIFFERENTIATING  STANDARD  ELEMENTARY  FORMS 

46.  Importance  of  General  Rule.  The  General  Rule  for  differ¬ 
entiation  given  in  the  last  chapter,  p.  42,  is  fundamental,  being 
found  directly  from  the  definition  of  a  derivative,  and  it  is  very 
important  that  the  student  should  be  thoroughly  familiar  with  it. 
However,  the  process  of  applying  the  rule  to  examples  in  general 
has  been  found  too  tedious  or  difficult;  consequently  special  rules 
have  been  derived  from  the  General  Rule  for  differentiating  cer¬ 
tain  standard  forms  of  frequent  occurrence  in  order  to  facilitate 
the  work. 

It  has  been  found  convenient  to  express  these  special  rules  by 
means  of  formulas,  a  list  of  which  follows.  The  student  should 
not  only  memorize  each  formula  when  deduced,  but  should  be  able 
to  state  the  corresponding  rule  in  words. 

In  these  formulas,  u,  v,  and  w  denote  variable  quantities  which 
are  functions  of  x,  and  are  differentiable. 


FORMULAS  FOR  DIFFERENTIATION 


I 

Sin 

II 

O 

II 

d  oc,  _ 
doc  ~  ’ 

III 

d  du  , 

Sj(«+«-»)  =  -+ 

dv  div 
dx  dx 

IV 

d  .  dv 

~—{cv)  =  c  — . 
dx  dx 

V 

d  dv 

——  (uv)  =  u - 

dx  dx 

,  du 
+  ®  to- 

VI 

d  . 

—  ( V1V2  •  •  •  Vn )  =  {VzVz  • 

\  dvi  ,  . 

•  •  Vn)  —  +  {VxVz 

+  (V1V2  ■ 
46 


■Vn- 1) 


dvn 

due 


.  dv  2  , 
to  + 
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YII 

d  .  ,  dv 

dx  dx 

Vila 

■~(xn)  =  nxn~1. 

dx 

du  dv 

,  v - u  — 

a  /"u\  _  dx  dx 

dx  \  v  )  v 2 

vm 

du 

Villa 

d  /u\  _  dx 

dx \c)  c 

dv 

VIII  & 

d  / c  \  dx 

dx \v)  v 2 

IX 

dv 

d  ..  .  , 

— a«sr.®)  =  iolr.«.— . 

dv 

IX  a 

d  n  .  dx 

—  (log-y)  =  — . 
tise  V 

/ 

X 

•4—  (a®)  =  a®  log  a  • 

aas  dx 

Xa 

d  .  ...  dv 

d^{e)  =eai' 

XI 

(uv)  =  VUv~1  +  log*  u 

dx  dx 

XII 

d  ,  .  dv 

—  (sinv)  =  cos?;  —  • 
dx  dx 

nn 

d  ,  ,  .  dv 

- (COSV)  =  —  SlllK  —  • 

dx  dx 

XIV 

d  ,  „  dv 

—  (tan  v)  =  sec2  v  — — 
dx  dx 

XV 

d  o  dv 

— (c„t»)  =  —  csc*v—. 

XVI 

d  ,  dv 

-—-(sect?)  =  sec  v  tan  v  — —  • 
dx  dx 

XVII 

d  s  ,  dv 

—  (csc-y)  =  —  cscvcotv— • 
dx  dx 
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XVIII 

XIX 

XX 

XXI 

XXII 

XXIII 

XXIV 

XXV 

XXVI 

XXVII 


d  ,  .  dv 

—  (vers  v)  =  sin  v  — —  • 
dx  dx 


d 


dv 

dx 


(arc  sin  v)  =  - 

dx  V 1  —  v2 

dv 

d  ,  ,  dx 

—  (arc  cos?;)  = - ■—  * 

dx  Vl  —  v2 


d 


dv 

dx 


—  (arctan?>)=.  ,  „ 

dx  1  +  v* 


d 


dv 

dx 


(arc  cot-r)  =  —  .  .  , 

dx  1  +  v2 


d 


dv 

dx 


(arc  sec  v)  —  - 

dx  v  V v2  —  1 


d 


dv 

dx 


■  (arc  esc  v)  —  — 
dx  v  Vf2  —  1 


d 


dv 

dx 


-  (arc  vers  v )  =  , _ 

dx  V2  v  —  v2 


dy  dy  dv  ,  .  „  „ 

-  =  •  — —  *  y  being-  a  function  of  v. 

dx  dv  dx 

~  =  4-  >  y  being-  a  function  of  x. 

dx  dx 

dy 


% 


H 


47.  Differentiation  of  a  constant.  A  function  that  is  known  to 
have  the  same  value  for  every  value  of  the  independent  variable 
is  constant,  and  we  may  denote  it  by 


y=c. 

As  x  takes  on  an  increment  Ax,  the  function  does  not  change 
in  value,  that  is,  Ay  =  0,  and 


^  =  0. 

Ax 
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But 


limit  /  AjA  =  dy==r) 
Ax  =  0  \^Aa;  J  dx 


The  derivative  of  a  constant  is  zero. 

48.  Differentiation  of  a  variable  with  respect  to  itself. 


Let  y  —  x. 


Following  General  Rule ,  p.  42,  we  have 

First  step. 

y  +  Ay  =  x  +  Ax. 

Second  step. 

4 

<1 

II 

< 

Third  step. 

i 

Ax 

Fourth  step. 

II 

III  g-n- 

II  II 

M*  j-1 

The  derivative  of  a  variable  with  respect  to  itself  is  unity. 

49.  Differentiation  of  a  sum. 


Let 

By  General  Rule, 
First  step. 

Second  step. 

Third  stepj. 

Fourth  step. 


y  =  u  4-  v  —  w. 


y  -f  Ay  =  u  +  A u  +  v  +  Av  —  w  —  Aiv. 


A  y  = 

A  U  -f- 

Av  - 

-  Aw. 

Sy  = 

Au 

Av 

A  w 

Ax 

A^  + 

Ax' 

~Ax 

dy  _ 

du 

dv 

dw 

dx 

dx 

dx 

dx 

[Applying 

Th.  I,  p. 

.  27.] 

Ill 


(l  ,  .  du  ,  dv 

d.r, v  doc  dx 


dw 

dx 


Similarly  for  the  algebraic  sum  of  any  finite  number  of  functions. 
The  derivative  of  the  algebraic  sum  of  a  finite  number  of  functions 
is  equal  to  the  same  algebraic  sum  of  their  derivatives. 
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50.  Differentiation  of 

Let 

By  Greneral  Rule , 
First  step. 

Second  step. 

Third  step. 


the  product  of  a  constant  and  a  variable. 

y  =  cv. 


y  -(-  A y  =  c  (v  -f-  Av)  —  cv  -\-  cAv. 

Ay  =  c  ■  Av. 

1 

Ay  Av 
Ax  Ax 


Fourth  step. 


IV 


dy  _  dv 
dx  dx 


[Applying  Til.  II,  p.  27.] 


dv 
C  doc 


The  derivative  of  the  product  of  a  constant  and  a  variable  is  equal 
to  the  product  of  the  constant  and  the  derivative  of  the  variable. 

51.  Differentiation  of  the  product  of  two  variables. 

Let  y  =  uv. 

By  Greneral  Rule , 

First  step.  y  +  Ay  =  (u  +  A u)  ( v  +  Av) 

—  uv  -(-  u  ■  Av  +  v  ■  A u  +  Ait  ■  Av. 


Second  step. 
Third  step. 


Ay  Av 
_ -  0/  _ 

Ax  Ax 


+  v  —  +  Au 
Ax- 


Ax 


Fourth  step. 


dv 

dx 


du 
V  ~dx  * 


V 


r" Applying  Tli.  II,  p.  27,  since  when  Ax  approaches  zero  as  a  limit, 
| _ Au  also  approaches  zero  as  a  limit,  and  limit  (au  = 


] 


d  ,  .  dv  .  du 

—  (uv)  =  U - 1-  V  — —  • 

dx  dx  dx 


The  derivative  of  the  product  of  two  variables  is  equal  to  the  first 
variable  times  the  derivative  of  the  second ,  plus  the  second  variable 
times  the  derivative  of  the  first. 

52.  Differentiation  of  the  product  of  any  finite  number  of  varia¬ 
bles.  By  dividing  both  sides  of  V  by  uv,  it  assumes  the  form 


du  dv 
dx  dx 
u  v 


uv 
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If  then  we  have  the  product  of  n  variables 

V  =  •  •  •  vn, 

d 


we  may  write 


d  . 

dJv'v< 


V, 


.  dv.  w  , 

-=E+T* {V'"'K) 


V2V3 


dvx  dv2  d 
dx  ^  dx  dx^V&l* 


■ v  ) 
71/ 


VSV4 


dvx  dv2  dv  g 


d^ 

dx  dx  dx  dx 

- 1 - | - f-  •  •  •  d - 

Vl  v2  v3  vn 


Multiplying  both  sides  by  vxv2  ■  ■  ■  vn,  we  get 

VI 

ax  dx 

.  dVn 


-JZ  (ViVi  •  •  •  Vn)  =  (V2V3  ■  ■  ■  Vn)  ~  +  (V&3  ••■Vn)—  + 
ftx  dx  dx 


+  (V1V2  ■  •■Vn-l) 


dx 


The  derivative  of  the  product  of  a  finite  number  of  variables  is  equal 
to  the  sum  of  all  the  products  that  can  be  formed  by  multiplying  the 
derivative  of  each  variable  by  all  the  other  variables. 

53.  Differentiation  of  a  variable  with  a  constant  exponent.  If  the 

n  factors  in  VI  are  each  equal  to  v,  we  get 

dj  .  dv 

—  (v)  — 

dx  dx 

- —  n - 

vn  v 

VII  —<vn)  =  nvn- 1  — . 

u.jc  djc 

When  v  =  x  this  becomes 

VII  a  (xn)  =  nxn_1. 

dx 

We  have  so  far  proven  VII  only  for  the  case  when  n  is  a  positive 
integer.  In  §  59,  however,  it  will  be  shown  that  this  formula  holds 
true  for  any  value  of  n  and  we  shall  make  use  of  this  general  result 

now. 

The  derivative  of  a  variable  with  a  constant  exponent  is  equal  to 
the  product  of  the  exponent ,  the  variable  with  the  exponent  diminished 
by  unity ,  and  the  derivative  of  the  variable. 
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54.  Differentiation  of  a  quotient. 


Let 

By  General  Rule , 
First  step. 


u  A 

y  =  ->  v  0. 

v 


Second  step. 


Third  step. 


Fourth  step. 


VIII 


y  +  = 

Ay  = 


u  -f-  A  u 
v  +  Av 

u  +  Au  u  _  v  ■  Au  —  u  ■  Av 


v  +  Av 


v 


v  (v  +  Av ) 


Au  Av 
v - u - 

Ax  Ax 


A y  =  _ _ 

Ax  v  (v  +  Av) 


dy 

dx 


du  dv 
Vdx~UTx. 

o 

V 


[Applying  Theorems  II  and  III,  p.  27.] 


U\vl 


<1/ 


du  dv 

V - u - 

dx  dx 

v 2 


The  derivative  of  a  fraction  is  equal  to  the  denominator  times 
the  derivative  of  the  numerator ,  minus  the  numerator  times  the 
derivative  of  the  denominator ,  all  divided  by  the  square  of  the 
denominator. 

When  the  denominator  is  constant,  set  v  =  c  in  VIII,  giving 


VIII  a 


du 

d  /  u  \  _  dx 
dx \ c  /  c 


Tsince  X‘=y'  =  0-1 
L  dx  dx  J 

We  may  also  get  VIII a  from  IV  as  follows: 


d  fu 
dx\e 


1  du 
c  dx 


du 

dx 

c 


The  derivative  of  the  quotient  of  a  variable  by  a  constant  is  equal 
to  the  derivative  of  the  variable  divided  by  the  constant. 
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When  the  numerator  is  constant,  set  u  =  c  in  VIII,  giving 


VIII  b 


dv 

*  c  — 

d  /  c  \ dr 

dx  \v)  v2 


[sinoe£=fr°-] 

The  derivative  of  the  quotient  of  a  constant  by  a  variable  is  equal 
to  minus  the  product  of  the  constant  and  the  derivative  of  the  vari¬ 
able,  divided  by  the  square  of  the  variable. 

All  explicit  algebraic  functions  of  one  independent  variable  may 
be  differentiated  by  following  the  rules  we  have  deduced  so  far. 


EXAMPLES 


Differentiate  the  following. 

1.  y  =  x3. 

Solution.  —  =  —  (x3)  =  3  x2.  A  ns. 
dx  dx 


[n  =  3.] 


2 .  y  =  ax 4  —  bx2. 


Solution. 


~  ^  ( ax 4  —  bx-)  =  ~  (ax*) 


dx  dx 


d  /  ax 

=  a  —  (x4) 
dxv  ’ 


dx 

b  --  (x-) 
dx 


dx 


(bx2) 


=  4  ax3  —  2bx.  Ans. 
3.  y  =  x$  +  5. 

Solution.  —  =  —  (xh  +  —  (5) 
dx  dx  '  dxK 


=  I  x1. 


Ans. 


by  VII  a 

‘  by  III 

by  IV 
by  VII  a 

by  III 
by  VII  a  and  I 


.  3  x3  7  x  „  7 

4.  y  =  - - - - 1-  8  Vx3. 

Vx2  Vx4 

Solution.  —  =  —  (3  xJ-)  —  — ■  (7  x~h  +  —  (8xb  by  III 

dx  dx  dx  dx 

=  V  x®  +  |  x_  ^  +  -2?4-  x" 7.  A  ns.  by  IV  and  VII  a 


5.  y  —  (£2  —  3)4. 

Solution.  —  =  5  (x2  -  3)4  —  (x2  -  3) 
dx  v  .  dxv 

[t>  =  x2  -  3  and  n=5.] 


by  VII 


=  5  (x2  —  3)4  ■  2x  =  10x(x2  —  3)4.  Ans. 

We  might  have  expanded  this  function  by  the  Binomial  Theorem  and  then 
applied  III,  etc.,  but  the  above  process  is  to  be  preferred. 
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6.  y  =  Va2  —  x2. 

Solution.  dy  =  (a2  -  x2)  =  =  I  («2  -  x2)_- h  T~(a2  ~  x2) 

dx  dx  dx  • 


=  A(a2-x2)  z(—  2x)  = 


[t?=a2-a:3  and  «,=  £.] 
X 


Va2— x2 


A?is. 


7.  ?/  =  (3  x2  +  2)  Vl  +  5 x2. 

Solution.  ^  =  (3  x2  +  2)  ~  (1  A  5  x2)2  +  (1  +  5  x2)z  (3  x2  +  2) 
dx  ax  ax 

[tt=  3a;2  +  2  and  c  =  (1  +  5x2)L] 

=  (3 x2  +  2)  ^(1  +  5 x2)"2  (1  +  5x2)  +  (1  +  5x2)z 6 X 

ctx 

=  (3x2  +  2)(1  +  5x2)~z5x  +  6x(l  +  5x2)2 
_5x(3x2  +  2)+6a;Vr-r^i:=46x3+^6x_  ^ 


V  l  4-  5  x2 


Vl  +  5x2 


8.  y  = 


Solution. 


a2  +  x2 
Va2  —  x2 

(a2  -  x2)2—  (a2  +  x2)  -  (a2  +  x2)  —  (a2  -  x2)* 
dy  _  dx  dx 

dx  a2  -  x2 

_  2  x  (a2  —  x2)  -f  x  (a2  +  x2) 

(a2  -  x2)2 

[Multiplying  both  numerator  and  denominator  by  (a2-®2)2.] 

3  a2x  —  x8 


Ans. 

(a2  -  x2)3 

9.  y  =  6  x4  +  3  x2  —  6. 

10.  y  —  3  cx2  —  8  dx  +  5  e. 

11.  y  =  xa+b. 

12.  y  —  x"  +  iix  +  n. 

13.  f(x)  =  f  x3  —  §  x2  +  5. 

14.  f(x)  =  (a  +  b)  x2  +  cx  +  d. 

15.  —  (a  +  5x  +  cx2)  =  b  +  2  cx. 
dx 


—  =  20x3  +  6x. 
dx 


=  6  cx  —  8  d. 


cly 
dx 

—  =  (a  +  6)x“+6-C 
dx 


dy 


=  nxn_1  +  n. 


dx 

f'  (x)  =  2  x2  -  3  x. 

/'  (x)  =  2  (a  +  6)  x  +  c. 


16.  —  (5  —  3 1/  +  6)  =  5  mym~ 1  —  3. 

dy 


by  VII 

by  V 

by  VII,  etc. 

by  VIII 


-  ~Zj, 
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17.  o  =  M?. 

P 

dv 

dp 

18.  u  =  u0  +  ft. 

dv 

dt 

19.  s  =  So  +  V(f  +  |  yz2. 

ds 

dt 

20.  Z  =  1  +  bd  +  c02. 

dl 

dd 

21.  s  =  2Z2  +  3Z  +  5. 

ds 

dt 

22.  s  =  at3  —  bt 2  +  c. 

ds 

dt 

23.  r  =  a02. 

dr 

dd 

24.  r  =  c03  +  cZ02  +  e0. 

dr 

dd 

25.  y  =  6  x*  +  4  x*  +  2  xi 

dy 

dx 

26.  ?/  =  VfTx  +  Vx  +  ij— 

X 

dy 

dx 

a  +  6x  +  ex2 

27.  y  = - 

X 

dy 

dx 

28.  „=<*-»*. 

X* 

dy 

dx 

„„  x?  -  X  -  X*  +  a 

29.  y  = 

x> 

dy 

dx 

30.  y  =  ( 2x3  +  x2-6)3. 

dy 

dx 

31.  /(x)  =  (a  +  6x2)*. 

/'(*) 

32.  /(x)  =  (1  +  4  x3)  (1  +  2  x2). 

/'(*) 

33.  /(x)  =  (a  +  x)  Va  —  x. 

/'W 

34.  /(x)  =  (a  +  x)m(Z>  +  x)». 

/'W 

1 

35.  y  =  — 
xn 

*/ 

dx 

__  VqVo 

p‘2 

=  /• 

=  v0  -{-ft. 

=  b  +  2  cd. 

=  4Z  +  3. 

=  3  at2  -  2  bt. 

=  2  ad. 

=  3  cd2  +  2  dd  +  e. 

=  21  x®  +  10  x2  +  3  xK 

3  |  1 _ J_ 

2  V3x  3  Vx2  x 2 
_  a 
x2 

=  f  x^  —  5x®  +  2x~^  +  Ax-*. 

_2x*  +  x  +  2x^-3a 
2x® 

=  6  x  (3  x  +  1)  (2  x8  +  x2  —  6)2. 

=  (a  +  bx2)K 

=  4x(l  +  3x  +  10  x3). 
a  —  3x 


2  Va  —  x 

[777/  71 

^  +  bT~x 


36.  ?/  =  x  ( a 2  +  x2)  Va2  —  x2. 


0 


dy 

dx 


xn  + 1 

a4  +  a2x2  —  4  x4 
Va2  —  x2 
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y\^\ /T!SS~( 


2x^ 

dy 

8  62x3  —  4  x6 

62  -x2 

dx 

(6^  —  x2)2 

a  —  x 

dy 

2  a 

a  +  x 

dx 

(a  +  x)2 

«3 

ds 1 

3  £2  +  D 

(1  +  i)2 

dt 

(1  + 

40. 


/(»)  = 


(s  +  4)2 
s  +  3 


fr  /  \  _  (s  +  2)  ( s  +  4) 
f  {)~  (s  +  3)2 


41.  f{6)  = 

Va  —  bd2 

42.  r(r)=^^. 

B  43.  ^(2/)  =  (r^-)"1. 


/'(«)  = 


a 

(a  —  502)® 


F'  (r) 


1 

(1  —  r)  Vl  —  r2 


*'(?)  = 


my™—1 
(1  -  y)m+1 


44. 


0(x)  = 


2x2  -  1 
x  Vl  4.  x2 


45. 

46. 


dr  i 

dx  L(a  +  x)m(b  +  x)n_ 

d  r  Va  4-  x  +  Va  —  x- 
I  Va .  +  x  —  Va  —  x 


</>'(D  = 


1  +  4x2 


x2(l  +  x2)* 

to  (6  +  x)  +  n  (a  +  x) 
(a  +  x)m+1(b  +  x),J+1  " 

a2  +  a  Va2  —  x2 
x2  Va2  —  x2 


Hint.  Rationalize  tlie  denominator  first 


47. 

y  =  V2  px. 

dy 

P 

dx 

y 

48. 

y  =  -  Va2  -  x2. 

.dy  _ 

b2x 

a 

dx 

aP-y 

49. 

y  =  (a*  —  x*)i 

dy  _ 

dx 

\x 

50. 

r  =  Va0  +  c  V<£3. 

dr 

Va  +  3c0 

dtp 

1  •©• 
> 

<M 

51. 

Vc  -I-  fld 

It  - - 

du 

■go—1  yd-l 

d  +  c  • 

cd 

dv 

52. 

D  _  (7  +  Uf 

dp 

(q  -  2)  Vg  +  1 

Vg  —  1 

dq 

(g  -  1)® 

53. 

7/  —  I  X  ~|n. 

dy 

ny 

Li  +  Vi  —  x2_] 

dx 

X,  Vl  _  x2 
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54.  Given  (a  +  x)s  =  a5  +  5  a4x  +  10  a3x2  +  10  a2x3  +  5  ax4  +  x5 ;  find  (a  +  x)4 
by  differentiation. 

>J^ri  -2^  _1  tT  -  (  <? 

55.  Assuming  that  ,  *  W  '  ' 

1-X-  +  1  1 

— - =  1  +  x  +  x2  •  •  •  4-  x", 

1  —  X 

deduce  by  differentiation  the  sum  of  the  series 


l  +  2x  +  3x2-f---  +  nxn 


n  being  any  positive  integer. 

nxn  + 1  —  (n  +  1)  xn  +  1 

(*  -  l)2 


A  ns. 


55.  Differentiation  of  a  function  of  a  function.  It  sometimes  hap¬ 
pens  that  y,  instead  of  being  defined  directly  as  a  function  of  x, 
is  given  as  a  function  of  another  variable  v  which  is  defined  as  a 
function  of  x.  In  that  case  y  is  a  function  of  x  through  v  and 
is  called  a  function  of  a  function. 

2  v 

For  example,  if  y  =- - -> 

1  —  v* 

and  v  =  1  —  x2, 


then  y  is  a  function  of  a  function.  By  eliminating  v  we  may 
express  y  directly  as  a  function  of  x,  hut  in  general  this  is  not  the 

dv 

best  plan  when  we  wish  to  find 


If  y  =f(v )» 

and  v  =  <f>  (x), 

then  y  is  a  function  of  x  through  v.  Let  x  take  on  an  increment 
Ax,  giving 


and 


v  +  Av  =  <f>  (x  +  Ax ),  defining  Av , 
y  +  Ay  =f(v  +  Av),  defining  Ay. 


Ay 


by  Av 


By  multiplying  both  numerator  and  denominator  of  ^ 

we  get  .  .  . 

&  Ay  Ay  Av 

Ax  Av  Ax- 

Let  Ax  approach  the  limit  zero,  then  Av  also  approaches  the 
limit  zero,  and  we  have,*  applying  Th.  II,  p.  27, 


(A) 


dy  _  dy  dv 
doc  dv  doc 


#  Assuming  that  for  Ax  sufficiently  small  but  not  zero. 
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This  may  also  be  written 

(B)  ^  =f'(v)  -(f>'(x). 


If  y  =  fly)  and  v  =  </>  (x),  the  derivative  of  y  with  respect  to  x 
equals  the  product  of  the  derivative  of  y  with  respect  to  v  and  the 
derivative  of  v  with  respect  to  x* 

56.  Differentiation  of  inverse  functions.  Let 

(A)  x  =  <t>(y)- 

If  the  inverse  function  exists,  denote  it  by 

( B )  y  =/(«)• 

m 

Differentiating  ( B )  with  respect  to  y  gives 

l=f(z)^j  by  (b),  §  55 

dy 

[Assuming  ij>  ( y )  and  f(x)  to  be  differentiable.] 


or, 


1 


dy  dx 
dx  dy 


If  then  —  =  ft  (y)  is  different  from  zero,  we  get 
dy 


(C) 


or, 


(D) 


dy  _  _1_ 

dx  dx 
dy 


f'{x)  = 


1 

<f>'(y)’ 


The  derivative  of  the  inverse  function  is  equal  to  the  reciprocal  of 
the  derivative  of  the  direct  f  unction. 

57.  Differentiation  of  a  logarithm. 


Let 


y  =  iog«w.t 


Differentiating  by  the  General  Rule ,  p.  42,  considering  v  as  the 
independent  variable,  we  have 

First  step.  y  Ay  =  logn(v  +  Av). 

*  It  is  understood  that  y  and  v  have  fixed  initial  values  corresponding  to  some  fixed  initial 
value  of  x. 

t  The  student  must  not  forget  that  this  function  is  defined  only  for  positive  values  of  the 
base  a  and  the  variable  v. 
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Second  step.  Ay  =  logrt(w  +  Av)  —  logaw 

=>°g.(~)=Iog.(i+v) 


Third  step. 


Ay  1 

—  —  =  —  log’ 
Aw  Aw  toa 

1 


[By  8,  p.  2.] 

Av\ 


1  + 


w  ) 


=>°g.O+v)“ 


=  T  log«  (  1  + 


Aw\ l 

-) 


V 

AV 


rDividing  the  logarithm  by  v  and  at  the  same  time  multiplying  the  exponent  of  the] 
[.parenthesis  by  v  changes  the  form  of  the  expression  but  not  its  value  (see  9,  p.  2).J 

dy  1 


Fourth  step. 


dv  v 


log(le. 


- 

When  Av  approaches  the  limit  zero,  —  also  approaches  the  limit  zero. 

v 

Therefore  (*  +  qf  )  Au=  e>  from  Theorem  II,  p.  33,  placing  a  =  ~  • 

Hence 

(A)  ^  =  -F.(l0guV)=l0g«e-1 


dv  dv 

'  / 

Since  w  is  a  function  of  x  and  it  is  required  to  differentiate  logaw 
with  respect  to  x ,  we  must  use  formula  (A),  §  55,  for  differentiat¬ 
ing  a,  function  of  a  function ,  namely, 

dy  __  dy  dv 
dx  dv  dx 

Substituting  value  of  ^  from  (H),  we  get 

dy  ,  1  dv 

dx  5  v  dx 


IX 


dv 

,i  dx 

F-t\0%aV)  =  \ogae—  • 


When  a  =  e  this  becomes 


IX  a 


dv 

d  ,  dx 

d^{XOSV)  =  -' 

*  Since  loga«  is  a  continuous  function. 


><r  a  ** 

**  _  Jr 
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y  jJ*-»  -  -€e>-f  df~~  9  / 


/ 


f*4A 


/J.(  4  ) 


—  -  J  * —  A  -  '  rj.  -  -  '  ff~ 

Tlie  derivative  of  the  logarithm  of  a  variable  is  equal  to  the  product 


of  the  modulus  *  of  the  system  of  logarithms  and  the  derivative  of  the 
variable ,  divided  by  the  variable. 

58.  Differentiation  of  the  simple  exponential  function. 

Let  y  —  av.  a  >  0 

Taking  the  logarithm  of  both  sides  to  the  base  e,  we  get 

log  y  =  v  log  a , 

„  _  i°g  y  _  1 


or. 


•log  y. 


log  a  log  a 
Differentiate  with  respect  to  y  by  formula  IX  a, 

dv  11 


dy  log  a  y  ’ 

and  from  (C),  §56,  relating  to  inverse  functions,  we  get 

dy 


dv 


=  log  a  •  y,  or, 


iA) 


=  log  a  ■  av. 
dv  6 


Since  vis  a  function  of  x  and  it  is  required  to  differentiate  av 
with  respect  to  x,  we  must  use  formula  (A),  §  55,  for  differenti¬ 
ating  a  function  of  a  function,  namely, 

dy  _  dy  dv 
dx  dv  dx 


Substituting  the  value  of  ^  from  (A),  we  get 

dv  v  & 


dy  .  dv 

~  =  log  a -a1 - 

dx  6  dx 


£(«,)  =  io 


When  a  =  e,  this  becomes 
X  a 


d  ,  ...  dv 

—  (e«)  =  — . 

dx  dx 


■  *  T,he  logarithm  of  e  to  any  base  “  (=  logae)  is  called  the  modulus  of  the  system  whose  base 

r j:,  tars  *'”w"  ““  ”  "w  if  „  „  bJ 

logeW  ,j?  ,1  >  I 

A  ’  ir 


l°gH-V=  logae  •  loge2V= 


logea 


The  modulus  of  the  common  or  Briggs’  system  with  base  10  is 

log10e=  .4.34294  •  •  ■. 


oJx' 

Wv  71 


tiv 


y»Vv  I 


flU 


J3U 


Jr 

QJ 


>1 


■Oh 


a  - 
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The  derivative  of  a  constant  with  a  variable  exponent  is  equal  to 
the  product  of  the  natural  logarithm  of  the  constant ,  the  constant  with 
the  variable  exponent ,  and  the  derivative  of  the  exponent. 

59.  Differentiation  of  the  general  exponential  function. 

Let  y  —  uv* 

Taking  the  logarithm  of  both  sides  to  the  base  e, 

l°g, 2/  =  v  l°ge«, 

or,  y  —  evlosu. 


Differentiating  by  formula  I  a, 

<k  =  evioSuA 
dx  dx 


(v  log  u) 


du 

„i0„„i  dx  .  dv 

—  e  °  l  v - 1-  log  u  — 

'  u  5  dx , 


by  V 


II 


dx  .  dv  I 

=  U'\  V - 1-  log  u -  /  . 

u  dx  / 

—  (Ur)  —  VH V-1  +  log  U  ■  Uv  —  • 
dx  dx  dx 


The  derivative  of  a  variable  with  a  variable  exponent  is  equal  to 
the  sum  of  the  two  results  obtained  by  first  differentiating  by  VII, 
regarding  the  exponent  as  constant ;  and  again  differentiating  by  X, 
regarding  the  base  as  constant. 

Let  v  =  n,  any  constant ;  then  XI  reduces  to 

d  ,  ,  ,  du 

— .  ( u11 )  =  nu  —  • 
dx  dx 

But  this  is  the  form  differentiated  in  §  53,  therefore  VII  holds 
true  for  any  value  of  n. 

Ex.  1.  Differentiate  y  =  log(x2  +  a). 


Solution. 


d_ 

dy  _  dx 
dx 


(x2  +  a) 


x*  +  a 
\v  =  x-  +  a.] 
2x 


by  IX  a 


x2  +  a 


Ans. 


*  u  can  here  assume  only  positive  values. 
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Ex.  2.  Differentiate  y  =  log  V 1  —  x'2 


Solution. 


—  (1  -x2)l 
dy  _  dx v 

dx  (i  _  X2)i 
^1(1 

(1  -  x 2)* 


by  IX  a 
by  VII 


Ans. 


Ex.  3.  Differentiate  y  =  a3 *2. 
Solution. 


—  =  log  a  •  a**?—  (3 x2) 
dx  dx 


by  X 


—  6  x  log  a  •  a3a;2.  Ans. 


Ex.  4.  Differentiate  y  =  6e°2  +  x2. 

dy 


Solution. 


=  b  —  l  (**+«?) 
dx  dx 

=  bec2+A^L  (C2  4-  x2) 


by  IV 
by  Xa 


=  2&xec2+a:2.  Ans. 


Ex.  5.  Differentiate  y  =  x'A  . 
Solution. 


~  =  e^x6*- 1  —  (x)  +  xe*  log  x  —  (ep 
^  dx  dx 


dx 


by  XI 


=  e^x6*-1  +  x(X  log  x  ■  ex 
=  exxaX  ^  -  +  log  x  ^ .  Ans. 

60.  Logarithmic  differentiation.  Instead  of  applying  IX  and 
IX  <*  at  once  in  differentiating  logarithmic  functions,  we  may 
sometimes  simplify  the  work  by  first  making  use  of  one  of  the 
formulas  7—10  on  p.  2.  Thus  above  Ex.  2  may  be  solved  as 
follows. 


Ex.  1.  Differentiate  y  =  log  V\ 


xz. 


Solution.  By  using  10,  p.  2,  we  may  write  this  in  a  form  free  from  radicals  as 
follows. 

y  =  |log(l  —  x2). 
d 


dy  1  dx 


(1  -  x2) 


dx  2  1  —  x2 

1  —  2  x 


2  1  -  x2  x2  -  1 


Ans. 


Then 


by  IX  a 
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Ex.  2.  Differentiate  y 


+  x 2 


X2 


Solution.  Simplifying  by  means  of  10  and  8,  p.  2, 

y  =  i  [log  (1  +  x2)  -  log  (1  -  X2)]. 


dy 

dx 


_  1  +  x2 

X  X 


by  IX  a,  etc. 


+  ■ 


2  x 


Ans. 


1  +  x'2  1  —  x'2  1  -  *4 

In  differentiating  an  exponential  function,  especially  a  variable 
with  a  variable  exponent,  the  best  plan  is  first  to  take  the  loaa- 

L  O 

rithm  of  the  function  and  then  differentiate.  Thus  Ex.  5,  p.  62, 
is  solved  more  elegantly  as  follows. 


Ex.  3.  Differentiate  y  =  xeX. 

Solution.  Taking  the  logarithm  of  both  sides, 

logy  =  exlogx. 

Now  differentiate  both  sides  with  respect  to  x. 
dy 

dx  d  „  .  d  ,  , 

7  =  e>-(los*)  +  log*-<e.) 

=  ex - b  log  x  ■  ex, 

x 


By  9,  p.  2 


by  IX  a  and  V 


or, 


dy 

-r  =  e*  •  y 

dx 

r-  e^x'  * 


(i  +  toga,) 

(i  +  'og*). 


Ans. 


Ex.  4.  Differentiate  y  =  (4x2  —  7)2  +  vfas-s# 

Solution.  Taking  logarithm, 

log  y  =  (2  +  Vx2  —  5)  log  (4  x2  —  7). 
Differentiating  both  sides  with  respect  to  x, 

1  dy  „  /-x - 7.  8  a: 


^  =  (2  +  Vx2  -  5) 
ydx  4x2  —  7 


-f  log(4x2  —  7) 


Vx2  -  5 


dy 

dx 


=  x(4x2  -iy+Vx2 


:D 


■^37  f8(2  +  Vx2  —  5)  +  log  (4  x2  - 


4  x2 


5] 


Ans. 


Vx2”—  5 

In  the  case  of  a  function  consisting  of  a  number  of  factors  it  is 
sometimes  convenient  to  take  the  logarithm  before  differentiating. 
Thus,  _ 

/(x  —  l)(x  —  2) 

Ex.  5.  Differentiate  y  =  V(x-3)(x-4)  ‘ 

Solution.  Taking  logarithm, 

log  y  =  4  [log  (x  -  1)  +  log  (x  -  2)  -  log  (*  -  8)  -  log  (x  -  4)]. 
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Differentiating  both  sides  with  respect  to  x, 

1  dy  =  1  r_!_  _1 _ i _ L_1 

y  dx  2  Lx  —  1  x  -  2  x  —  3  x  —  4  J 

2  x2  -  10  x  +  11 

(x  -  1)  (x  —  2)  (x  —  3)  (x  -  4)  ’ 

cZ?/  2  x2  —  10  x  —  11 

or  —  =  —  — — - - - 

(lx  (x  —  1 )  -  (x  —  2)4  (x  -  3)4  (x  -  4)4 


EXAMPLES 


Differentiate  the  following. 

1.  y  =  log  (x  +  a). 

2.  y  =  log  (ax  +  b). 

1  +  x 


3 .  y  —  log 

4.  y  =  lo- 


1  —  x 
1  +  x2 

1  —  X2 


5.  y  —  eax. 

6.  y  =  e*x  +  s 

7.  y  =  log(x2  +  x). 

8.  y  =  log(x3  —  2x  +  5). 

9.  y  =  log„(2x  +  X3). 

10.  ?/  =  xlogx. 

11.  / (x)  =  log  X3. 

12.  / (x)  =  log3  x. 


d;y  1 


dx  x  +  a 
dy  a 


dx  ax  +  b 

dy  _  2 

dx  1  —  x2 

dy  _  4  x 
dx  1  —  x4 

dy 

—  =  aea*. 
dx 

dy  .  .  ,  . 
dx 

dy  _  2  x  4-  1 
dx  x2  +  x 

d?/  3x2  —  2 


dx  x8  —  2x  +  5 

di/  2  4-  3  x2 

—  =  log.,  e - 

dx  2  x  -f  x8 

dy 

j-  =  logx  +  1. 
dx 


/'(*)  =  -• 
x 


/'(*)  = 


3  log2  x 


Hint-  lo§3  X  =  (log  x;s.  Use  first  VII,  v  =  log  x ,  n  =  3 ;  and  then  IX  a, 


13.  /(x)  =  log 


a  +  x 
a  —  x 


r(x)  =  - 


2  a 


a2  —  x2 


14.  /(x)  =  log (x  +  Vl  +  x2).  /'(x )  =  —  1 

Vl  +  a;2 


A  ns. 


vr-7 
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15. 

y  =  aeX. 

dy 

dx 

16. 

«s 

II 

dy 

dx 

17. 

y  —  7*2+ %x. 

dy 

dx 

18. 

9  9 

y  =  ca  x~. 

dy 

dx 

19. 

<t>* 

$ 

II 

dr 

d3 

20. 

7*  =  0. 

dr 

d0 

21. 

s  =  efc2  +  'J. 

ds 

dt 

22. 

=  ae^. 

du 

dv 

23. 

p  = 

dp 

dq 

24. 

—  [er(l  —  x2)]  =  ex(l  —  2z  - 
dx 

-  X2). 

25. 

d  /ex  —  1\  2  ex 

dx\ex  +  l/  (ex  +  l)'2 

26. 

—  (x2^)  =  xeax  (ax  +  2). 
dx 

27. 

dy 

y  =  log - 

1  +  ex 

dx 

28. 

a  -  ~x. 

dy 

y  =  -(ell~e  “)• 

dx 

29. 

H 

1 

1 

dy 

y  — - 

ex  _|_  g-X 

dx 

30. 

dy 

y  =  x^a*. 

dx 

dy 

31. 

<< 

II 

H 

dx 

1 

dy 

32. 

y  =  xx. 

dx 

dy 

33. 

II 

o 

trq 

dx 

:  log  a  ■  acXex. 

2  x  log  b  •  b*2. 

■  2  log  7  •  (x  +  l)7A  +  2x, 
—  2  x  log  c  •  ca~— 3:2. 


a0  log  a. 


a>°g  e  log  a 

e 

2  td2+'\ 
ae^v 


dv  2  Vu 


1 


dx  \  +  ex 

\  X 

=  =■  (e“  +  e  °) . 
_  4 

dx  ~  (e*  +  e-*)2’ 


=  xx(logx  +  1). 

.1 
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34.  f(y)  =  \ogy-ev. 
logs 


f(y)  =  eulogy  +  i)- 


35.  /(«)=' 


e® 


36.  / (x)  =  log  (log  x). 

37.  F(x)  =  log4  (logx). 

38.  cf>(x)  =  log  (log4  x). 

39.  xf/(y)  =  log^- 


f'(s)  = 
/’(*)  = 
F'  (x)  = 
cf>'{x)  = 

r(v)  = 


1  —  s  log  s 
ses 


x  log  x 

4  log3  (log  x) 
xlogx 

4 

x  logx 

1 

1  -  y2 


40.  /(x)  =  log 


Vx2  +  1  -  : 


Vx2  +  1  +  x 

.Htnf.  First  rationalize  tire  denominator. 


f(x)=- 


Vl  +  ; 


43.  y  = 


44. 


46. 


y  =  a 


1 

xl°ga;< 

^  =  0. 
dx 

ex<c. 

—  =  e**  (1  +  log  x)  xx. 
dx 

cx 

Xx 

f!  =  (£)’(iogii-i). 

ax  Vx/  \  x  / 

(IT- 

^=.(^r(i+iogD. 

ax  \  n  /  \  n  / 

veV. 

dto  ,,  / 1  4-  x  log  d  \ 

=  xeew  (  °  )  • 

dt>  \  v  / 

(?)• 

|  =  (?)'(1og«-|ogt-1). 

x*’*. 

cl?/ 

—  =  xx"  +  ”-1(nlogx  +  1). 
dx 

Xxx. 

—  =  xxZxx  ( log  x  +  log2  i  +  i'l 
dx  \  x/ 

1 

a2—x*' 

dj/  _  x?/  log  a 
(a2  -  x2)3 

ex  (xn  _  nx”-1  +  n  (n  — 

l)X"-2  —  ^TL  —  exxn_ 

dx 

(x  +  l)2 

dy  (x  +  1)  (5 x2  +  14x  +  5) 

(x  -f  2)3  (x  +  3)4 

dx  (x  +  2)4  (x  +  3)s 

51.  y  — 

Take  logarithm  of  both  sides  before  differentiating  in  this  and  the  following  examples. 
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52.  y  = 


(x  -  1)5 


(x  -  2)*  (x  -  3)5 
53.  y  -  xVl  —  x(l  +  x). 

x(l+x2) 

&  54.  y= 

Vi  —  x2 


(x  —  1)5  (7  x2  +  30  x  —  97) 
12  (x  -  2)5  (x  -  3)^ 
dy  _  2  +  x  —  5  x2 
dx  2  Vl  —  x 

dy  1  +  3  x2  —  2  x4 


dx 


(1  -  x2)5 


55.  y  =  x5  (a  +  3  x)3  (a  —  2  x)2.  —  =  5x4  (a  +  3x)2(a  —  2x)  (a2  +  2  ax  —  12  x2). 

fl'T' 


dx 


56.  y 


 V(x  +  a)8 


dy  _(x  —  2  a)  Vx  +  a 
(x  —  a)5 


Vx  —  a 

61.  Differentiation  of  sin  a. 

Let  y  =  sin  v. 

.  By  General  Rule ,  p.  42,  considering  v  as  the  independent 
variable,  we  have 

First  step.  y  +  A y  =  sin  (v  -f-  Av). 

Second  step.  A y  =  sin  (v  +  Av )  —  sin  v 

/  Av\  .  Av  * 

=  2  cos  (  v  +  —  J  -sm  — • 


.  Third  step. 


AV 
,  sm  — ■ 

Ay  (  .  Av\  I  2 

^  =  ms{v  +  Y  n  a. 


Fourth  step. 


and 


*  Let 
i 

Adding, 

Therefore 


Since 


and 


dy 

=  COS  V. 

dv 


limit 
Ai>=  0 


Av  . 


Av 

AT 


=  1  hy  (14),  p.  30, 


limit 
Av 


=ocos(”+ir)  = 


A  =  v  +  Av 
B=v _ 

A  +  B—  2v  +  Av 
Av 

\{A  +  B)=v  +  -- 


Subtracting, 


A=v  +  Av 
B—v 

A-B=  Av 
„  Av  ■ 
1{A—B)=  —  • 


.  ,.  .  n  1/  a  +  fii  IM- B)  in  terms  of  v  and  Av  in  the  formula  from 

Substituting  these  values  of  A,  $  04  +  A)>  21  > 


Trigonometry  (42,  p.  3), 
we  get 


sin  A-  sin  B=  2  cos  1  (A  +  B) sin  I  (A- B), 
/  Av\  .  Av 
sin  (iM-A«)-sint;=2cos(k'y  +  YjsmY' 


N 
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Since  v  is  a  function  of  x  and  it  is  required  to  differentiate  sin  v 
with  respect  to  x,  we  must  use  formula  (^4),  §  55,  for  differentiating 
a  function  of  a  function,  namely, 

dy  __  dy  do 
dx  dv  d± 

Substituting  value  ^  from  Fourth  step ,  we  get 

dy  dv 

~  =  cos  v  —  • 
dx  dx 


XII 


(1  ,  .  ,  dv 

- (sill?’)  =  cos?’-—  • 

dx  dx 


The  statement  of  the  corresponding  rules  will  now  be  left  to 
the  student. 

62.  Differentiation  of  cos  v. 


Let  y  =  cos  v. 

By  29,  p.  2,  this  may  be  written 

y  =  s^  (| 

Differentiating  by  formula  XII, 

dy  /  7r 

-f  —  cos  (  —  —  v 
dx 


2 
7T 
2 

=  -  -  sin  v  - 


**  \ 


d  f  it 

—  ( - v 

dx\  2 


4 


7 T 

—  cos (  — 


dv\ 
dx  ) 


dv 

dx 


XIII 


j^Sinoe  cos  =  sin  r,  by  29,  p.  2.j 

d  .  .  .  dv 

-----  (cos  v)  =  —  sin  v  — . 
dx  dx 


63.  Differentiation  of  tan  v. 

Let  y  —  tan  v. 

By  27,  p.  2,  this  may  be  written 

sin  v 

y  = - • 

cos  v 
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Differentiating  by  formula  VIII, 


(l  y 

cos  V  —  (sin  v)  -  sin  v  —  (cos  v) 
dy  _  dx _ dxy  ' 

dx 


COS“# 


dv 


2  IAJW  .  ,  <7# 

cos  v  —  +  sim  v  — - 
dx  dx 


cos"  v 


<7# 

dx 


COS"  V 


„  dv 


dx 


sec  v  ■ 


XIV 


d  ,,  .  „  dv 

——  (tan  #)  =  sec2#  — ■  • 
rt.e  da; 


64.  Differentiation  of  cot  #. 

Let  y  =  cot  v. 

By  27,  p.  2,  this  may  be  written 

1 


y 


tan  v 


Differentiating  by  formula  VIII  &, 


**=-?*— 1 
dx  tan2  v 

dv 


u 


dv 


sec"  v  — 

dx  o 

- =  —  esc  v — . 

tan2  v  dx 


XV 


d  ,  „  (I# 

—  (cot  #)  =  —  CSC2  V  —  ■ 
dx  dx 


65.  Differentiation  of  sec  #. 

Let  y  =  sec  #. 

By  26,  p.  2,  this  may  be  written 


y  = 


COS  V 
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Differentiating  by  formula  VIII  b, 


ay  l<c03°> 

dx  cos2  v 

dv 


sm  v 


dx 


cos  v 


XVI 


dv 

—  sec  v  tan  v  — • 
dx 

d  .  ,  dv 

(sec  v )  =  sec  v  tan  v  —  • 
clx> 


dx 


66.  Differentiation  of  esc  v. 

Let  y  =  esc  v. 

By  26,  p.  2,  this  may  be  written 

1 

y  =  - — 

sin  v 

Differentiating  by  formula  VIII  b, 


dy_ 

dx 


-f-  (sin  v ) 
dx 

sin2  v 
dv 

COS  V— - 

dx 

sin2  v 

=  —  CSC  V  cot  V 


dv 

dx 


XVII 


d  dv 

~r~  (esc  v )  =  —  esc  v  cot  v — « 
dv  dx 


67.  Differentiation  of  vers  v. 

Let  y  —  vers  v. 

By  Trigonometry  this  may  be  written 

y  =  1  —  cos  v. 

Differentiating, 

dy  .  dv 


XVIII 


=  sm  v 
dx  dx 

(vers  v)  =  sin  v — . 
dx  dx 
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In  the  derivation  of  our  formulas  so  far  it  has  been  necessary 
to  apply  the  General  Rule ,  p.  42  (i.e.  the  four  steps),  only  for  the 
following : 


III 

d  du  dv  dw 

—  (u  +  v  —  w)  =  —--\ - 

dx  dx  dx  dx 

Algebraic  sum. 

Y 

d  ,  .  dv  du 

—  (uv)  =  u—  +  v  —  • 
dx  dx  dx 

Product. 

VIII 

du  dv 

V  — - u— - 

d  fu\  dx  dx 

dx\v  )  v 2 

Quotient. 

dv 

IX 

±{log,v)  =  log„e±. 

Logarithm. 

XII 

d  .  .  dv 

—  (sm  v )  =  cos  v  —  • 
dx  dx 

Sine. 

XXVI 

dy  dy  dv 
dx  dv  dx 

Function  of  a  function. 

Not  only  do  all  the  other  formulas  we  have  deduced  depend  on 
these,  but  all  we  shall  deduce  hereafter  depend  on  them  as  well. 
Hence  it  follows  that  the  derivation  of  the  fundamental  formulas 
for  differentiation  involves  the  calculation  of  only  two  limits  of  any 
difficulty,  viz., 

limit  sint;  =  1  by  (14),  p.  30 

v  =  0  v 


and 


limit 
v  =  0 


(1  +  vf 


e. 


By  Th.  II,  p.  33 


EXAMPLES 

Differentiate  the  following. 

1.  y  —  sin  ax2. 

—  =  cos  ax 2  (ax2) 

dx  dx 

[v  =  ax2.] 

=  2  ax  cos  ax2. 


hy  XII 
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2 .  y  —  tan  Vl  —  x. 

dJL  =  sec2  -  (1  -  x)*  by  XIV 

dx  dx 

[«  =  vT— *.] 

=  sec2  Vl  -  x- 1(1  -  x)“*(  — 1)  , 

sec2  vl  -  x 
2  Vl  —  x 

3 .  y  —  cos8x. 

This  may  also  be  written 
y  —  (cos  x)8. 

—  =  3  (cos  x)2  —  (cos  x)  by  VII 

dx  ax v 

[v  =  cos  x  and  n  =  3.] 

=  3  cos2  x  ( —  sin  x)  by  XIII 

=  —  3  sin  x  cos2x. 


4 .  y  =  sin  nx  sin"  x. 

dy  d  ,  ...  d  .  .  , 

—  =  sin  nx  —  (sin  x)n  +  sin"  x  —  (sin  nx)  by  V 

dx  dx  ’  dxK  ’  J 

[w=  sin  ?uc  and  17=  sin'1*.] 

=  sinnx  •  n(sinx)n-'  —  (sin  x)  +  sin”  x  cos  nx  —  (nx)  by  VII  and  XII 
dx  dx 

=  n  sin  nx  •  sin"-1  x  cos  x  +  n  sin"  x  cos  nx 

=  n  sin'1- 1  x  (sin  nx  cos  x  +  cos  nx  sin  x) 

=  nsin,,-1xsin(n  +  l)x. 


5. 

y  =  sec  ax. 

dy 

dx 

6. 

y  =  tan  (ax  +  b). 

dy 

dx 

7. 

y  —  sin2x. 

dy 

dx 

8. 

y  —  cos8  x2. 

dy 

dx 

9. 

f(y)  =  sin  2  y  cosy. 

'  f'(y) 

10. 

F(x)  =  cot25x. 

F'(x) 

11. 

F(6)  =  tan  6  —  6. 

F'(6) 

12. 

f  (0)  =  <£-sin  <j>  +  cos  <p. 

/'(*) 

13. 

f  ( t )  =  sin3 1  cos  t. 

f'(t) 

14. 

r  =  a  cos  2  6. 

dr 

=  sin  2  x. 

=  -6x  cos2  x2  sin  x2. 


d0 


=  —  2  a  sin  2  0. 
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15.  r  =  a  Vcos  2  9. 


16.  r  =  a  (1  —  cos  6). 


17.  r  =  «sin3-* 
3 


18.  —  (log  cos  x)  =  —  tan  x. 
dx 

19.  —  (log  tan  x)  =  — - — 

dx  sin  2  x 


20.  —  (log  sin'2  x)  =  2  cot  x. 
dx 


21.  y 


tan  x  —  1 

sec  x 

,  ) 


OO  1  1  +  Sln  X 

22.  y  =  log  \/- - ; - 

\  1  —  sin  x 

23.  y  —  log  tan  ^  + 


dr  a  sm  2  9 


dO  Vcos  2  9 

dr 

—  =  a  sin  9. 
dd 

dr  9  9 

—  —  a  sin2 -cos-* 

d9  3  3 


—  =  sin  x  +  cos  x.  y 
dx 

dy  _  1 

dx  cos  x 
dy  _  1 
dx  cos  x 


24.  f(x)  —  sin(x  +  a)  ( 

25.  f(x)  =  sin  (log  x). 

26.  f(x)  =  tan  (log  x). 

27.  s  =  cos  —  • 

t 

28.  r  =  sini* 

9 2 

29.  p  =  sin  (cos  q). 

30.  y  =  esu'x. 

31.  y  =  aUnnx. 

32.  y  =  eC0BX  sinx. 

33.  y  —  ex  log  sin  x. 


(x  -  a).  f  (x) 
/» 

/'(*) 

ds 

dt 

dr 

dd 

dp 

dq 

dy 

dx 

dy 

dx 

dy 

dx 

dy 

dx 


cos  2  x. 

cos  (log  x) 
x 

sec2  (log  x) 
x 

.  a 
asm- 
t 


„  1 
2  cos  — 

_ e2 

6»3 

—  sin  g  cos  (cos  q). 

esinz  cos  x. 
natnnnx  sec2  71X  log  a. 
ec°B  x  (cos  x  -  sin2x). 
ea'  (cot  x  +  log  sinx). 
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34.  JL  /£Kesin —  xn-i  esin x(n  +  x  cos  x). 
dx 

35.  A  (pax  cos  mx)  =  e“*  (a  cos  nix  —  m  sin  mx). 
dx 


1  -f  cos  9 
1  —  cos  8 

ea<f>  (a  sin  <p  —  cos  <t>) 


36.  f(9)  = 

37  ■  '<*>=  a2  +  1 

38.  /(s)  =  (s  cot  s)2. 


39.  r  =  l  tan3  8  -  tan  8  +  6. 


40.  y  =  xsin*. 

41.  ?/  =  (sin  x)x. 

42.  y  =  (sin  x)tana:. 

43.  y  =  x  +  log cos^x  —  ^ • 


/'(«)  =  ' 


2  sin  0 


(1  —  cos  8 )2 

/'  (0)  =  ef+  sin  0. 

/' (s)  =  2  s  cot  s  (cot  s  —  s  cosec2  s). 
dr 


dd 

dy 

dx 

dy 

dx 

dy 

dx 

dy 


tan4  8. 


.  /sin*  ,  \ 

=  xBm*( - f-  log  x  cos  x  ). 

\  X  ' 

=  (sin  x)T  [log  sin  x  +  x  cot  *]. 

=  (sin  x)tanx(l  +  sec2  x  log  sin  x). 


dx  1  +  tan  x 

44.  From  sin  2  x  =  2  sin  x  cos  x,  deduce  by  differentiation 

cos  2  x  =  cos2  x  —  sin2  x. 

.  7t+l  .  nx 

sin - xsin  — 

2  2 

45.  From  sin  x + sin  2  x  +  •  •  •  +  sin  nx  = - - — - — ,  deduce  by  differentiation 


cos  x  +  2  cos  2  x  +  •  •  •  +n  cos  nx  = 


.  X 
sin  - 
2 

ri  +  1  .  x  .  2ti  +  1 

- sm  -  sin - 

2  2  2 


1  /  .  71  +  1  \2 

X - (  r“ 


2  \ 


sm- 


sin2  - 


Y 

J}E 

27 r 

/\ 

1 

1 

1 

1 

1 

VP 

7T 

2 

0 

JfPi  V 

-i/' 

m;  i 

q{~ 

I2 

— 7T 

1 

l\ 

— 27 T 

ll 

*  > 

[n=  a  positive  integer.] 

68.  Differentiation  of  arc  sinv. 

Let  y  =  arc  sin  v ;  * 

then  v  =  sin  y. 

*  It  should  he  remembered  that  this  function  is  defined  only  for  values  of  v 
between  -1  and  +1  inclusive  and  that  y  (the  function)  is  many-valued,  there 
being  infinitely  many  arcs  whose  sines  all  equal  v.  Thus,  in  the  figure  (the  locus 
of  y=  arc  sin  v),  when  v=OM,  y  =  MPu  MT\,  MPa,  •••,  MQU  MQ2,  In  the 
above  discussion,  in  order  to  make  the  function  single-valued,  only  values  of  y 
between  -Z  and  Z  inclusive  (points  on  arc  QOP)  are  considered ;  that  is,  the  arc 
of  smallest  numerical  value  whose  sine  is  v. 
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Differentiating  with  respect  to  y  by  XII, 

dv 
dy 

therefore  ^ 


=  cos  y ; 

1 


dv  cos  y 

But  since  v  is  a  function  of  x,  this  may  be  substituted  in 

dy  _  dy  dv 


By  (O),  p.  58 


giving 


dx  dv  dx 

dy  _  1  dv 

dx  cos  y  dx 

1  dv 


(A),  p.  57 


XIX 


Vl  _  v2  dx 

tcos  y  =  V 1 — sin2  y  =  Vl  — v2 ;  the  positive  sign  of  the  radical  being  taken- 1 
since  cosy  is  positive  for  all  values  of  y  between-^  and  —  inclusive. 

dv 

d  ,  .  dx 

r.  —  (arc  sm  v)  =  —  -  • 

dx  Vl  —  v 2 


69.  Differentiation  of  arc  cos  v. 

Let  '  ?/  =  arccosv;* 

then  v  =  cos  y. 

Differentiating  with  respect  to  y  by  XIII, 

dv 
dy 

dy 


therefore 

But  si 
tuted  in  the  formula 


■  =  -  sm  y ; 

1 


By  (C),  p.  58 

dv  sin  y 

But  since  d  is  a  function  of  x ,  this  may  be  substi- 


dy  dy  dv 
dx  dv  dx' 


(A),  p.  57 


*  This  function  is  defined  only  for  values  of  v  between  -1  and  + 1  delusive, 
and  is  many-valued.  In  the  figure  (the  locus  of  y  =  arc  cos  u),  when  v-OM, 

V  =  In'onff  to  nlake^thf  Suction  single-valued,  only  values  of  y  between  0 
and  *  inclusive  are  considered ;  that  is,  the  smallest  positive  arc  whose  cosme 
is  v.  Hence  we  confine  ourselves  to  arc  QP  of  the  grap  . 


r  y 

4 

pL- 

7 r 

T 

R 

\Q  v 

-1  0 

_7T 

y 

% 
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giving 


dy  _  1  dv 

dx  sin  y  dx 


XX 


1  dv 
Vl  —  V2  dx 

i 

sin?/=v'l -cos2?/=\/l-«2,  the  plus  sign  of  the  radical  being  taken "| 
since  sin  ij  is  positive  for  all  values  of  y  between  0  and  n  inclusive.J 


d 

dx 


(arc  cos  v)  =  — 


dv 

dx 


Vl  -  V* 


70.  Differentiation  of  arc  tan  v. 

Let  y  =±  arc  tan  v ;  * 

then  v  =  tan  y. 


Differentiating  with  respect  to  y  by  XIV, 

dv  „ 

—  =  sec-  y; 
dy 


therefore 


dy  _  1 

dv  sec2  y 


By  (C),  p.  58 


But  since  d  is  a  function  of  x,  this  may  be  substituted  in  the 
formula 


dy  _  dy  dv 
dx  dv  dx 


(A),  p.  57 


giving 


dy  1  dv 
dx  sec2  y  dx 


1  dv 
1  +v2dx 

[sec2  y  =  1  +  tan2  y  =  1  +  u2.] 


XXI 


—  (arc  tan  v) 


dv 

dx 

I  +  v 2* 


*  This  function  is  defined  for  all  values  of  v  and  is  many¬ 
valued,  as  is  clearly  shown  by  its  graph.  In  order  to  make  it 

single-valued,  only  values  of  y  between  -  ~  and  -  are  consid- 

2  2 

ered ;  that  is,  the  arc  of  smallest  numerical  value  whose  tangent 
is  v  (branch  A  OB). 


RULES  FOR  DIFFERENTIATING 


77 


71.  Differentiation  of  arc  cott>.# 

Following  the  method  of  last  section,  we  get 

dv 

XXII  (arc  cot  v)  = - — — . 

dx  1+  v2 

72.  Differentiation  of  arc  sec  v. 

Let  y  —  arc  sec  v ;  t 

then  v  —  sec  y. 


Differentiating  with  respect  to  y  by  XVI, 


dv 

—  =  sec  y  tan  y ; 


therefore 


dy  1 

dv  sec  y  tan  y 


By  (C),  p.  58 


But  since  v  is  a  function  of  x,  this  may  be  substituted  in  the 
formula 


dy  _  dy  d  v 
dx  dv  dx 


{A),  p.  57 


*  This  function  is  defined  for  all  values  of  v  and  is  many-valued,  as  is  seen  from  its  graph 
(Fig.  a).  In  order  to  make  it  single-valued,  only  values  of  y  between  0  and  7r  are  considered ; 
that  is,  the  smallest  positive  arc  whose  cotangent  is  v.  Hence  we  confine  ourselves  to  branch  AB. 


t  This  function  is  defined  for  all  values  of  v  except  those  lying  between  1  and  + 1,  and  is 
seen  to  be  many-valued.  To  make  the  function  single-valued,  y  is  taken  as  the  aic  of  smallest 
numerical  value  whose  secant  is  t.  This  means  that  if  *  is  positive  we  confine  ourselves  to 
points  on  arc  AB  (Fig.  6),  y  taking  on  values  between  0  and  ~  (0  may  be  included);  and  if  v  is 
negative  we  confine  ourselves  to  points  on  arc  DC,  V  taking  on  values  between 
(  —  7T  may  be  included). 


and  -- 
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giving 


XXIII 


dy  _  1  av 

dx  sec  y  tan  y  dx 
_  1  dv 

V  Vi>2  —  1  dx 


[i 


secy  =  v,  and  tan?/  =  '/se&y- i=v'«»-l,  the  plus  sign  of  the 
radical  being  taken  since  tan  y  is  positive  for  all  values  of  y 
between  0  and  ^  and  between  -tt  and  ,  including  0  and  - 

dv 


:] 


•  • 


—  (arc  sec  v) 
dx 


dx 

v  -\/v2  —  1 


73.  Differentiation  of  arc  cscv.# 


Following  method  of  last  section, 

XVI V  (arc  CSC  v)  =  — 

dx 


dv 

dx 

vyjv2  —  1 


74.  Differentiation  of  arc  vers  v- 

Let  y  ==  arc  vers  v  ;  t 

then  v  =  vers  y. 


*  This  function  is  defined  for  all  values  of  v  except  those  lying  between  —1  and  + 1,  and  is 
seen  to  be  many-valued.  To  make  the  function  single-valued,  y  is  taken  as  the  arc  of  smallest 
numerical  value  whose  secant  is  v.  This  means  that  if  v  is  positive  we  coniine  ourselves  to 
points  on  arc  AB  (Fig.  a),  y  taking  on  values  beween  0  and  'Z.t'H  may  be  includedV ;  and  if  v  is 

2  \2  ) 

negative  we  confine  ourselves  to  points  on  arc  CD,  y  taking  on  values  between  -tt  and  - 
~  may  be  included V 


Fig.  a 


Fig.  b 


t  Defined  only  for  values  of  v  between  0  and  2  inclusive,  and  is  many-valued.  To  make  the 
function  continuous,  y  is  taken  as  the  smallest  positive  arc  whose  versed  sine  is  v  ;  that  is,  y  lies 
between  0  and  n  inclusive.  Hence  we  coniine  ourselves  to  arc  OP  of  the  graph  (Fig.1  b). 


to  I  =1 
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Differentiating  with  respect  to  y  by  XVIII, 


therefore 


dv 

7ly  =  Sill  y  ; 

ty  _  i 

dv  sin  y 


By  (C),  p.  58 


But  since  v  is  a  function  of  x,  this  may  be  substituted  in  the 
formula 


dy  dy  dv 
dx  dv  dx 


(A),  p.  57 


giving 


dy  _  1  dv 

dx  sin  y  dx 

1  dv 
V2  v  —  v1  dx 


sin?/  =  Vl— cos2  ?/ =s  vT  -  (1  — vers  y)2=V2v—v2,  the  plus  sign  of  the  radical  being"] 
taken  since  sin?/  is  positive  for  all  values  of  y  between  0  and  tv  inclusive.] 


XXV 


— -  (arc  vers  v) 
doc 


dv 

doc 

■\J%v  —  V 2 


EXAMPLES 


Differentiate  the  following. 


1.  y  =  arc  tan  ax2. 


Solution. 


dy 

dx 


A 

dx 


(ax2) 


1  +  (ax2)2 
[v  =  ax2.] 


2  ax 

1  +  a2x * 

2.  y  —  arc  sin  (3x  —  4  Xs). 

—  (3  x  —  4  a;3) 
dy  _  dx _ 

dx  ~~  Vl  -  (3  x  -  4  x3)2 

[v  =  3x—ix3.] 


i- 


3  -  12  x2 

Vl  -  9  x2  +  24  x4  —  16  x 0 


by  XXI 


Solution. 


by  XIX 
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O'  x2  +  1 

3.  y  =  arc  sec - 

x2  —  1 


Solution. 


dy 

dx 


d  /x2  +  1\ 
dx  \  x2  —  l) 


x2  +  1  //x2  +  1\2  ~ 

x2  —  1  \  V  x2  —  1  / 1 

L  i!-i  .1 

(x2  -  1)  2  x  —  (x2  +  1)  2  x 
(x2  -  l)2 
x2  +  1  2  x 


x2  +  1 


X 

4.  y  =  arc  sin  -  • 
a 


5.  y  =  arc  cot  (x2  —  5). 


x2  —  1  x2  —  1 
dy 


1 


dx  Va2  —  x2 
tZ?/  —  2x 


6.  ?/  =  arc  tan 


2  x 


1  —  x2  ' 


a.  ^ 


dx  1  +  (x2  —  5)2 
dy  2 


7.  y  =  arc  cosec 


2  x2  —  1 

8.  y  =  arc  vers  2  x2. 

9.  y  =  arc  tan  Vl  —  x. 

3 


dx  1  +  x2’ 
d?/  2 


10.  ?/  =  arc  cosec 

11.  y  —  arc  vers 


dx  "s/l  —  x2 
di/  _  2 

dx  V 1  —  x2 

dy 
dx 

dy 


1 


2  Vl  -  x  (2  -  x) 
2 


2x 

2x2 


1  +  x2 

X 

12.  y  =  arc  tan  -  • 

a 

13.  2/  =  arc  sin  VlLi . 

Va 

14.  /(x)  =  x  Va2  —  x2  +  a2  arc  sin  -  ■ 

a 


dx  V9  —  4  x2 
dy  __  2  ^ 

dx  1  +  x2 

dy  a 


dx  a'2  +  x2 
dy  1 


dx  Vl  —  2  x  —  x2 
f(x)  =2  Va2  —  x2. 


15.  /(x)  =  Va2  -  x2  +  a  arc  sin'-.  fix)  =  (  — 

a.  \a  +  x/ 

V 


16.  x  —  r  arc  vers  ^  —  V'2ry  —  y2. 


dx  _ 
dy  V2  rj  —  2/2 
dd  _  3 

dr  V6  r  —  9  r2 


by  XXIII 


17.  0  =  arc  sin  (3r  —  1). 
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18.  <p  =  arc  tan 

19.  s  =  arc  sec 

d 

20. 


r  +  a 
1  —  ar 

1 

Vi  _  p 


dj>  _  1 

dr  1  +  r2 

ds  1 


dt  Vi  _ 


—  (x  arc  sin  x)  =  arc  sin  x  + 
ax 


Vl  -x2 


21. 

22. 

23. 

*  24. 
25. 


--  (tan  0  arc  tan  0)  =  sec2  0  arc  tan  6  +  -tan  6  . 
ddy  1  +  02 

^  [log  (arc  cos  t)]  = - ] _  ■ 

at  arc  cos  t  Vi  _  t- 


f(y)  =  arc  cos  (log  y). 
f  (6)  =  arc  sin  Vsin  8. 


f  (y)  =  - 


2/  Vl  -  (log  y)2 


f'  (e)  =  1  Vl  -f  cosec  8. 


f(<p)  =  arc  tan a/|  C°S \ ~ .  /'(</>)  =  ^- 

^  |  nno  A  O 


+  cos  <f> 


26.  P  =  earctan9, 
^  27.  u  =  arc  tan 

*  28.  s  =  arc  cos. 


ev  _  g-V 
~2 

e(  —  e r* 
e(  +  e~( 


dp  garctan? 

dq  1  +  q2 
du  2 


29.  y  =  xarcsiax. 

30.  y  =  e**  arc  tan  x. 

31.  y  =  arc  sin  (sin  x). 

4  sin  x 


dv  ev  +  erv 

ds  _ _ 2_ 

dt 

dy 


—  ^•arcsina. 

dx  V 


e!  +  erl 

(  arc  sin  x  log  x 


dy 

dx 


Vl  -  x2 

=  e**  f — - 1-  xx  arc  tan  x  (1  +  log  x)~1 . 

Li  +  x2  '  .  J 


32.  y  =  arc  tan  ; 


3  +  5  cos  x 

y  =  arc  cot  - 
£ 

'1  +  X\1  1 


a  .  x  —  a 

33.  y  =  arc  cot- +  log\/ - 

x  \  x  +  a 


34.  y  =  log( - — ‘arc  tan  x. 

J  °\\-x)  2 


dy  _  1 

dx 

dy  _  4 

dx  5  +  3  cos  x 

dy  2  ax2 
dx  x4  —  a4 

dy  _  x2 


35. 


y  =  Vl  —  x2  arc  sin  x  —  x. 
x2n  —  1 


dx  1  —  x4 

dy  _  x  arc  sin  x 
dx 


36.  y  =  arc  cos 


x2n  +  1 


dy 

dx 


V 1  —  x2 

2  nxH~ 1 
x2”  +  1 
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Formulas  (A),  p.  57,  for  differentiating  a,  function  of  a  function,  and  ( C ),  p.  58, 
for  differentiating  inverse  functions,  have  been  added  to  the  list  of  formulas  at  the 
beginning  of  this  chapter  as  XXVI  and  XXVII  respectively. 

fly  (J/V  .  • 

In  the  next  eight  examples,  first  find  —  and  —  by  differentiation  and  then 

CiV  (XtJu 

substitute  the  results  in 


dy  _  dy  dv 
dx  dv  dx 


by  XXVI 


,  „  ,  dy  * 
to  find  — 
dx 

In  general  our  results  should  be  expressed  explicitly  in  terms  of  the  independent 

Art/  citJC/  d(b 

variable ;  that  is,  —  in  terms  of  x,  —  in  terms  of  y,  ~  in  terms  of  0,  etc. 
dx  dy  dd 


37.  y  =  2t>2  -  4,  v  =  3x2  +  1. 

—  =  iv;  —  —  6x;  substituting  in  XXVI, 

dv  dx 

—  =  4  d  •  6  x  =  24  x  (3  x2  +  1). 
dx 

38.  y  =  tan  2  v,  v  =  arc  tan  (2  x  —  1). 

1 


dy  „ „  dv 

—  =  2  sec2  2  v  ;  —  = - 

dv  dx  2  x2  —  2  x  +  1 


dy 


2  sec2  2  v 


-=  2 


;  substituting  in  XXVI, 
tan2  2v  +  1  2  x2  —  2  x  +  1 


dx  2  x2  —  2  x  +  1  2  x2  —  2  x  +  1  2(x  —  x2)2 

Since  v=  arc  tan  (2  a;- 1),  tunv  =  2x  —1,  tan  2v  = 


2a;-l 
2a:— 2a:2 


39.  y  =  3  v2  —  4  v  +  5,  v  =  2  Xs  —  5. 


40.  y  — 


2  v 


■i  v  = 


3d  —  2  2x  -  1 

41.  y  =  log  (a2  —  d2),  d  =  a  sin  x. 

42.  y  —  arc  tan  (a  +  v),  v  =  ex. 

>  43.  r  —  e2s  +  e8,  s  =  log  ( t  —  t2). 


2v 


AA  ,,  (t  +  l)2  1 

V  44.  w  —  \  log  — - arc  tan  - 

v*-v  +  l  V3  V3 


—  =  72  x5  -  204  x2. 
dx 

dy  _  4 

dx  (x  —  2)2 
dy 

—  =  —  2  tan  x. 
dx 

dy  _  e* 
dx  1  +  (a  +  e*)2 

—  =  4  f3  -  G  f2  +  1.  v  \ 

dt  f  tA 


V  = 


v  1  +  3  z  +  3  s 


dio 


1 


dz  zv  (1  +  z) 


*  As  was  pointed  out  on  p.  57,  it  might  be  possible  to  eliminate  v  between  the  two  given 
expressions  so  as  to  find  y  directly  as  a  function  of  x,  but  in- most  cases  the  above  method  is  to 
be  preferred. 
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(^X 

In  the  following  examples  first  find  —  by  differentiation  and 

dy 


to  find  —  • 
dx 


dy  _  _1_ 
dx  dx 
dy 


45.  x  =  y  Vl  +  y. 

46.  x  =  Vl  +  cos  y. 

47.  x  = 


dy 

dx 

dy 

dx 


then  substitute  in 
XXYII 

2x 


.  2  Vl  +y  = _ 

2  +  3  y  2y  +  3y2 

2  Vl  +  cos  y 


v 


sin  y 
dy  _  (1  +  log  y)2 


V2~ 


-  x i 


1  +  log  y 


48.  x  =  a  lo! 


_  l- - - 

a  +  Va2  -  y2  < 


y 


49.  x  =  r  arc  vers  -  —  V2  ry  —  y2. 
r 


50.  r  = 


1  +  log  s 
V  51.  u  =  log 


dx 

dy 

dx 

cly 

dx 

dr 

ds 


log  y 


y 


Va'2 


y 2 


-4 


'2r  —  y 


V 

r (s  —  r) 
s2 


ev |  Ve2^” 


6 


52.  Show  that  the  geometrical  significance  of  XXVII  is  that  the  tangent  makes 
complementary  angles  with  the  two  coordinate  axes. 

75.  Implicit  functions.  When  a  relation  between  x  and  y  is 
given  by  means  of  an  equation  not  solved  for  y,  then  y  is  called  an 
implicit  f  unction  of  x.  For  example,  the  equation 

x2  —  4  y  =  0 

defines  y  as  an  implicit  function  of  x.  Evidently  x  is  also  defined 
by  means  of  this  equation  as  an  implicit  function  of  y.  Similarly 


x2  +  /  +  z2 


a 


:  0 


defines  any  one  of  the  three  variables  as  an  implicit'  function  of 
the  other  two. 

It  is  sometimes  possible  to  solve  the  equation  defining  an  implicit 
function  for  one  of  the  variables  and  thus  change  it  into  an  explicit 
function.  For  instance,  the  above  two  implicit  functions  may  be 

solved  for  y  giving 


a? 

i 


and 


y 


±  V  d1 


'2  ~2 
X  —  z 
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the  first  showing  y  as  an  explicit  function  of  x,  and  the  second  as  an 
explicit  function  of  x  and  z.  In  a  given  case,  however,  such  a  solu¬ 
tion  may  be  either  impossible  or  too  complicated  for  convenient  use. 

The  two  implicit  functions  used  in  this  article  for  illustration 
may  be  respectively  denoted  by 

f(z,  y)=  0 

and  F(x,y,z)  =  0. 

76.  Differentiation  of  implicit  functions.  When  y  is  defined  as 
an  implicit  function  of  x  by  means  of  an  equation  in  the  form 

(A)  f(x,  y)  =  0, 

it  was  explained  in  the  last  section  how  it  might  be  inconvenient  to 
solve  for  y  in  terms  of  x;  that  is,  to  find  y  as  an  explicit  function  of 
x  so  that  the  formulas  we  have  deduced  in  this  chapter  may  be  ap¬ 
plied  directly.  Such,  for  instance,  would  be  the  case  for  the  equation 

( B )  ax 6  2  x?y  —  y'x  —10  =  0. 

We  then  follow  the  rule : 


Differentiate ,  regarding  y  as  a  function  of  x,  and  put  the  result 
equal  to  zero.*  That  is, 


(O 


v )  =  o. 

Cl JL/ 


by  (C) 


Let  us  apply  this  rule  in  finding  ~  from  (B). 

~  ( ax 6  +  2  xzy  —  y'x  —  10)  =  0  ; 

i +  i  (2  *y)  - 1  tfx)  -  im  =  0 ; 

6  ax 5  +  2  xs  ~  +  (jx2ij  —  ?/  —  7  xif  =  0  ; 
dx  dx 

(2  x3  —  7  xye)  —  y'  —  6  ax?  —  6  x^y  ; 

CvUx 

dy _ ?/7  —  6  ax?  —  6  x~y 

dx  2  x3  —  7  x-y6 

The  student  should  observe  that  in  general  the  result  will  con¬ 
tain  both  x  and  y. 

*  This  process  will  he  justified  in§  138,  p.  202.  Only  corresponding  values  of  x  and  y  which 
satisfy  the  given  equation  may  be  substituted  in  the  derivative. 


Ans. 
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EXAMPLES 

Differentiate  the  following  by  the  above  rule. 


dy  _  2p 
dx  y 


1.  y2  =  4}ox. 

2.  x2  +  y2  =  r2. 

3.  W-x2  +  a?y2  =  a2  b2. 

4.  y3  —  3  y  +  2  ax  =  0. 


5.  x*  +  y*  =  ak 

6.  x %  +  y%  =  a9. 


8.  y2  —  2  xy  +  b2  =  0. 

9.  x3  +  y3  —  3  a  xy  =  0. 

10.  xv  =  yx. 

11.  p2  =  cC2  cos  2  9. 

12.  p 2  cos  9  =  a2  sin  3  5. 

13.  cos  ( uv )  =  ct). 

14.  d  =  cos  ( 6  +  4>). 


dy  _  x 
dx  y 

dy  _  b2x 
dx  a2y 

dy  _  2  a 

dx  3(1—  y2) 

%  =  _  |y_ 
dx  » x 

<lV  =  _  *1?/' 
dx  » x 

dy  _  3  bkcy^ 

dx  a 2 

dy  y 
dx  y  —  x 

dy  _  ay  —  x2 
dx  y2  —  ax 

dy  _  y2  -  xy  log  y  _  ^ 
dx  x2  —  xy  log  x 

dp  a2  sin  2  9 
dd~  P 

dp  3  a2  cos  3  6  +  p2  sin  9 
d9~  2  p  cos  9 

du  _  c  +  u  sin  (uv) 
dv  —  v  sin  (uv) 

d9  _  sin  (9  +  <p ) 

d<p  ~  1  +  sin  (9  +  <p) 


CHAPTER  VII 


SIMPLE  APPLICATIONS  OF  THE  DERIVATIVE 
77.  Direction  of  a  curve.  It  was  shown  in  §  45,  p.  44,  that  if 

y=f{ x) 

is  the  equation  of  a  curve  (see  figure),  then 


A 


dy 

^  -  =  tan  r  =  slope  of  line  tangent  to  curve  at  any  point  P. 

The  direction  of  a  curve  at  any  point  is  defined  to  be  the  same 
as  the  direction  of  the  line  tangent  to  the  curve  at  that  point. 
From  this  it  follows  at  once  that 

dy 

—  =  tan  t  =  slope  of  curve  at  any  point  P. 


At  a  particular  point  whose  coordinates  are  known  we  write 


=  slope  of  curve  (or  tangent)  at  point  (pci,  yx) 


At  points  such  as  D ,  F ,  H,  where  the  curve  (or  tangent)  is 
parallel  to  the  axis  of  X, 


t  =  0°,  therefore  —  =  O, 


At  points  such  as  A,  B,  G,  where  the  curve  (or  tangent)  is 
perpendicular  to  the  axis  of  X, 


t  =  90°,  therefore  —  =  qc. 
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At  points  such  as  E,  where  the  curve  is  rising ,* 

T  =  an  acute  angle,  therefore  —  =  a  positive  number. 

(IJC 

The  curve  (or  tangent)  has  a  positive  slope  to  the  left  of  B, 
between  D  and  F,  and  to  the  right  of  G. 

At  points  such  as  C ,  where  the  curve  is  falling,* 

T  =  an  obtuse  angle,  therefore  =  a  negative  number. 


The  curve  (or  tangent)  has  a  negative  slope  between  B  and  D 
and  between  F  and  G. 

£3 

Ex.  1.  Given  the  curve  y  = - x2  +  2  (see  figure). 

3 

(a)  Find  r  when  x  =  1. 

(b)  Find  r  when  x  =  3. 

(c)  Find  the  points  where  the  curve  is  parallel  to  OX.  *j~ 

(d)  Find  the  points  where  t  =  45°. 

(e)  Find  the  points  where  the  curve  is  parallel  to  the  line 
2  x  —  3  y  =  6  (line  AB). 

(Lu 

Solution.  Differentiating,  —  =  x2  —  2  x  =  slope  at  any  point. 

dx 


y 

/  / 

yfk 

7 

0\  0 

/  Js 

(a)  tan  r  =  [~  —1  =  1  —  2  =  —  1 ;  therefore  r  —  135°.  Ans. 

X  ’  Ldx  J  x=  l 

(b)  tan  t  —  f" — 1  =9  —  6  =  3;  therefore  r  =  arc  tan  3.  A  ns. 

v  '  LcZx  J  x=  3 

(c)  r  =  0°,  tan  r  =  —  =  0 ;  therefore  x2  -  2x  =  0.  Solving  this  equation,  we  find 

dx 

that  x  =  0  or  2,  giving  points  G  and  D  where  curve  (or  tangent)  is  parallel  to  OX. 

(d)  r  =  45°,  tan  r  =  —  =  1 ;  therefore  x2  -  2  x  =  1.  Solving,  we  get  x  =  1  ±  V2, 

dx 

giving  two  points  where  the  slope  of  curve  (or  tangent)  is  unity. 

(e)  Slope  of  line  =  f ;  therefore  x2  -  2  x  =  f .  Solving,  we  get  x  =  1  ±  Vf,  giving 
points  E  and  F  where  curve  (or  tangent)  is  parallel  to  line  AB. 

Since  a  curve  at  any  point  has  the  same  direction  as  its  tangent 
at  that  point,  the  angle  between  two  curves  at  a  common  point 
will  be  the  angle  between  their  tangents  at  that  point. 


Ex.  2.  Find  the  angle  of  intersection  of  the  circles 

(A)  X2  +  yi  _  4  X  =  1, 

(B)  x2  +  y2  -  2  y  =  9. 


*  When  moving  from  left  to  right  on  curve. 


88 


DIFFERENTIAL  CALCULUS 


Solution.  Solving  simultaneously  we  find  the  points  of  intersection  to  be  (3,  2) 
and  (1,  -  2). 

dy  2  —  x 


dx  y 

dy  x 


from  (A). 


-  from  (B) . 


By  §  76,  p.  84 
By  §  76,  p.  84 


dx  1  —  y 

r2  ~  x~|  —  slope  of  tangent  to  (A)  at  (3,  2) 

L  y  J  x= 3 


v=2 


[" — — 1  =  —  3  =  slope  of  tangent  to  ( B )  at  (3,  2). 

Ll  —  yJ  x=s 


v=  2 

The  formula  for  finding  the  angle  between  two  lines  whose  slopes  are  mi  and  m2  is 

m\  —  m2 


tan  6  =  - 

1  +  mim2 

_  x  -L  3 

Substituting,  tan  0  =  — - - =  1;  therefore  6  =  45°.  A  ns. 

1  +  | 

This  is  also  the  angle  of  intersection  at  point  (1,  —  2). 


65,  p.  3 


EXAMPLES 


The  corresponding  figure  should  be  drawn  in  each  of  the  following  examples. 

x 


1.  Find  the  slope  of  y  = 


at  the  origin. 


A?is.  1  =  tan  r. 


1  +  x2 

2.  What  angle  does  the  tangent  to  the  curve  x2y2  =  a3  (x  +  y)  at  the  origin 

make  with  the  axis  of  X  ?  A  ns.  t  =  136°. 

3.  What  is  the  direction  in  which  the  point  generating  the  graph  of  y  =  3  x2  —  x 
tends  to  move  at  the  instant  when  x  =  1  ? 

Ans.  Parallel  to  a  line  whose  slope  is  6. 

4.  Show  that  —  (or  slope)  is  constant  for  a  straight  line. 

dx 

5.  Find  the  points  where  the  curve  y  -  x3  -  3x2  -  9x  +  5  is  parallel  to  the 

axis  of  X.  Ans.  x  =  3,  x  =  —  1. 

6.  Find  the  points  where  the  curve  y  (x  -  1)  (x  -  2)  =  x  -  3  is  parallel  to  the 

axis  of  X.  Ans.  x  =  3  ±  V2. 


7 .  At  what  point  on  y2  =  2  x%  is  the  slope  equal  to  3  ? 


Ans.  (2,  4). 


8.  At  what  points  on  the  circle  x2  +  y2  =  r2  is  the  slope  of  tangent  line  equal 
to  —  i?  /3r4r> 


Ans 


/  ,  Sr  4r\ 

•  (±T’  ±T> 


9.  Where  is  the  tangent  to  the  parabola  y-x  2-7x  +  3  parallel  to  the  line 
y  =  5x  +  2? 

10.  Find  the  points  where  the  tangent  to  the  circle  x2  +  y2  =  169  is  perpen¬ 
dicular  to  the  line  5  x  +  12  y  =  60.  Ans.  ( ±  12,  +6). 
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11.  Find  the  point  where  the  tangent  to  the  parabola  y2  =  4  ax  is  parallel  to  the 
line  x  +  y  =  2.  Ans.  (a, -2  a). 

V  12.  At  what  angles  does  the  line  3  y  —  2  x  —  8  =  0  cut  the  parabola  y2  =  8  x. 

A  ns.  arc  tan  aild  arc  tan  i . 

v  13.  Find  the  angle  of  intersection  between  the  parabola  y'2  —  6x  and  the  circle 
x2  y2  —  16.  Ans.  arc  tan  f  V3. 

14.  Show  that  the  hyperbola  x2  —  y2  —  5  and  the  ellipse  —  +  A-  =  1  intersect  at 
right  angles. 


18  8 


16.  Show  that  the  circle  x2  +  y2  =  8  ax  and  the  cissoid  y2  = - 

.  ,  ,  ...  2a  —  x 

(a)  are  perpendicular  at  the  origin  ; 

(b)  intersect  at  an  angle  of  45°  at  two  other  points. 

y 

16.  Find  the  angle  of  intersection  of  the  parabola  x2  =  4  ay  and  the  witch 

y  =  — — -  Ans.  arc  tan  3  =  71°  33'. 9. 

x2  +  4  a2 

17.  Show  that  the  tangents  to  the  folium  of  Descartes  x8  +  y3  =  3  axy  at  the 
points  where  it  meets  the  parabola  y2  =  ax  are  parallel  to  the  axis  of  Y. 

18.  At  how  many  points  can  the  curve  y  =  x3  —  2  x2  +  x  —  4  be  parallel  to  the 
axis  of  A'?  What  are  the  points?  Ans.  Two;  at  (1,  —4)  and  (t,  —  tf/). 

19.  Find  the  angle  at  which  the  parabolas  y  =  3  x2—  1  and  y  =  2  x2  +  3  intersect. 

Ans.  arc  tan  ¥47. 

20.  Find  the  relation  between  the  coefficients  of  the  conics  aiX2  +  bxy2  =  1  and 

a2x2  +  b2y2  =  1  when  they  intersect  at  right  angles.  ^  1 _ L  =  JL  _ _ L . 

ax  bx  a2  b2 

78.  Equations  of  tangent  and  normal,  lengths  of  subtangent  and 
subnormal.  Rectangular  coordinates.  The  equation  of  a  straight 
line  passing  through  the  point  (xv  «/x)  and  baying  the  slope  m  is 

54  (c),  p.  3 


y  —  yx  —  m(x  aq). 

If  this  line  is  tangent  to  the  curve  AB  at 
the  point  Bx  (xv  then  from  §  77,  p.  86, 

T  dy~ I  dy* 

m  =  tan  t  =  —  =  ~r~  ■ 

\__CIX_ \x=x\ 


y=  v\ 


Hence  at  point  of  contact  Px(xv  yx)  the  equation  of  the  tangent 
line  TPX  is 


(1) 


V  —  V 1 


dy  1 
dx  1 


(x  —  Xl). 


*  By  this  notation  is  meant  that  we  should  first  find  J,  then  in  the  result  substitute  *  for  * 
and  *  for  y.  The  student  is  warned  against  interpreting  the  symbol  -g  to  mean  the  deriva¬ 
tive  o/yx  with  respect  to  xv  for  that  has  no  meaning  whatever  since  i,  and  Vl  are  both  constants. 
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By  55,  p.  3 


The  normal  being  perpendicular  to  tangent,  its  slope  is 

1  dxx 

•B  m  dyx 

And  since  it  also  passes  through  the  point 
of  contact  P1(xv tyx),  we  have  for  the  equation 


M  N  X.  of  the  normal  PXN 


(2) 


dx  i .  . 

y  —  2/i  =  —  - — (oo  —  a?i). 
dyi 


That  portion  of  the  tangent  which  is  intercepted  between  the 
point  of  contact  and  OX  is  called  the  length  of  the  tangent  (=  TPX), 
and  its  projection  on  the  axis  of  X  is  called  the  length  of  the 
subtangent  (=.  TM).  Similarly  we  have  the  length  of  the  normal 
(=  PXN)  and  the  length  of  the  subnormal  (=  MN). 

MP 

In  triangle  TPX1 If,  tan  t  =  * ;  therefore 


(3) 


mr*  MPX  dx  i 

TM*  =  - -  =  y i  — ^  =  length  of  subtangent. 


tan  t 


dyi 


In  the  triangle  MPXN. ,  tan  r  = 


MN  t 
MP , ; 


therefore 


r7?.,  j,  k_ 

(4)  ATiVt  =  MPX  tan  t  =  yi  — —  =  length  of  subnormal. 

aoci 


The  length  of  tangent  (=  TPX)  and  the  length  of  normal  (=  PXN) 
may  then  be  found  directly  from  the  figure,  each  being  the  hypote¬ 
nuse  of  a  right  triangle  having  the  two  legs  known.  Thus 

tp1= v™i+Mr,!=^(2/1^y+ w 

(5)  =  2/i  1  =  °f  tangent. 

Px  A  =  +  MN2  =  gij 

(6)  =  yi-\[l  +  (~j~)  =  length  of  normal. 

The  student  is  advised  to  get  the  lengths  of  the  tangent  and  of 
the  normal  directly  from  the  figure  rather  than  by  using  (5)  and  (6) 
as>  formulas. 


*  If  subtangent  extends  to  the  right  of  T,  we  consider  it  positive  ;  if  to  the  left,  negative, 
t  If  subnormal  extends  to  the  riglit  of  M,  we  consider  it  positive ;  if  to  the  left,  negative. 
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EXAMPLES 


1.  Find  the  equations  of  tangent  and  normal,  lengths  of  subtangent,  subnormal 


tangent,  and  normal  at  the  point  (a,  a)  on  the  cissoid  y' 


Solution. 


dy 


d  ax- 


0  =  1  *  . 
2  a  —  x 


dx  y(2a  —  x )2 

Hence  =  W  =  -**  =  '  =  2  =  slope. 

dx  i  LdxJ:c=ti  a  (2  a  — a)2 

y  =  a 

Substituting  in  (1)  gives 

y  —  2x  —  a,  equation  of  tangent. 
Substituting  in  (2)  gives 

2  y  +  x  =  3  a,  equation  of  normal. 
Substituting  in  (3)  gives 

TM  =-  —  length  of  subtangent. 

2 

Substituting  in  (4)  gives 


MN  —2  a  =  length  of  subnormal. 


Also, 

and 


PT  =  V(TM )2  +  (MP)2  =  +  a2  =  “  V5  =  length  of  tangent, 

PPf  =  V(JfN)2  +  (MPy2  =  Vq  a2  +  a2  =  a  V5  =  length  of  normal. 


2.  Find  equations  of  tangent  and  normal  to  the  ellipse  x2  +  2  y2  -  2  xy  -  x  =  0 

at  the  points  where  x  =  1.  Ans.  At  (1,  0),  2  y  =  x  —  1,  y  +  2x  =  2. 

At  (1,  1),  2  y  =  x  +  1,  y  +  2  x  =  3. 

3.  Find  equations  of  the  tangent  and  normal,  lengths  of  subtangent  and  sub¬ 
normal  at  the  point  (sq,  2/i)  on  the  circle  x2  +  y2  =  r2.  y^ 

Ans.  xxx  +  yiy  =  r2,  xxy  —  y\x  =  0, - >  Xi. 

Xi 

4.  Show  that  the  subtangent  to  the  parabola  y 2  =  4px  is  bisected  at  the  vertex, 
and  that  the  subnormal  is  constant  and  equal  to  2  p. 


5.  Find  the  equation  of  tangent  at  (aq,  y i) 

p2  -7/2 


V  (a)  to  the  ellipse  —  +  y-  =1 ;  (b)  to  the  hyperbola  - 
w  a2  oz  a‘ 


.2  y2  _  i 
62 


.  £cxx  ?/!?/  1 .  ...  xtx  yxy  _ . 

Ans-  W  ^  +  -¥=1’ 


h2 


8  a3 


at  the 


6.  Find  equations  of  tangent  and  normal  to  the  witch  y  —  ^  ^  ^  ^ 

Point  where  *  =  2  a.  Ans_  x  +  2  y  =  4  a,  y  =  2  x  -  3  a. 


any  point  on  the  catenary  y  =  |(e“  +  e  a)  the  lengths  of 


7.  Prove  that  at  ^  - - ^ 

subnormal  and  normal  are  ^  (e  “  —  e  a )  and  —  respectively. 

4 
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^  8,  Find  the  equation  of  tangent  to  the  conic  ax2  +  2  6xy  +  cy2  +  2dx  +  2ey 

+  /=  0  at  the  point  (xx,  yi). 

Ans.  ax  xx  +  6  (y  ix  +  Xiy)  +  ct/i?/  +  d  (xi  +  x)  +  e  (t/i  +  y)  +  /  =  0.* 

(x  \  n  /  y  \n 

-j  +  y  ^ )  =  2  at  the  point 

(a  b)  is  -  +  -  =  2  for  all  values  of  n. 

'  ’  a  b 

1/  10.  Prove  that  the  length  of  subtangent  to  y  =  ax  is  constant  and  equal  to 

11.  Get  the  equation  of  tangent  to  the  parabola  y2  =  20  x  which  makes  an  angle 
//of  45°  with  the  axis  of  x.  Ans.  y  —  x  +  5. 

Hint.  First  find  point  of  contact  by  method  of  Ex.  1  (e),  p.  87. 

12.  Find  equations  of  tangents  to  the  circle  x2  +  y2  =  52  which  are  parallel  to 
the  line  2  x  +  3  y  =  6.  Ans.  2  x  +  3  y  ±  26  =  0. 

13.  Find  equations  of  tangents  to  the  hyperbola  4x'2  —  9y2  +  36  =  0  which  are 
perpendicular  to  the  line  '2y  4-  5x  =  10.  Ans.  2x  —  57/±8  =  0. 

14.  Show  that  in  the  equilateral  hyperbola  2  xy  =  a2  the  area  of  the  triangle 
formed  by  a  tangent  and  the  coordinate  axes  is  constant  and  equal  to  a2. 

15.  Find  equations  of  tangents  and  normals  to  the  curve  y2  =  2x2  —  x3  at  the 
points  where  x  =  1.  Ans.  At  (1,  1),  2  y  —  x  +  1,  y  +  2x  =  3. 

At  (1,  —  1),  2 ?/  =  —  x  —  1,  y  —  2x  =  —  3. 

6  16-  Show  that  the  sum  of  the  intercepts  of  the  tangent  to  the  parabola 

x-  +  2/^  =  a* 

on  the  coordinate  axes  is  constant  and  equal  to  a. 

17.  Find  the  equation  of  tangent  to  the  curve  x2  (x  +  y)  =  a 2  (x  —  y)  at  the  origin. 

Ans.  y  =  x. 

18.  Show  that  for  the  hypocycloid  x$  +  y3  =  a 3  that  portion  of  the  tangent 
0  included  between  the  coordinate  axes  is  constant  and  equal  to  a. 

X 

19.  Show  that  the  curve  y  =  aec  has  a  constant  subtangent. 

20.  Show  that  the  length  of  tangent  is  constant  in  the  tractrix 

x  =  Vc2  —  y2  +  -  log -  • 

2  c  +  Vc2  —  y2 

79.  Parametric  equations  of  a  curve.  Let  the  equation  of  a 
curve  be 

(A)  F(x,y)=0. 

If  x  is  given  as  a  function  of  a  third  variable,  a  say,  called  a 
parameter ,  then  by  virtue  of  (A)  y  is  also  a  function  of  a,  and 

*  In  Exs.  3,  5,  and  8  the  student  should  notice  that  if  we  drop  the  subscripts  in  equations  of 
tangents  they  reduce  to  the  equations  of  the  curves  themselves. 
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the  same  functional  relation  (_T)  between  x  and  y  may  generally  be 
expressed  by  means  of  equations  in  the  form 


(x=f(a), 
[y=(f)  (a) ; 


each  value  of  a  giving  a  value  of  x  and  a  value  of  y.  Equations 
(B)  are  called  parametric  equations  of  the  curve.  If  we  eliminate 
a  between  equations  ( B ),  it  is  evident  that  the  relation  (J.)  must 
result.  For  example,  take  equation  of  circle 

x2  +  y2  =  r2,  or  y  =  v/r2  —  x1. 

Let  x  =  r  cos  a ;  then 

y  =  r  sin  a,  and  we  have 
tx=r  cos  a, 

1 y  =  r  sin  a, 

as  parametric  equations  of  the  circle  in  figure, 
a  being  the  parameter. 

If  we  eliminate  a  between  equations  (C)  by  squaring  and  adding 
the  results,  we  have 


x2  +  y2  =  r2  (cos2  a  -f  sin2  a)  —  r2, 


the  rectangular  equation  of  the  circle.  It  is  evident  that  if  a 
varies  from  0  to  2t r,  the  point  P(x,  y)  will  describe  a  complete 
circumference. 

In  §  84,  p.  104,  we  shall  discuss  the  motion  of  a  point  P,  which 
motion  is  defined  by  equations  such  as 


r  x  =f(t ), 

[_y  =  </>(*)• 

We  call  these  the  parametric  equations  of  the  path,  the  time  t 
being  the  parameter.  Thus  in  Ex.  2,  p.  106,  we  see  that 


f  x  =  v0  cos  a  ■  £, 

|  y  =  -\  9 «in  a  f 

are  really  the  parametric  equations  of  the  trajectory  of  a  projectile, 
the  time  t  being  the  parameter.  The  elimination  of  t  gives  the 
rectangular  equation  of  the  trajectory 

gx2 


u  =  x  tan  a  —  - — ^ 
*  2  v2 


cos  a 
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Since  from  (B)  y  is  given  as  a  function  of  a,  and  a  as  a  function 
of  x,  we  have 


that  is, 
(1>) 


dy  _  dy  da 
dx  da  dx 
_dy  1 
da  dx ’ 
da 


dy 

dy  _  da 
dm  dm 
da 


by  XXVI 
by  XXVII 


Hence,  if  parametric  equations  of  a  curve  are  given,  we  can  find 
equations  of  tangent  and  normal,  lengths  of  subtangent  and  sub¬ 
normal  at  a  given  point  on  the  curve,  by  first  finding  the  value 

of  —  at  that  point  from  (D)  and  then  substituting  in  formulas 

dx 

(1),  (2),  (3),  (4)  of  last  section. 


Ex.  1.  Find  equations  of  tangent  and  normal,  lengths  of  subtangent  and  sub¬ 
normal  to  the  ellipse 

(E) 

at  the  point  where  <p  =  ^ 

Solution.  The  parameter  being  <p,  —  =  —  a  sin  <p,  —  =  b  cos  <p. 

dip  dip 

Substituting  m  (D),  —  = - =  slope  at  any  point. 

dx  a  sin  <p 


x  =  a  cos  <p, 
y  =  b  sin  <p,* 


rl/r 


riii 


*  As  in  figure  draw  the  major  and  minor  auxiliary 
circles  of  the  ellipse.  Through  two  points  B  and  C  on  the 
same  radius  draw  lines  parallel  to  the  axes  of  coordinates. 
These  lines  will  intersect  in  a  point  P  ( x ,  y)  on  the  ellipse, 
because 

x=  OA=  OB  cos  c/j  =  a  cos  <j> 
and  y=AP  =  OD=  OPsin  0=  6  sin  p, 


or, 


-=cosrf>  and  -=sin<f>. 
a  b 


Now  squaring  and  adding  we  get 

0$"  'l /® 

- l-^=cos20  +  sin2</>  =  l, 

a-  62  f  , 


the  rectangular  equation  of  the  ellipse.  0  is  sometimes 
called  the  eccentric  angle  of  the  ellipse. 
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Substituting  <p  =  -  in  the  given  equations  (E),  we  get 


contact.  Hence 


Substituting  in  (1),  p.  89, 


(V2’  V2) 


as  the  point  of 


dyi  _  b 
dx  1  a 


„  b  b  /  a  \ 

V - 7=  = - lx - -), 

V2  a  \  V2/ 

bx  +  ay  =  V2  ab,  equation  of  tangent. 


or. 


Substituting  in  (2),  p.  90, 


or, 


b  a  /  a  \ 

v  V2 

V2  (ax  —  5?/)  =  a2  —  b2,  equation  of  normal. 


Substituting  in  (3)  and  (4),  p.  90, 


b  , 

'  h\ 

b 2 

II  (N 
!> 

,  a) 

a  V2 

6  ( 

'  a\ 

a 

V2 ' 

,  b) 

l_ 

=  length  of  subnormal. 


of  subtangent. 


Ex.  2.  Given  equation  of  the  cycloid  *  in  parametric  form 

'  x  =  a  (0  —  sin  0), 
y  =  a  (1  —  cos  6) ; 

6  being  the  variable  parameter.  Find  lengths  of  subtangent,  subnormal,  tangent, 

7T 

and  normal  at  the  point  where  d  —  -  • 

2 


Solution. 


—  =  a  (1  —  cos  0),  —  =  a  sin  6. 
dd  v  dd 


*  The  path  described  by  a  point  on  the  circumference  of  a  circle  which  rolls  without  sliding 
on  a  fixed  straight  line  is  called  the  cycloid.  Let  the  radius  of  rolling  circle  he  a,  P  the  gener¬ 
ating  point,  and  M  the  point  of  contact  with  the  fixed  line  OA,  which  is  called  the  base.  If  arc 


PM  equals  OM  in 
angle  PCM  by  O, 


length,  then  P  will  touch  at  0  if  circle  is  rolled  to  the  left. 

x  =  OM- NM=  a0  -  a  sin  0 = a(0  -  sin  6) , 
y  =  pjsf— MC- AC=  a- a  cos  S=a(l- cos  0); 


We  have,  denoting 


the-  parametric  equations  of  the  cycloid,  the  angle  0  through  which  the  rolling  circle  turns 
being  the  parameter.  OZ>  =  2  ira  is  called  the  base  of  one  arch  of  the  cycloid,  and  the  point  J 
is  called  the  vertex.  Eliminating  0,  we  get  the  rectangular  equation 


x = a  arc  cos  -  V2 ay-y2. 
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.  ,  ^ .  dy  sin  0 

Substituting  m  (Z>),  p.  94,  —  — 


dx  1  —  cos  6 
Since  6  =  — ,  the  point  of  contact  is  f  —  —  a,  a\  and 

z  \  A  ' 


slope  at  any  point. 
dyi 


dx  i 


=  1. 


Substituting  in  (3),  (4),  (5),  (G)  pf  last  section,  we  get 

1 

length  of  subtangent  =  a, 
length  of  subnormal  =  a, 
length  of  tangent  =  a  Vi, 
length  of  normal  =  a  Vi.  Ans. 


Note.  Draw  the  tangent  PT,  the  vertical  diameter  MB,  and 
connect  P  and  B. 


tan  MTP  =  $ 


sin  9 


9  .  e  e 

2sln2C°SI  6  ' 

dx  1  —  cos  6  n  ,  J  2 

2  sir  — 

2 


Hence 


[From  37,  p.  2,  and  39,  p.  3.] 

angle  MTP  =  --  -• 

9  9 


Also,  angle  PBM  =  — ,  since  it  is  measured  by  one  half 

the  arc  MP  which  measures  the  central  angle  6,  and  we  have 


By  29,  p.  2 


angle  APB  = 


7 r  9 
2  ~2 


Comparing,  we  see  that 

angle  MTP  =  angle  APB. 

Therefore : 

* 

The  tangent  to  a  cycloid  always  passes  through  the  highest  point 
of  the  generating  circle. 


EXAMPLES 


In  the  following  curves  find  lengths  of  (a)  subtangent,  (b)  subnormal,  (c)  tangent, 
(d)  normal,  at  any  point. 


1.  The  curve 


(  x  =  a  (cos  f  +  t  sin  <), 
(  y  =  a(sin<  —  t  cost). 


Ans.  (a)  y  cot  t,  (b)  y  tan  t, 

y  v 


(C) 


sin  t 


(d) 


cos  t 
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2.  The  hypocycloid  (astroid)  j 


x  =  4  a  cos3 f, 


:  4  a  sin3 1. 

Ans.  (a)  -  y  cot  t,  (b)  -  y  tan  t, 
V 


(c) 

sin  t 


(d) 


cos  t 


3.  The  cardioid 


{x  —  a(2  cos  t  —  cos 2 t),  y 

I  1/  =  a(2  sin  t  —  sin  2 1). 


80.  Ahgle  between  the  radius  vector  drawn  to  a  point  on  a  curve 
and  the  tangent  to  the  curve  at  that  point.  Let  the  equation  of 
curve  in  polar  coordinates  be  p  =f{6). 

Let  P  be  any  fixed  point  (p,  6)  on  the  curve.  If  6,  which  we 
assume  as  the  independent  variable,  takes 
on  an  increment  Ad,  then  p  will  take  on  a 
corresponding  increment  A p.  Denote  by 
Q  the  point  (p  +  Ap,  <9  + Ad).  Draw  Pli 
perpendicular  to  OQ.  Then  OQ  =  p  +  Ap, 

PR  =  p  sin  A 6,  and  OR  =  p  cos  Ad.  Also, 

PR 


P  P 

tan  PQR  =  —  = 

RQ  OQ 


p  sin  Ad 


OR  p  +  Ap  —  p  cos  Ad 
Denote  by  i/r  the  angle  between  the  radius  vector  OP  and  the 
tangent  PT.  If  we  now  let  Ad  approach  the  limit  zero,  then 
(a)  the  point  Q  will  approach  indefinitely  near  P ; 

(h)  the  secant  PQ  will  approach  the  tangent  PT  as  a  limiting  posi¬ 
tion;  and 

(c)  the  angle  PQR  will  approach  as  a  limit. 

Hence 


tan  = 


limit  _ P  sin  Ad 


Ad  =  0  p  q-  Ap  —  p  cos  Ad 
limit  P  sin  Ad 


Ad  =  0 


,  Ad 


2  p  sin2  ~  +  A p 

A 

J^Since  from  39,  p.  3,  p-p  cos  A9=p  (1-  cos  A0)=  Ip  sin^.j 

p  sin  Ad 

_  limit 


Ad 

Ad  =  0  “  :VAd 

Ip  Sill 


Ad 


2  ,  Ap 

Ad 


[Dividing  botli  numerator  and  denominator  by  A0.] 
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limit 
A0  =  O 


P- 


sm 


Ad 


a  e 


.  A0 

psm  —v 


sin  • 


A0 


A0_ 

2 


+  ^P 

Ad 


Since  =  4  and  “if sin 


Ad  =  0  \A0 )  dd  Ad  =  0 


sin  —  )  =  0,  also 


limit  /  sin  A  6 
Ad  =  0  ^  Ad 


.  Ad 
sin  — 

=  1  and  =  1  by  (14),  p.  30,  we  have 

~2~ 


tan  xl/  =  ~~  • 
r  dp 

dd 


From  the  triangle  OPT  we  get 
(-B)  T  =  0  +  xfs. 


Ex.  1.  Find  \j/  ancl  r  in  the  cardioid  p  =  a(l  —  cos  8). 

Solution.  —  =  a  sin  8.  Substituting  in  (A)  gives 
do 

2  a  sin2  - 

,  p  a(l— cos0)  2  8 

tan  i  - — -T  - - - -  =  tan--  By  39,  p.  3,  and  37,  p.  2 

dp  a  sm  8  „  .  8  8  2  ^ 

—  2  a  sm  -  cos  - 

dd  2  2 

0  6  f)  R 

Since  tan  sp  =  tan  p  =  -•  A  ns.  Substituting  in  (13),  t  =  8  -\ —  = _ Ans. 

2  2  2  2 


N 


81.  Lengths  of  polar  subtangent  and  polar  sub¬ 
normal.  Draw  a  line  NT  through  the  origin  per¬ 
pendicular  to  the  radius  vector  of  the  point  P  on 
the  curve.  If  PT  is  the  tangent  and  PN  the 
normal  to  the  curve  at  P,  then 

0  T  =  length  of  polar  subtangent, 
and  ON  =  length  of  polar  subnormal 

of  the  curve  at  P. 


SIMPLE  APPLICATIONS  OF  THE  HEHIVATIVE 


99 


In  the  triangle  OPT ,  tan  \]r  =  — .  Therefore 

P 

cl  0 

(7)  OT  —  p  tan  -f  =  p2—  =  length  of  polar  subtangent.* 


In  the  triangle  OPN.  tan  -dr  =  -B  . 

Y  ON 


Therefore 


(8)  ON  —  ^  —  length  of  polar  subnormal. 


The  length  of  the  polar  tangent  (=  PT) '  and  the  length:  of  the 
polar  normal  (=  PN )  may  be  found  from  the  figure,  each  being 
the  hypotenuse  of  a  right  triangle. 


Ex.  1.  Find  lengths  of  polar  subtangent  and  subnormal  to  the  lemniscate 
P 2  =  a2  cos  2  6. 

Solution.  Differentiating  as  an  implicit  function  with  respect  to  0, 

o  dp  .  dp  a:2  sin  2  0 

2  p  —  =  —  2  a2  sin  2  0,  or  —  - - 

d0  dO  p 


Substituting  in  (7)  and  (8),  we  get 

ps 

length  of  polar  subtanarent  = - - - , 

a2  sin  2  0 

length  of  polar  subnormal  =  —  a  s‘n2g. 

P 


If  we  wish  to  express  the  results  in  terms  of  0,  find  p  in  terms  of  0  from  the  given 
equation  and  substitute.  Thus,  in  above,  p  =  ±  a  Vcos  2  0  ;  therefore  length  of 
polar  subtangent  =  ±  a  cot  2  0  Vcos  2  0. 


EXAMPLES 

1.  In  the  circle  p  —  r  sin  0,  find  \p  and  r  in  terms  of  0.  Ans.  \p  =  0,  t  =  20. 

Q 

2.  In  the  parabola  p  =  a  sec2  show  that  t  +  \//  =  w. 

2 

y  3.  Show  that  is  constant  in  the  logarithmic  spiral  p  =  ea9.  Since  the  tangent 
makes  a  constant  angle  with  the  radius  vector  this  curve  is  also  called  tne  equiangular 
spiral. 

Q 

4.  Given  the  concoid  p  =  a  sin3  - ;  prove  that  t  =  4  \j/. 

3 

V  5.  Show  that  tan  f  =  0  in  the  spiral  of  Archimedes  p  =  a0.  Find  values  of  f 
when  0  =  2ir  and  4 ir.  Ans.  =  80° 57 '  and  85° 27'. 


*  When  0  increases  with  p,  —  is  positive  and  x/i  is  an  acute  angle,  as  in  above  figure.  Then  the 
dP 

subtangent  OT  is  positive  and  is  measured  to  the  right  of  an  observer  placed  at  O  and  looking 
along  OP.  When  —  is  negative  the  subtangent  is  negative  and  is  measured  to  the  left  of  the 
observer. 
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6.  Find  \ p  in  the  curves  p”  =  a'1  sin  nd  and  pn  =  bn  cos  nd. 


Ans.  f  =  nd  and  ^  +  n8. 

7.  Show  that  the  curves  in  the  preceding  example  intersect  at  right  angles. 
Hint.  Find  t  for  each,  curve  and  compare. 

;  8.  Prove  that  the  spiral  of  Archimedes  p  =  ad,  and  the  reciprocal  spiral  p  =  -  > 

intersect  at  right  angles. 

6 

9.  Find  the  angle  between  the  parabola  p  —  a  sec2  -  and  the  straight  line 

■  a  o  n  ^  Ans.  45°. 

p  sin  0  =  2  a. 

10.  Show  that  the  two  cardioids  p  =  a  (1  +  cos  8)  and  p  =  a  (1  —  cos  6)  cut  each 
other  perpendicularly. 

11.  Find  lengths  of  subtangent,  subnormal,  tangent,  and  normal  of  the  spiral  of 

Ans.  subt.  =  — ,  tan.  =  -Va2  +  p2, 
a  a 


Archimedes  p  =  ad. 


subn.  =  a,  nor.  =  W  -f  p2. 

The  student  should  note  the  fact  that  the  subnormal  is  constant. 

12.  Get  lengths  of  subtangent,  subnormal,  tangent,  and  normal  in  the  logarithmic 

spiral  p  =  ah  .  .  .  p  L  .  1 

Ans.  subt.  =- - ,  tan.  =p\ /1+- — —  > 

log  a  \  log2  a 

subn.  =  p  log  a,  nor.  =  p  Vl  +  log2  a. 

When  a  =  e  we  notice  that  subt.  =  subn.,  and  tan.  =  nor. 

[  13.  Find  the  angles  between  the  curves  p  =  a (1  +  cos  8),  p  =  b(l  —  cos  0). 

Ans.  0  and  -  • 
2 

I/  14.  Show  that  the  reciprocal  spiral  p  =  —  has  a  constant  subtangent. 

6 

15.  Prove  that  the  curves  pn  =  an  cos  (nd  —  a)  and  pn  =  an  cos  (nd  —  p)  intersect 
at  an  angle  a  —  p. 

16.  Show  that  the  area  of  the  circumscribed  square  about  the  cardioid 

p  =  a(l  —  cos  8) 

formed  by  tangents  inclined  45°  to  the  axis  is  yj(2  +  V3)a2. 


82.  Solution  of  equations  having  multiple  roots.  Any  root  which 
occurs  more  than  once  in  an  equation  is  called  a  multiple  root. 
Thus  3,  3,  3,-2  are  the  roots  of 

(A)  x*  —  7  xs  +  9  x2  4-  27  x  —  54  =  0  ; 

hence  3  is  a  multiple  root  occurring  three  times. 

Evidently  (A)  may  also  be  written  in  the  form 

(x  —  3)3  (x  4-  2)=  0. 
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Let  f(x)  denote  an  integral  rational  function  of  x  having  a  mul¬ 
tiple  root  a ,  and  suppose  it  occurs  m  times.  Then  we  may  write 

( B )  f(x)  =  (x  -  a)m  (f)  (x), 

where  <f(x)  is  the  product  of  the  factors  corresponding  to  all  the 
roots  of  f(x)  differing  from  a.  Differentiating  (I>), 

f  ( x )  —  (x  —  a)m  <f  (x)  +  <f>  (x)  m  (x  —  a)™”1,  or, 

( 0)  f  (x)  ==  (x  —  a)m~ 1  \{x  —  a)  </>'  (a;)  +  cj)  (x)  m\ . 

Therefore  f  ( x )  contains  the  factors  (a;  —  a)  repeated  m  —  1  times 
and  no  more ;  that  is,  the  highest  common  factor  (H.C.F.)  of  f(x) 
and  f  (x)  has  m  —  1  roots  equal  to  a. 

In  case  f(x)  has  a  second  multiple  root  /3  occurring  r  times,  it  is 
evident  that  the  H.C.F.  would  also  contain  the  factor  (x—f3)'~l, 
and  so  on  for  any  number  of  different  multiple  roots,  each  occur¬ 
ring  once  more  in  f(x)  than  in  the  H.C.F. 

We  may  then  state  a  rule  for  finding  the  multiple  roots  of  an 
equation  f(x)  =  0  as  follows  : 

First  step.  Find  f  (x). 

Second  step.  Find  the  H.C.F.  of  f(x)  and,  f  (x). 

Third  step.  Find  the  roots  of  the  H.C.F.  Facli  different  root 
of  the  H.C.F.  will  occur  once  more  infix)  than  it  does  in  the  H.C.F. 

If  it  turns  out  that  the  H.C.F.  does  not  involve  x,  then  f  (x)  has 
no  multiple  roots  and  the  above  process  is  of  no  assistance  in  the 
solution  of  the  equation,  but  it  may  be  of  interest  to  know  that 
the  equation  has  no  equal ,  i.e.  multiple,. roots. 


Ex.  1.  Solve  the  equation  x3-8x2  +  13x-6  —  0. 

Solution.  Place  /  (x)  =  x3  —  8  x2  -f  13  x  —  6. 

First  step.  f(x)  =  3  x2  -  16  x  +  13. 

Second  step.  II.C.F.  =  x  —  1. 

Third  step.  x  —  1  =  0.  x  =  1. 

Since  1  occurs  once  as  a  root  in  the  H.C.F.  it  will  occur  twice  in  the  given  equa¬ 
tion  ;  that  is,  (x  -  l)2  will  occur  there  as  a  factor.  Dividing  x3  -  8x2  +  13  x  -  6 
by  (x  —  l)2  gives  the  only  remaining  factor  (x  —  6),  yielding  y 
the  root  6.  The  roots  of  our  equation  are  then  1,  1,  0. 

Drawing  the  graph  of  the  function,  we  see  that  at  the  double 
root  x  =  1  the  graph  touches  OX  but  does  not  cross  it.* 

*  Since  the  first  derivative  vanishes  for  every  multiple  root,  it 
follows  that  the  axis  of  X  is  tangent  to  the  graph  at  all  points  corre¬ 
sponding  to  multiple  roots.  If  a  multiple  root  occurs  an  even  number 
of  times,  the  graph  will  not  cross  the  axis  of  X  at  such  a  point  (se 
figure) ;  if  it  occurs  an  odd  number  of  times,  the  graph  wi  cross. 
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p  .  EXAMPLES 

Solve  the  first  ten  equations  by  the  method  of  this  section. 


1. 

X3 

—  7  x2  +  16  x  —  12  =  0. 

Ans. 

2,  2,  3. 

2. 

X4 

-  6x2  -  8x-3  =  0. 

i 

Ans. 

-  1,  -  1,  -  1,  3. 

3. 

X4 

—  7  x3  +  9  x2  +  27  x  —  54  =  0. 

Ans. 

3,  3,  3,  -  2. 

4. 

X4 

-  5x8  -  9x2  +  81  x  -  108  =  0. 

Ans. 

3,  3,  3,  -  4. 

5. 

x4  +  C  x3  +  x2  —  24  x  +  16  =  0. 

Ans. 

1— a 

1— A 

1 

1 

Jf* 

6. 

X4 

-  9x3  +  23 x2  -  3x  -  36  =  0. 

Ans. 

3,  —  1,  4. 

7. 

X4 

-  6x3  +  10 x2  —  8  =  0. 

Ans. 

2,  2,  1  ±  V3. 

8. 

X6 

—  x4  —  5  x3  +  x2  +  8  x  +  4  =  0. 

Ans. 

-1,  -1,  -’1,  2,  2. 

9. 

X5 

-  15x3  +  10x2  +  60x  -  72  =  0. 

Ans. 

2,  2,  2,  —  3,  —  3. 

10. 

X5 

—  3  x4  —  5  x3  +  13  x2  +  24  x  +  10  =  0. 

Ans. 

- 1,  - 1,  - 1,  s  ±  V^T. 

V 


Show  that  the  following  four  equations  have  no  multiple  (equal)  roots. 

11.  x3  +  9  x2  +  2  x  —  48  =  0. 

12.  x4  —  15  x2  —  10  x  +  24  =  0. 

13.  x4  —  3  xs  —  6  x2  -f  14  x  +  12  =  0. 

14.  xn  —  an  =  0. 

15.  Show  that  the  condition  that  the  equation 

x3  +  3  qx  +  r  =  0 

shall  have  a  double  root  is  4  q3  +  r2  =  0. 

16.  Show  that  the  condition  that  the  equation 

x8  +  3  px2  +  r  —  0 

shall  have  a  double  root  is  r  (4p3  -f  r)  =  0. 

83.  Applications  of  the  derivative  in  mechanics.  Velocity.  Con- 

p,  p  sider  the  motion  of  a  point  P  describing  a 
curve  AB.  Let  s  be  the  distance  measured 
along  its  path  from  some  fixed  point  as  A 
to  any  position  of  P,  and  let  t  be  the  corre- 
x  spending  elapsed  time.  To  each  value  of  t 
corresponds  a  position  of  P  in  the  path  and 
therefore  a  distance  (or  space)  s.  Hence  s  will  he  a  function  of  t 
and  we  may  write 
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Now  let  t  take  on  an  increment  A t ;  then  s  takes  on  an  increment 
As,  and 


(A) 


A.<? 

—  =  magnitude  of  the  average  velocity  * 


of  P  during  the  time  interval  A t.  If  P  moves  with  uniform  motion, 
the  above  ratio  will  have  the  same  value  for  every  interval  of  time 
and  is  the  speed  (=  magnitude  of  the  velocity )  at  any  instant. 

For  the  general  case  of  any  kind  of  motion,  uniform  or  not,  we 

define  the  speed  v  (=  magnitude  of  the  velocity)  at  any  instant  as 

A.<? 

the  limit  of  the  ratio  —  as  At  approaches  the  limit  zero ;  that  is, 


limit  As 
At  =  0  At 


or, 


(9) 


The  speed  (=  magnitude  of  the  velocity)  for  any  motion  is  the  deriv¬ 
ative  of  the  distance  (=  space)  with  respect  to  the  time. 

To  show  that  this  agrees  with  the  conception  we  already  have 
of  speed,  let  us  find  the  speed  (=  magnitude  of  the  velocity)  of  a 
falling  body  at  the  end  of  two  seconds. 

By  experiment  it  has  been  found  that  a  body  falling  freely  fiom  rest 
in  a  vacuum  near  the  earth’s  surface  follows  approximately  the  law 
(B)  s=  16.lt2, 

where  s  =  space  fallen  in  feet,  t  =  time  in  seconds.  Apply  the 
General  Rule ,  p.  42,  to  ( B ). 

First  step,  s  +As  =  16.1  (t  +  At)2  =  16.1  £2  + 32.2  £  •  A£  +  16.1(A£)  . 
Second  step.  As  =  32.2  t  •  At  +  16.1  (At)  . 

Third  step.  —  =  32.2  t  +  16.1  At  =  average  speed  (=  magnitude 
1  At 

of  the  average  velocity)  throughout  the  time  interval  At  reckoned  from 
any  fixed  instant  of  time. f 
Placing  t  =  2, 

(Qj  As  __  04  4  +  40,4  =  average  speed  throughout  the 

At 

time  interval  At  after  two  seconds  of  falling. 

*  Velocity  is  defined  as  the  time  rate  of  change  of  place,  and  is  a  vector  quantity, 
t  As  being  tlie  space  or  distance  passed  over  in  the  time  At. 
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Our  notion  of  speed  tells  us  at  once  that  ((7)  does  not  give  us 
the  actual  speed  at  the  end  of  two  seconds ;  for  even  if  we  take  At 
very  small,  say  or  °f  a  second,  (0)  still  gives  only  the 

average  speed  during  the  corresponding  small  interval  of  time.  But 
what  we  do  mean  by  the  speed  at  the  end  of  two  seconds  is  the 
limit  of  the  average  speed  when  At  diminishes  towards  zero;  that  is, 
the  speed  at  the  end  of  two  seconds  is,  from  (G),  64.4  ft.  per  second. 
Thus  even  the  everyday  notion  of  speed  which  we  get  from  experi¬ 
ence  involves  the  idea  of  a  limit,  or  in  our  notation 


v  =  q  =  61-4  ft-  Per  second. 

The  above  example  illustrates  well  the  notion  of  a  limiting  value. 
The  student  should  be  impressed  with  the  idea  that  a  limiting  value 
is  a  definite ,  fixed  value,  not  something  that  is  only  approximated. 
Observe  that  it  does  not  make  any  difference  how  small  16.1  At 
may  be  taken ;  it  is  only  the  limiting  value  of 

64.4  +  16.1  At, 

when  At  diminishes  towards  zero,  that  is  of  importance,  and  that 
value  is  exactly  64.4. 

84.  Component  velocities.  The  coordinates  x  and  «/  of  a  point 
P  moving  in  the  XY  plane  are  also  functions  of  the  time,  and 
the  motion  may  be  defined  by  means  of  two  equations, 

x=f(t),  y  =  fi(t)* 

These  are  the  parametric  equations  of 
the  path  (see  §  79,  p.  92). 

The  horizontal  component  vx  of  v  j-  is  the 
velocity  along  OX  of  the  projection  M of  P, 
and  is  therefore  the  time  rate  of  change 
of  x.  Hence,  from  (9),  p.  103,  when  s  is  replaced  by  x,  we  get 


Y 

N 

Ajxf- 

VX 

P&ej) 

''  /  1 

xxL 

/ 

/  I 

f  i 

0 

1  M 

X 

(10) 


Voc  — 


d.r 

dt 


In  the  same  way  we  get  the  vertical  component,  or  time  rate  of 
change  of  y, 

(ID  Vy  =  <M. 

J  dt 


^^equationf"  ^  ^  *“  reCtan®ular  Ordinates  may  be  found  by  eliminating  f  between 
t  Tiie  direction  of  v  is  along  the  tangent  to  the  path. 
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Representing  the  velocity  and  its  components  by  vectors,  we, 
have  at  once  from  the  figure 


v2  =  v  2  +  V  2  or, 


(12) 


giving  the  speed  (=  magnitude  of  velocity)  at  any  instant. 

If  t  be  the  angle  which  the  direction  of  the  velocity  makes  with 
the  axis  of  AT,  we  have  from  the  figure,  using  (9),  (10),  (11), 

djf  tlx  dy 

(13)  sin  r  =  —  =  — ;  cos  r  —  —  =  — - ;  tan  r  =  —  =  —  • 

v  ds^  v  dtp  vx  dx 

(It  dt  dt 

85.  Acceleration.  In  general  v  will  be  a  function  of  t  and  we 


may  write 


V  =  -yjr  (t). 


Now  let  t  take  on  an  increment  At,  then  v  takes  on  an  increment 
Aw,  and 
A?) 

—  =  magnitude  of  the  average  acceleration*  of  P  during  the  time 
t 

interval  At. 

For  any  kind  of  motion  we  define  the  magnitude  of  the  accelera- 

A  V 

tion  a  at  any  instant  as  the  limit  of  the  ratio  —  as  At  approaches 
the  limit  zero  ;  that  is, 

__  limit  / Aw\ 

"A  t=  0\At)' 

dv 

(14) 

The  magnitude  of  the  acceleration  for  any  motion  is  the  derivative 
of  the  velocity  with  respect  to  the  time. 

86.  Component  accelerations.  Following  the  same  plan  used  in 
finding  the  component  velocities,  we  get  for  the  component  accelera¬ 
tions  parallel  to  OX  and  0  Y, 


a 


(lVx, 

(15) 

ax  —  „  i 

dt 

dv 

(16) 

a~~dt~ 

dVy 


(It 


Also, 


giving  the  magnitude  of  the  acceleration. 

*  Acceleration  is  defined  as  the  time  rate  of  change  of  velocity,  and  is  a  vector  quantity. 
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EXAMPLES 


1.  By  experiment  it  lias  been  found  that  a  body  falling  freely  from  rest  in  a 
vacuum  near  the  earth’s  surface  follows  approximately  the  law 

s  =  16.lt2, 

where  s  =  space  (height)  in  feet,  t  =  time  in  seconds.  Find  magnitudes  of  the 
velocity  and  acceleration 

(a)  at  any  instant ; 

(b)  at  end  of  the  first  second  ; 

(c)  at  end  of  the  fifth  second. 

Solution.  (A)  s=  16.lt2. 

els 

(a)  Differentiating,  —  =  32.2 1,  or,  from  (9), 


(B)  v  —  32.2 1  ft.  per  sec. 
dv 

Differentiating  again,  —  =  32.2,  or,  from  (14), 

(lb 

( C )  a  =  32.2  ft.  per  (sec.)2, 

which  tells  us  that  the  acceleration  of  a  falling  body  is  constant ;  in  other  words,  the 
velocity  increases  32.2  ft.  per  sec.  every  second  it  keeps  on  falling. 

(b)  To  find  v  and  a  at  the  end  of  the  first  second,  substitute  t  =  1  in  (B)  and  ( C ) ; 

v  =  32.2  ft.  per  sec., 
a  =  32.2  ft.  per  (sec.)2. 


(c)  To  find  v  and  a  at  the  end  of  the  fifth  second,  substitute  t  —  5  in  (B)  and  ( C ) ; 

v  =  161  ft.  per  sec., 
a  =  32.2  ft.  per  (sec.)2. 

2.  Neglecting  the  resistance  of  the  air,  the  equations  of  motion  for  a  projectile  are 

X  =  V\  cos  <f>  ■  t, 
y  =  v i  sin  </>  ■  t  —  16. 1 12 ; 

where  Ci  =  initial  velocity,  </>  =  angle  of  projection  with 
horizon,  t  =  time  of  flight  in  seconds,  x  and  y  being  meas¬ 
ured  in  feet.  Find  the  magnitudes  of  velocity,  accelera¬ 
tion,  component  velocities,  component  accelerations 

(b)  at  the  end  of  the  first  second,  having  given  iq  =  100  ft.  per  sec. ,  <p  =  30°  ; 

(c)  find  direction  of  motion  at  the  end  of  the  first  second. 


or  ax 

(a)  at  any  instant ; 


Solution.  From  (10)  and  (11), 

(a)  =  »i  cos  <f> ;  vy  =  Ci  sin  <fi  —  32.2  t. 

Also,  from  (12),  v  =  VVl*  -  64'.  4  tv,,  sin  0  +  1036.8 12. 

From  (15)  and  (16),  ax  =  0  ;  ay=~  32.2  ;  a  =  -  32.2. 

(b)  Substituting  t  =  1,  Vi  —  100,  <f>  =  30°  in  these  results,  we  get 

vx  =  86.6  ft.  per  sec.  ax  =  0. 

%  =  17.8  ft.  per  sec.  av  =  -  32.2  ft.  per  (sec.)2. 

v  =  88.4  ft.  per  sec.  a  =  -  32.2  ft.  per  (sec.)2. 

v  17  8 

(c)  r  =  arc  tan  —  =  arc  tan  =  11°  36'. 9  =  angle  of  direc¬ 
tion  of  motion  with  the  horizontal.  x 
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3.  If  a  projectile  be  given  an  initial  velocity  of  200  ft.  per  sec.  in  a  direction 
inclined  45°  with  the  horizontal,  find 

(a)  the  magnitude  of  the  velocity  and  direction  of  motion  at  the  end  of  the  third 
and  sixth  seconds ; 

(b)  the  component  velocities  at  the  same  instants. 

Conditions  are  the  same  as  for  Ex.  2. 

Ans.  (a)  When  t  =  3,  v  =  148.3  ft.  per  sec.,  t  =  17°  35', 

when  t  =  6,  v  =  150.5  ft.  per  sec.,  t  =  159°53'; 

(b)  when  t  =  3,  vx  =  141.4  ft.  per  sec.,  vv  =  44.8  ft.  per  sec. 

when  t  =  6,  vx  =  141.4  ft.  per  sec.,  vy  =  51.8  ft.  per  sec. 


4.  The  height  ( —  s)  in  feet  reached  in  t  seconds  by  a  body  projected  vertically 
upwards  with  a  velocity  of  15^  ft.  per  sec.  is  given  by  the  formula 

5  =  15it-16.lt2. 

Find  (a)  velocity  and  acceleration  at  any  instant;  and,  if  i5X  =  300  ft.  per  sec., 
find  velocity  and  acceleration  (b)  at  end  of  2  seconds;  (c)  at  end  of  15  seconds. 
Resistance  of  air  is  neglected.  Ans.  (a)  v  =  Ci  —  32.2 t,  a  =  -  32.2 ; 

(b)  v  =  235.6  ft.  per  sec.  upwards, 

a  =  32.2  ft.  per  (sec.)2  downwards  ; 

(c)  »  =  183  ft.  per  sec.  downwards, 

a  =  32.2  ft.  per  (sec.)2  downwards. 


5.  A  cannon  ball  is  fired  vertically  upwards  with  a  muzzle  velocity  of  644  ft. 
per  sec.  Find  (a)  its  velocity  at  the  end  of  10  seconds ;  (b)  for  how  long  it  will 
continue  to  rise.  Conditions  same  as  for  Ex.  4. 

Ans.  (a)  322  ft.  per  sec.  upwards; 
(b)  20  seconds. 


6.  A  train  left  a  station  and  in  t  hours  was  at  a  distance  (space)  of 

s  =  t3  +  2 t2  +  3 t 

miles  from  the  starting  point.  Find  its  acceleration  *  (a)  at  the  end  of  t  hours ; 
(b)  at  the  end  of  2  hours.  Ans.  (a)  a  =  6 t  +  4 ; 

(b)  a  =  16  miles  per  (hour)2. 


7.  In  t  hours  a  train  had  reached  a  point  at  the  distance  of  i  t4  -  4  £:i  +  16 12 
miles  from  the  starting  point,  (a)  Find  its  velocity  and  acceleration,  (b)  When 
will  the  train  stop  to  change  the  direction  of  its  motion  ?  (c)  Describe  the  motion 

during  the  first  10  hours. 

Ans.  (a)  15  =  f3  —  12 12  4-  32  f,  a  =  3 12  —  24 1  T  32  ; 

(b)  at  end  of  fourth  and  eighth  hours  ; 

(c)  forward  first  4  hours,  backward  the  next 

4  hours,  forward  again  after  8  hours. 


8.  The  space  in  feet  described  in  t  seconds  by  a  point  is  expressed  by  the  formula 

s  =  48t  —  16 12. 

Find  the  velocity  and  acceleration  at  the  end  of  lj)  seconds. 

Ans.  v  =  0,  a  =  —  32  ft.  per  (sec)2. 


*  In  this  and  the  following  examples  the  magnitudes  only  of  velocity  and  acceleration  are 
required. 
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9.  Given  s  =  2 1  +  3 f2  +  4  f3  ft.  ;  find  velocity  and  acceleration  (a)  at  origin ; 

(b)  at  end  of  5  seconds.  Ans.  (a)  t>  =  2  ft.  per  sec. ,  a  =  6  ft.  per  (sec.)2 ; 

(b)  v  =  332  ft.  per  sec.,  a  =  126  ft.  per  (sec.)-. 

10.  Given  s  =  -  +  bt2,  where  a  and  6  are  constants ;  find  velocity  and  accelera¬ 
tion  at  any  instant.  A  ns.  v  =  —  -  +  2  bt,  a  =  —  +  2  6. 

11.  At  the  end  of  t  seconds  a  body  has  a  velocity  of  3f2  +  2 1  ft.  per  sec.;  find 
its  acceleration  (a)  in  general ;  (b)  at  the  end  of  4  seconds. 

Ans.  (a)  a  =  6 1  +  2  ft.  per  (sec.)2 ;  (b)  a  =  26  ft.  per  (sec.)2. 

12.  The  vertical  component  of  velocity  of  a  point  at  the  end  of  t  seconds  is 

vv  =  3  P  —  2 1  +  6  ft.  per  sec. 

Find  the  vertical  component  of  acceleration  (a)  at  any  instant ;  (b)  at  the  end  of 
2  seconds.  Ans.  (a)  ay  —  6t  —  2  ;  (b)  10  ft.  pei  (sec.)2. 


13,.  If  a  point  moves  in  a  fixed  path  so  that 

s  =  Vt, 

show  that  the  acceleration  is  negative  and  proportional  to  the  cube  of  the  velocity. 

14.  If  the  distance  in  feet  described  by  a  point  in  t  seconds  is  given  by  the  formula 

s  =  10  log  — 

4  + 1 

find  velocity  and  acceleration  (a)  at  the  end  of  1  second ;  (b)  at  the  end  of  16  seconds. 

Ans.  (a)  v  =  —  2  ft.  per  sec.,  a  =  §  ft.  per  (sec.)2  ; 
(b)  u  =  —  \  ft.  per  sec.,  a  =  ^  ft.  per  (sec.)2. 

15.  If  the  space  described  is  given  by 

s  =  ael  +  be~ e, 

show  that  the  acceleration  is  always  equal  to  the  space  passed  over. 


16.  Given 


s  =  a  cos  - 


-rrt 


find  acceleration. 


A  ns.  a  —  — 


tHS 


17.  If  a  point  referred  to  rectangular  coordinates  moves  so  that 
x  =  a  cos  t  +  6,  and  y  =  a  sin  t  +  c, 
show  that  its  velocity  has  a  constant  magnitude. 


18.  If  the  path  of  a  moving  point  is  the  sine  curve 

( x  =  at , 

\  y  =  b  sin  at, 

show  (a)  that  the  x  component  of  the  velocity  is  constant ;  (b)  that  the  acceleration 
of  the  point  at  any  instant  is  proportional  to  its  distance  from  the  axis  of  X. 


19.  If  a  particle  moves  so  that 

x  =  P,  y  =  t\ 

(a)  show  that  the  path  is  the  semicubical  parabola  y2  =  x3 ; 

(b)  find  vx,  vv,  v  ; 

(c)  find  ci^;,  &•>/,  a  ; 

(d)  when  t  =  2  sec.,  find  v,  a,  position  of  point  (coordinates),  and  direction  of 
motion. 
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87.  Definition  of  successive  derivatives.  We  have  seen  that  the 
derivative  of  a  function  of  x  is  in  general  also  a  function  of  x. 
This  new  function  may  also  he  differentiable,  in  which  case  the 
derivative  of  the  first  derivative  is  called  the  second  derivative 
of  the  original  function.  Similarly  the  derivative  of  the  second 
derivative  is  called  the  third  derivative ;  and  so  on  to  the  nt\  \ 
derivative.  Thus,  if 


^  =  12  x3, 
dx 


88.  Notation.  The  symbols  for  the  successive  derivatives  are 
usually  abbreviated  as  follows : 


f  d_  (dy\  ~1  =  d  fdfiy\  =  dsy , 
\__dx \dx J  _  dx\dx2J  dxA 


£ 

dx 


dny 

dx" 


If  y  =f(x),  the  successive  derivatives  are  also  denoted  by 


or, 


dL 

di 
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89.  The  «th  derivative.  For  certain  functions  a  general  expres¬ 
sion  involving  n  may  be  found  for  the  nth  derivative.  The  usual 
plan  is  to  find  a  number  of  the  first  successive  derivatives,  as  many 
as  may  be  necessary  to  discover  their  law  of  formation,  and  then 
by  induction  write  down  the  wth  derivative. 


Ex.  1.  Given  y  —  eax:  find  — -  ■ 

dxn 

dy 

—  =  aeax, 
dx 

Solution. 

d2y  . 

—  =  a°-eax, 
dx 2 

—  =  a3e“, 
dx 3 

••• 

dny 

— -  =  anenx. 
dxn 

.  „  .  dny 

log  x ;  find  — -  • 
dxn 

dy  _  l 

dx  x 

d2y  _  1 

dx2  x 2  ’ 

d3y  _  1  •  2 
dx3  xs 

d*y  _  1-2-3 

dx4  x *  ’ 


Ex.  2.  Given  y  = 
Solution. 


dny 

dxn 


=  (-!)- 


\n  —  1 
xn 


Ans. 


Ex.  3. 


Given  y  =  sin  * :  find  — . 

dr* 


d2y 

dx2 

d3y  _ 
dx 3 


—  =  cos  x  =  sin  (  x  +  —  Y 
dx  V  2/ 


d  . 

(  ,  7r\ 

•  /  2  7T\ 

=  —  sin 
dx 

(x  +  -)  =  cos 

(x  + 

a) 

=  sm(x  +  — -), 

d  .  / 

2rr\ 

( 

2  7T' 

\  .  /  3  7T\ 

—  sin  I 
dx  \ 

X  +  — j  =  cos| 

+ 

~2~. 

)  =  sm(x  +  —  ): 

dny  . 

f 

nir N 

)•  Ans. 

- =  Sill 

dx11 

[^X  + 

T  > 

Solution. 
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90.  Leibnitz’s  formula  for  the  «th  derivative  of  a  product.  This 
formula  expresses  the  nth  derivative  of  the  product  of  two  variables 
in  terms  of  the  variables  themselves  and  their  successive  derivatives. 
If  u  and  v  are  functions  of  x,  we  have,  from  V, 


d_ 

dx 


,  ,  du  dv 

(uv)  -—-V  +  U - 

dx  dx 


Differentiating  again  with  respect  to  x, 


d?_ 
dx 2 


(uv) 


d2 it  _j_  du  dv  +  du  dv  d2v 

dx 2  dx  dx  dx  dx  dx 2 

d2u  ,  ~  du  dv  d2v 

—  — — —  v  “I-  2  —  —  4-  - • 

dx2  dx  dx  dx 2 


Similarly 

d?  ,  d3u  v  d?u  dv  9  d2u  dv  ^  du  d?v  du  d2v  d3v 
dx?  dx?  dx?  dx  dx 2  dx  dx  dx 2  dx  dx?  dx3 

d?u  g  d?u  dv  g  du  d2v  d3v 
dx 3  +  dx 2  dx  +  dx  dx?  dx3 


However  far  this  process  may  be  continued,  it  will  be  seen  that 
the  numerical  coefficients  follow  the  same  law  as  those  of  the 
Binomial  Theorem,  and  the  indices  of  the  derivatives  correspond 
to  the  exponents  of  the  Binomial  Theorem.*  Reasoning  then  by 
mathematical  induction  from  the  mth  to  the  (m  +  l)th  derivative 
of  the  product,  we  can  prove  Leibnitz's  Formula 


(17) 


dn  dnu  dn~*u  dv  n(n  —  1)  dn~Hi  d2v 

dLL  (uv'>  =  djcn  v  +  n  dxn~ 1  dx  +  [2  dxn-z  dx 2 


du  dn~1v  ^  dnv 

■4—  11/  -  -  ^  “5  * 

dx  dxn - 1  dx» 


Ex.  1.  Given  y  =  e^logx;  find  — -  by  Leibnitz’s  Formula. 

dx3 


Solution.  Let 
then 


u  =  ex ,  and  v  =  log  x ; 
du  _  dv  _  1  ^ 

dx~  '  dx~  x 

d2u  _  d2v _ j_ 

dx2~  x 2’ 

d3u  _  <Pv_  2__ 

dx3  ~  6  '  dx3  x3 


,  clH  .  d°v 

*  To  make  this  correspondence  complete,  u  and  v  are  considered  as  —  and 
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Substituting  in  (17),  we  get 
dhy 


dx3 


,  3  ex  2>e.x  2ex 

=  ex\ogx  + - —  4 - — 

xx1  x 3 

/,  3  3  „  2  \ 

=  ex(  logx  + - -  +  —  )• 

\  X  )X 2  X3/ 

fitly 

Ex.  2.  Given  y  =  x2e°-r;  find  —  by  Leibnitz’s  Formula. 

dx" 


Solution.  Let 
then 


u  —  x2,  and  v  =  eax ; 
dv 


du 

—  =  2x, 

dx 

^  =  2, 

dx2 


d3u 

dxs 


=  0, 


dx 

d-v 
dx1 2 

d3v 

dxfi 


=  ae^, 


a^ea 


--  a3eax, 


dnu 

dx'1 


=  0, 


dnv 

dxn 


=  aneax. 


Substituting  in  (17),  we  get 

d  V  =  x2aneax  442  na*-^  4 -  n(n  —  l)an~2e"x 


dx" 


=  an~2eax[x2a2  +  2  nax  +  n(n  —  1)]. 


91.  Successive  differentiation  of  implicit  functions.  To  illustrate 

-»  d2y 

the  process  we  shall  find  y  ,  from  the  equation  of  the  hyperbola 

(XJb 

dx2  —  dry1  —  dir. 

Differentiating  with  respect  to  x  as  in  §  75,  p.  84, 


''WwC.  / 

(A) 


2  dx  —  2  dy  =  0,  or, 
J  dx 

dy  _  dx 
dx  d2y 


Differentiating  again,  remembering  that  y  is  a  function  of  x, 

dyd  —  dxd  — 
dy  J  dx 


dx 1 


4  ‘2 

dy 
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dy 

Substituting  for  its  value  from  (A) 


/ 

070  070  (  is  *0 

orb  y  —  abx  (  — — 
d2y 

dx2 


b 2  (b2x2  —  d2y2) 


ay 


ay 


But  from  the  given  equation,  b2x2  —  ary 2  =  a2b2. 

d2y  b 4 
dx2  a1/ 


EXAMPLES 


Differentiate  the  following. 

1.  y  =  4  x:J  —  6  x2  +  4  x  +  7. 


-  2.  f(x)  =  r-.^ 

3.  /(y)  =  y6. 

4.  y  =  x3  log  x. 


5.  y  =  — 
x" 


3  .  ' 


-  7- 


6.  y  =  (x  -  3)  e2*  +  4  xe*  +  x. 

a:  x 

7.  y  =  -  (ef!  +  e  °). 

2 

8.  /(x)  =  ax2  +  bx  +  c. 

1 

9.  /(x)  =  log  (x  +  1). 

w  10.  /(x)  =  log(eT  +  e~x). 

11.  r  —  sin  ad. 
y  12 .  r  —  tan  <p. 

13.  r  =  log  sin  <p. 

I  14.  fit)  =  e-'cos  t. 


15.  f(d)  =  Vsec  2  0. 


=  12(2x  -  1). 

If 

/iv(x)  = - — - 

J  w  (1  -  X)5 

/vi(y)  =L5- 

d4y  _  6 
dx4  x 

d2y  _  n(n  +  l)c 
dx2  _  x"  +  2 


cFy 

dx2 


=  4  ex  [(x  —  2)  ex  +  x  +  2] 


>2  9 « v  a2 


dx2  2  a 
f'"(x)  =  0. 
flv(x)  =  - 


/"'(*)  = 


(X  +  l)4 

8  (e*  -  e~x) 
(e*  +  e~*)3 


—  =  a4  sin  ad  =  a4r. 

dd* 


d3r 
d/ 
dsr 
d/3 

fiv(t)  =  —  4  e-*  cost 


=  6  sec4  0  —  4  sec2  0. 

—  2  cot  0  cosec2  0. 

-  4/0). 

f"(d)  =  3[f(d)Y  -f(e).  fp 


-  V 


*-  X 
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16.  p  =  (g2  +  a2)  arc  tan  -  • 

(X 


17.  y  =  ax. 

v  18.  y  —  log  (1  +  *). 
1  19.  y  =  cos  ax. 

20.  y  =  xn~1  log*. 


d3p  4  a3 
dg8  (a2  +  g2)2 

dny 
dx ’• 

dny 


—  (log  a)n  ax. 


n  —  1 


±  <- l)n-I  '  — 

dxn  (1  +  x)n 


dny  /  mr ' 

— -  =  a™  cos  (  ax  + 
dx" 


f >  r > . 

I  O  . 


d"y 

dxn 


\n  —  1 


21.  y  = 


1  —  x 

1  +  X 


[m=  a  positive  integer.] 
d”y 


\n 


=  2(-  1)»- 
dxn  (l  +  x)”  +  1 


Hint.  Reduce  fraction  to  form  — 1+  1  +  a.  before  differentiating. 

22.  If  y  =  ex  sin  x,  prove  that  — -  —  2  —  +  2  ?/  =  0. 

dx2  dx 

Cfty  fly 

23.  If  ?/  =  a  cos  (log  x)  +  b  sin  (log  x),  prove  that  x2 - 1-  x—  +  y  =  0. 

dx2  dx 


Use  Leibnitz’s  Formula  in  the  next  four  examples. 


24. 

y  =  x2ax. 

d»y 

dx'1 

=  ax  (log  a)"~2 

[(x  log  a  +  n)2  —  n]. 

25. 

y  =  e*x. 

III 

=  e*(x  +  ti). 

26. 

/(x)  =  ex  sin  x. 

/00(x) 

=  ( Vi)"  e*  sin  ( 

Vf> 

27. 

/(5)  =  cos  aO  cos  bd. 

/<»>($) 

^  +  &)*  1 

=  - - —  COS  1 

2 

[(«  +  &)«  +  ?£] 

.  (a-5)»  r  nrrl 

+  2  cos  j^(a  b)  e  +  — J  . 

28. 

Show  that  the  formulas  for 

acceleration,  (14),  (15),  ; 

p.  105,  may  be  written 

d‘2s 

d2x 

d2y 

1  c* 

■w 

1 

x  dt 2 

5  Cty  - 

v  dt 2 

29. 

y2  =  4  ax. 

d2y 

4  a2 

dx 2 

yZ 

30. 

62x2  +  a2?/2  =  a262. 

d2y 

II 

1 

1  ^ 

1  & 
CO 

3  W>x 

dx 2 

a2y 3  dx 3 

a*yb 

31. 

x2  +  y2  =  r2. 

d?y 

T2 

dx ;2 

ys 

32. 

y2  +  2/  =  X2. 

dhy 

24  x 

* 

dx3 

(1  +  2  y)b 

SUCCESSIVE  differentiation 


33. 

ax2  +  2  hxy  +  by2  =  1. 

d2y  _ 

h2  —  ab 

dx2 

(hx  -f  by)3 

34. 

y2  —  2  xy  —  a2. 

d2y  _ 

a'2  .  dhy  ?>a?x 

dx2 

(: V  ~  a:)3  dx3  (y  _  x)b 

35. 

sec  0  cos  0  =  c. 

d-0 

d02  ~ 

tan2  9  —  tan2  0 
tan8  0 

36. 

6  =  tan  (0  +  6). 

ai  a 

■%|«g 

II 

2  (5  +  8  02  +  3  9*) 

08  ’  * 

37. 

log(w  +  v)  —  u  —  V. 

d2v 

4(u  +  v) 

du 2 

(u  +  v  +  l)8 

38. 

eu  +  u  —  ev  +  v. 

d'2v 

(eM+*  —  1)  ( eu  —  ev) 

du2 

-  (ev  +  l)8 

39. 

s  —  1  +  te*. 

d2s 

3-s  , 

dt 2  ~~ 

(2  —  s)s  C  ‘ 

40. 

e?  +  st  —  e  =  0. 

d2s  _ 
dt2  ~ 

o  (2  —  s)  es  +  2 1 
(es  + 1)3 

41. 

y3  +  x3  —  3  axy  =  0. 

d2y  _ 

2  a3xy 

dx2 

(y2  —  ax)3 

42. 

y2  —  2  mxy  +  x2  —  a  —  0. 

d?y_ 

dx2 

a(m2  —  1) 

(y  —  mx)3 

43. 

y  =  sin  (x  +  y). 

d2y  _ 

-V 

dx2 

[1  —  cos  (x  +  y))3 

44. 

eP+y  =  xy. 

d2y  _ 

y  [(*  - 1)2  +  (y  —  l)2] 

dx2 

x2  (y  —  l)3 

45.  ax 2  +  2  hxy  +  by 2  +  2  gx  +  2fy  +  e  =  0. 


CHAPTER  IX 


MAXIMA  AND  MINIMA* 

92.  Increasing  and  decreasing  functions.  A  function  is  said  to  be 
increasing  when  it  increases  as  the  variable  increases  and  decreases 
as  the  variable  decreases.  A  function  is  said  to  be  decreasing  when 
it  decreases  as  the  variable  increases  and  increases  as  the  vaiiable 
decreases. 

The  graph  of  a  function  indicates  plainly  whether  it  is  increas¬ 
ing  or  decreasing.  For  instance,  consider  the  function  a  whose 
graph  (Fig.  a)  is  the  locus  of  the  equation 

y  —  ax.  a  >  1 

As  we  move  along  the  curve  from  left  to  right  the  curve  is  ris¬ 
ing ,  i.e.  as  x  increases  the  function  (=  y)  always  increases.  There¬ 
fore  ax  is  an  increasing  function  for  all  values  of  x. 


On  the  other  hand,  consider  the  function  (a  —  x)z  whose  graph 
(Fig.  b)  is  the  locus  of  the  equation 

y  =  (a  —  xf. 

*  The  proofs  given  in  this  chapter  depend  chiefly  on  geometric  intuition.  The  subject  of 
Maxima  and  Minima  will  be  treated  analytically  in  §  119,  p.  1C9. 
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Now  as  we  move  along  the  curve  from  left  to  right  the  curve 
is  falling,  i.e.  as  x  increases  the  function  (=r  y'j  always  decreases. 
Hence  {a  —  xf  is  a  decreasing  function  for  all  values  of  x. 

That  a  function  may  be  sometimes  increasing  and  sometimes 
decreasing  is  shown  by  the  graph  (Fig.  c )  of 

y  =  2  7?  —  9  z2  -f  12  x  —  3. 

As  we  move  along  the  curve  from  left  to  right  the  curve  rises 
until  we  reach  the  point  A ,  then  it  falls  from  A  to  B,  and  to  the 
right  of  B  it  is  always  rising.  Hence 

(a)  from  x  —  —  oo  to  x  =  1  the  function  is  / 


increasing  ; 

Y 

/ A 

(b)  from  x  =  1  to  x  =  2  the  function  is  de- 

cf 

V  / 

creasing  ; 

\jBy 

(c)  from  x—  2  to  x  =  +  cc  the  function  is 

\l 

increasing . 

A 

M  A'rvC 

/o 

I 

2  \  X 

The  student  should  study  the  curve  care- 

fully  in  order  to  note  the  behavior  of  the  fig.  c 

function  when  x=  1  and  x=2.  Evidently  A 
and  B  are  turning  points.  At  A  the  function  ceases  to  increase 
and  commences  to  decrease  ;  at  B,  the  reverse  is  true.  At  A  and 
B  the  tangent  (or  curve)  is  evidently  parallel  to  the  axis  of  A,  and 
therefore  the  slope  is  zero. 

93.  Tests  for  determining  when  a  function  is  increasing  and  when 
decreasing.  It  is  evident  from  Fig.  c  that  at  a  point,  as  C,  where 
a  function  —f{x) 

is  increasing,  the  tangent  in  general  makes  an  acute  angle  with  the 
axis  of  AT ;  hence 

slope  =  tan  r  =  y  -  =f  (f)  =  a  positive  number. 

(Aj  Jb 

Similarly  at  a  point,  as  D,  where  a  function  is  decreasing,  the  tan¬ 
gent  in  general  makes  an  obtuse  angle  with  the  axis  of  A  ,  therefoie 

slope  =  tan  t  =  ^  =f  f)  =  a  negative  number* 

(ajJu 

*  Conversely,  for  any  given  value  of  x, 

iff'(x)=+,  then  fix)  is  increasing; 
if  /'(*)  =  -,  then .f{x)  is  decreasing. 

When  /’( x)=  0,  we  cannot  decide  without  further  investigation  whether  f{x)  is  increasing  or 
decreasing. 
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In  order  then  that  the  function  shall  change  from  an  increasing 
to  a  decreasing  function,  or  vice  versa,  it  is  a  necessary  and  suffi¬ 
cient  condition  that  the  first  derivative  shall  change  sign.  But  this 
can  Only  happen  for  a  continuous  derivative  by  passing  through 
the  value  zero.  Thus  in  Fig.  <?,  p.  117,  as  we  pass  along  the  curve 
the  derivative  (=  slope)  changes  sign  at  A  and  B  where  it  has  the 
value  zero.  In  general  then  we  have  at  turning  points 

(18)  S  =P(a>)  =  0. 


The  derivative  is  continuous  in  nearly  all  our  important  appli¬ 
cations,  but  it  is  interesting  to  note  the  case  when  the  derivative 
(=  slope)  changes  sign  by  passing  through  oo.*  This  would  evi¬ 
dently  happen  at  the  points  A,  E,  G  in  Fig.  d ,  p.  119,  where  the 
tangents  (and  curve)  are  perpendicular  to  the  axis  of  X.  At  such 
exceptional  turning  points 


or,  what  amounts  to  the  same  thing, 

— =  ( 

f\x) 


94.  Maximum  and  minimum  values  of  a  function. f  A  maximum 
value  of  a  function  is  one  that  is  greater  than  any  values  imme¬ 
diately  preceding  or  following. 

A  minimum  value  of  a  function  is  one  that  is  less  than  any 
values  immediately  preceding  or  following. 

For  example,  in  Fig.  c,  p.  117,  it  is  clear  that  the  function  has 
a  maximum  value  MA  (==  y  =  2)  when  x=l,  and  a  minimum  value 
-NB (=  y  =  1)  when  x  =  2. 

The  student  should  observe  that  a  maximum  value  is  not  neces¬ 
sarily  the  greatest  possible  value  of  a  function  nor  a  minimum 
value  the  least.  For,  in  Fig.  c  it  is  seen  that  the  function  (=  y)  has 
values  to  the  right  of  B  that  are  greater  than  the  maximum  MA, 
and  values  to  the  left  of  A  that  are  less  than  the  minimum  NB. 

*  By  this  is  meant  that  its  reciprocal  passes  through  the  value  zero. 

t  The  student  should  not  forget  that  in  general  the  definitions  and  proofs  given  in  this  book 
apply  only  at  points  where  the  function  is  continuous. 
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A  function  may  liave  several  maximum  and  minimum  values. 
Suppose  that  the  following  figure  represents  the  graph  of  a 
function  f(x). 

At  B,  D,  G,  I,  K  the  function  is  a  maximum,  and  at  C,  A,  //,  J 
a  minimum.  That  some  particular  minimum  value  of  a  function 
may  be  greater  than  some  particular  maximum  value  is  shown  in 


the  figure,  the  minimum  values  at  C  and  IT  being  greater  than  the 
maximum  value  at  K. 

At  the  ordinary  turning  points  C,  D,  Id,  I,  J,  K  the  tangent 
(or  curve)  is  parallel  to  OX',  therefore 

slope  =  =f  (x)  =  0. 
ax 

At  the  exceptional  turning  points  B,  E,  G  the  tangent  (or  curve) 
is  perpendicular  to  OX,  giving 

slope  =  ^  =f’(x)  =  oo. 

C vJb 

One  of  these  two  conditions  is  then  necessary  in  order  that 
the  function  shall  have  a  maximum  or  a  minimum  value.  But 
such  a  condition  is  not  sufficient ;  for,  at  F  the  slope  is  zero  and  at 
A  it  is  infinite,  and  yet  the  function  has  neither  a  maximum  nor  a 
minimum  value  at  either  point.  It  is  necessary  for  us  to  know,  in 
addition,  how  the  function  behaves  in  the  neighborhood  of  each 
point.  Thus  at  the  points  of  maximum  value,  B,  D,  G,  I,  K,  the 
function  changes  from  an  increasing  to  a  decreasing  function,  and 
at  the  points  of  minimum  value,  C,  E,  H,  J,  the  function  changes 
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from  a  decreasing  to  an  increasing  function.  It  therefore  follows 
from  §  93  that  at  maximum  points 


slope  =  —  = f'(x )  must  change  from  +  to  — , 
dx 


and  at  minimum  points 


slope  =  =f'(x)  must  change  from 

C \jJi> 


to  -\ 


when  we  move  along  the  curve  from  left  to  right. 

At  such  points  as  A  and  F  where  the  slope  is  zero  or  infinite, 
but  which  are  neither  maximum  nor  minimum  points , 


slope  = 


dg 

dx 


=f'(x)  does  not  change  sign. 


We  may  then  state  the  conditions  in  general  for  maximum  and 
minimum  values  oif(x)  for  certain  values  of  the  variable  as  follows  : 

(19)  f{x)  is  a  maximum  if  f{oc)  =  O,  and  f(x)  changes  from  + 
to  — . 

(20)  f(x)  is  a  minimum  if  f(x)  =  O,  and  f'(x)  changes  from  — 
to  +. 

The  values  of  the  variable  at  the  turning  points  of  a  function 
are  called  critical  values;  thus  x=l  and  x  =  2  are  the  critical 
values  of  the  variable  for  the  function  whose  graph  is  shown  in 
Fig.  c,  p.  117.  The  critical  values  at  turning  points  where  the 
tangent  is  parallel  to  OX  are  evidently  found  by  placing  the  first 
derivative  equal  to  zero  and  solving  for  real  values  of  x,  just  as 
under  §  77,  p.  86.* 

To  determine  the  sign  of  the  first  derivative  at  points  near  a 
particular  turning  point,  substitute  in  it,  first  a  value  of  the  variable 
just  a  little  less  than  the  corresponding  critical  value,  and  then  one 
a  little  greater .f  If  the  first  gives  +  (as  at  A,  Fig.  d ,  p.  119)  and 
the  second  —  (as  at  M),  then  the  function  (=  y)  has  a  maximum 
value  in  that  interval  (as  at  I). 


*  Similarly  if  we  wisli  to  examine  a  function  at  exceptional  turning  points  where  the  tangent 
is  perpendicular  to  OX,  we  set  the  reciprocal  of  the  first  derivative  equal  to  zero  and  solve  to 
find  critical  values. 

t  In  this  connection  the  term  “  little  less,”  or  “  trifle  less,”  means  any  value  between  the 
next  smaller  root  (critical  value)  and  the  one  under  consideration  ;  and  the  term  “  little  greater,” 
or  “  trifle  greater,”  means  any  value  between  the  root  under  consideration  and  the  next  larger  one. 
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If  the  first  gives  —  (as  at  P)  and  the  second  +  (as  at  N),  then 
the  function  (=  y)  has  a  minimum  value  in  that  interval  (as  at  C). 

If  the  sign  is  the  same  in  both  cases  (as  at  Q  and  A’),  then  the 
function  (=  y)  has  neither  a  maximum  nor  a  minimum  value  in 
that  interval  (as  at  F).* 

We  shall  now  summarize  our  results  into  a  compact  working  rule. 

95.  First  method  for  examining  a  function  for  maximum  and 
minimum  values.  Working  rule. 

First  step.  Find  the  first  derivative  of  the  f  unction. 

Second  step.  Set  the  first  derivative  equal  to  zero f  and  solve  the 
resulting  equation  for  real  roots  in  order  to  find  the  critical  values  of 
the  variable. 

Third  step.  Write  the  derivative  in  factor  form ;  if  it  is  algebraic , 
write  it  in  linear  factor  form. 

Fourth  step.  Considering  one  critical  value  at  a  time ,  test  the 
first  derivative ,  first  for  a  value  a  trifle  less  and  then  for  a  value  a 
trifle  greater  than  the  critical  value.  If  the  sign  of  the  derivative  is 
first  +  and  then  — ,  the  function  has  a  maximum  value  for  that  ■partic¬ 
ular  critical  value  of  the  variable;  but  if  the  reverse  is  true ,  then 
it  has  a  minimum  value.  If  the  sign  does  not  change,  the  function 
has  neither. 


Ex.  1.  Examine  the  function  (x-l)2(x  +  l)3  for  maximum  and  minimum 
values. 

Solution.  f(x)  =  (x  —  l)2(x  +  l)3. 

First  step,  f'  (x)=2(x  —  l)(x  +  l)3+3(x  —  l)2  (x  + 1)2 
=  (x  —  1)  (x  +  l)2  (5  x  -  1). 

Second  step,  (x  —  1)  (x+  l)2(5x  —  1)  =  0, 

x  —  i;  _  l,  i,  which  are  critical  values. 


Third  step.  /'(*)  =  5  (x  -  1)  (x  +  l)2  (*  “  *>■• 

Fourth  step.  Examine  first  for  critical  value  x  =  1  (Cm  figure). 

When  x  <  1,  f'(x)  =  5(-)  (  +  )2  (  +  )  =  -■ 

When  x  >  1,  /'(x)  =  5  (  +  )  (  +  )2  (  +  )  = +• 

Therefore,  when  x  =  1  the  function  has  a  minimum  value /(l)  =  0  (=  ordinate 

of  C). 

*  A  similar  discussion  will  evidently  hold  for  the  exceptional  turning  points  E,  and  A 


respectively.  .  f  .  certain  value  of  the  independent  variable, 

t  When  the  first  derivat.ve  becomes  mfin i  tefo  t  ^  ^  variable,  for  it  may  give 

then  the  function  should  be  examine  or  .  See  footnote  on  preceding  page, 

maximum  or  minimum  values,  as  at  B,  E,  or  a  t  g-  \ 
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Examine  now  for  critical  value  x  =  ^  (B  in  figure). 

When  x<h  /'(*)  =  5(-)  (+)2(~)  = +• 

When  x>  i,  f'(x)  =  5(-)  (+)2(  +  )  =  -• 

Therefore,  when  x  —  \  the  function  has  a  maximum  value/(|)  =  1.11  +  (-  ordi¬ 
nate  of  B). 

Examine  lastly  for  critical  value  x  =  —  1  (A  in  figure). 

When  x  <  —  1,  /'(x)  =  5(  — )(  — )2(-)=+. 

When  x>-l,  f'(x)  =  5(-)(  +  )2(-)  =+• 


Therefore,  when  x  =  —  1  the  function  has  neither  a  maximum  nor  a  minimum 
value. 

Ex.  2.  Examine  sin  x  (1  +  cos  x)  for  maximum  and  minimum  values. 

Solution.  f(x)  =  sin  x  (1  +  cos  x). 

First  step.  f'  (x)  =  -  sin2  x  +  (1  +  cos  x)  cos  x  =  2  cos2  x  +  cos  x  - 1. 

Second  step.  2  cos2  x  +  cos  x  —  1  =  0. 

Solving  the  quadratic,  cos  x  =  \  or  —  1 ; 


hence  the  critical  values  are 


x  =  ±  -  or  ir. 
3 


Third  step. 


f'(x)  =  2  (cos  x  —  i)  (cos  x  +  1). 


Fourth  step.  Examine  first  for  critical  value  x  = 


When  x<~,  f'(x)  =  2 (  +  )(+)=+. 

O 


When  x>-,  f'(x)  -  2  (-)(  +  )  =  -. 

O 


Therefore,  when  x  =  -  the  function  has  a  maximum  value  f(J^  —  j  ^3. 


Examine  now  for  critical  value  x  =  —  - 


When  x<  —  -t  f'(x)  =  2 (-)(  +  )  =  -. 
When  x>-^,  f'(x)  =  2(  +  ) (+)=+. 


Therefore,  when  x  =  —  -  the  function  has  a  minimum  value  f(  —  —  ^  =  —  -  V3. 

3  \  3  /  4 

Examine  now  for  critical  value  x  =  ir. 


When  x<tt,  f'(x)  =  2  (  —  )(+)—— . 

When  x>tt,  f'(x)  =  2  (-)(  +  )  =  — . 

Therefore,  when  x  =  v  the  function  has  neither  a  maximum  nor  a  minimum 
value. 
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Since  the  cosine  is  a  periodic  function,  the  critical  values  are  really 

x  —  z  mr  ±  -  and  ri7r, 

3 

where  n  is  any  integer.  Therefore  the  function  has  an  infinite  number  of  maxima 
all  equal  to  f  V3,  and  an  infinite  number  of  minima  all  equal  to  —  f  V3. 

Ex.  3.  Examine  the  function  a  —  b  (x  —  c)®  for  maxima  and  minima. 

Solution.  f{x)  =  a  —  b(x  —  c)%. 


/'(*)=- 


2b 


3  (x  —  c)i 


Since  x  =  c  is  a  critical  value  for  which  f'(x)  =  oo,  but 
for  which  f(x)  is  not  infinite,  let  us  test  the  function  for 
maximum  and  minimum  values  when  x  =  c. 

When  x  <  c,  f'(x)  =  + . 

When  x  >  c,  f'(x)  =  -  . 

Hence,  when  x  =  c  =  OM  the  function  has  a  maximum  value /(c)  =  a  =  MP. 

96.  Second  method  for  examining  a  function  for  maximum  and 
minimum  values.  From  (19),  p.  120,  it  is  clear  that  in  the  vicinity 
of  a  maximum  value  of  fix ),  in  passing  along  the  graph  from  left 

to  tight,  fix)  changes  from  +  to  0  to 

Hence  f(x)  is  a  decreasing  function,  and  by  §  93  we  know  that  its 
derivative,  i.e.  the  second  derivative  of  the  function  itself  [=>/,,(a:)], 
is  negative  or  zero. 

Similarly  we  have,  from  (20),  p.  120,  that  in  the  vicinity  of  a 
minimum  value  of  f(x) 

f\x)  changes  from  —  to  0  to  +. 

Hence  f(x)  is  an  increasing  function,  and  by  §  93  it  follows  that 

fix)  is  positive  or  zero. 

The  student  should  observe  that  fix)  is 
positive  not  only  at  minimum  points  (as  at  A) 
but  also  at  points  such  as  P.  For,  as  a  point 
passes  through  P  in  moving  from  left  to  right, 

slope  =  tan  r  =  =f\x)  is  an  increasing  function. 

1  ax  /. 

At  such  a  point  the  curve  is  said  to  be  concave  upwards. 

*  f'(x)  is  assumed  to  be  continuous,  and/’/*)  to  exist. 
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Similarly  f"(x)  is  negative  not  only  at 
maximum  points  (as  at  B)  but  also  at  points 
such  as  Q.  For,  as  a  point  passes  through  Q, 

slope  —  tan  t  =  —  =f  ( x )  is  a  decreasing  function, 
dx 

At  such  a  point  the  curve  is  said  to  be  concave  downivards.* 

We  may  then  state  the  sufficient  conditions  for  maximum  and 
minimum  values  of  f(x)  for  certain  values  of  the  variable  as 
follows  : 

(21)  f(x)  is  a  maximum  if  f’(x)  =  O  and  f'(x)  =  a  negative 
number. 

(22)  f(x)  is  a  minimum  if  f'(x)  =  O  and  f"(x)  =  a  positive 
number. 

Following  is  the  corresponding  working  rule. 

First  step.  Find  the  first  derivative  of  the  function. 

Second  step.  Set  the  first  derivative  equal  to  zero  and  solve  the 
resulting  equation  for  real  roots  in  order  to  find  the  critical  values  of 
the  variable. 

Third  step.  Fmd  the  second  derivative. 

Fourth  step.  Substitute -each  critical  value  for  the  variable  in  the 
second  derivative.  If  the  result  is  negative ,  then  the  function  is  a 
maximum  for  that  critical  value  ;  if  the  result  is  positive ,  the  function 
is  a  minimum,  j 

Ex.  1.  Examine  x3  —  3  x2  —  9  x  +  5  for  maxima  and  minima. 

Solution.  f(x)  =  x3  -  3  x2  -  9  x  +  5. 

First  step.  f  (x)  =  3  x2  -  6  x  -  9. 

Second  step.  3x2  —  6x  —  9  =  0; 
hence  the  critical  values  are  x  =  —  1  and  3. 

Third  step.  f"  (x)  =  6  x  -  6. 

Fourth  step,  f"  (-  1)  =  -  12.  1)  =  10  =  (ordinate  of 

A)  =  maximum  value. 

f"  (3)  =  +  12.  / (3)  =  —  22  (ordinate  of  B) 

=  minimum  value. 

*  At  a  point  where  the  curve  is  concave  upwards  we  sometimes  say  that  the  curve  has  a  positive 
bending,  and  where  it  is  concave  downwards  a  negative  bending. 

t  When/" (m)  =0,  or  does  not  exist,  the  above  process  fails,  although  there  may  even  then  be 
a  maximum  or  a  minimum  ;  in  that  case  the  first  method  given  in  the  last  section  still  holds, 
being  fundamental.  Usually  this  second  method  does  apply,  and  when  the  process  of  finding 
the  second  derivative  is  not  too  long  or  tedious,  it  is  generally  the  shortest  method. 


\ 
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Ex.  2.  Examine  sin2  x  cos  x  for  maximum  and  minimum  values. 
Solution.  f(x)  =  sin2  x  cos  x. 

First  step.  f  (x)  =  2  sin  x  cos2 : 

Second  stev.  2  sin  x  cos2  x  —  sin3  x  - 


hence  the  critical  values  are  x  =  tiir 
and 

Third  step. 

Fourth  step. 


sin3  x. 

Y 

A 

E 

C 

Ln  y) 

O 

B  D 

F  X 

x  =  mr  ±  arc  tan  V2  =  nr  ±  a. 
f"  ( x )  —  cos  a:  (2  cos2  x  —  7  sin2  x). 
f"  (0)  =  +.  ••■/(0)  =  0  =  minimum  value  at  0. 

f"  (7 r)  =  — .  .-.  f  (tt )  —  0  —  maximum  value  at  (7. 

f"  (a)  =  — .  .'./(a)  =  maximum  value  at  A. 

f"  (,r  _  a)  =  -f .  /(tt  —  a)  =  minimum  value  at  B ,  etc. 


The  work  of  finding  maximum  and  minimum  values  may  frequently  he  simpli¬ 
fied  by  the  aid  of  the  following  principles  which  follow  at  once  from  our  discussion 
of  the  subject. 

(1)  The  maximum  and  minimum  values  of  a  continuous  function  must  occur 
alternately. 

(2)  When  c  is  a  positive  constant,  cf(x)  is  a  maximum  or  a  minimum  for  such 
values  of  x,  and  such  only,  as  make  f  (x)  a  maximum  or  a  minimum. 

Hence,  in  determining  the  critical  values  of  x  and  testing  for  maxima  and  minima, 
any  constant  factor  may  be  omitted. 

When  c  is  negative,  cf(x)  is  a  maximum  whenf(x)  is  a  minimum,  and  conversely. 


(3)  If  c  is  a  constant, 


f(x)  and  c  +  fix) 


have  maximum  and  minimum  values  for  the  same  values  of  x.  ^ 

Hence  a  constant  term  may  be  omitted  when  finding  critical  values  of  x  and 

testing. 

EXAMPLES 


Examine  the  following  functions  for  maximum  and  minimum  values. 


1.  3  x3  -  9  x2  -  27  x  +  30. 

2.  2x3  -  21  x2  +  36  x  -  20. 

3.  -  -  2x2  +  3x  +  1. 

3 

4.  2  x3  —  15  x2  +  36  x  +  10. 
Y  5.  x3  —  9  x2  -f  15  x  —  3. 

6.  x3  -  3  x2  +  6  x  +  10. 

7.  x5  —  5 x4  +  5 x3  +  1. 


Ans.  x  =  -  1,  gives  max.  =  45 ; 
x  =  3,  gives  min.  =  —  51. 

Ans.  x  =  1,  gives  max.  =  -  3 ; 
x  =  6,  gives  min.  =  —  128. 

Ans.  x  =  1,  gives  max.  =  | ; 
x  —  3,  gives  min.  =  1. 

Ans.  x  =  2,  gives  max.  =  38  ; 
x  =  3,  gives  min.  =  37. 

Ans.  x  =  1,  gives  max.  =  4  ; 
x  =  5,  gives  min.  -  —  28. 

Ans.  No  max.  or  min. 

Ans.  x  =  1,  gives  max.  =  2  ; 

x  =  3,  gives  min.  =  —  26  ; 
x  =  0,  gives  neither. 
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8.  3  x6  -  125  Xs  +  2160  x. 

9.  (x  —  3)2(x  —  2). 

V  10.  (x-l)8(x-2)2. 

11.  (x  -  4)6  (x  +  2)4. 

12.  (x  -  2)6  (2  *  +  1)*. 

13.  (x  +  l)?(x-6)2. 

14.  (2x  —  a)$(x  —  a)%. 


16.  x(x  -  l)2(x  +  1)8. 
16.  x(a  +  x)2  ( a  —  x)8. 


17. 

18. 

19. 

^20. 

21. 

22. 


23. 


b  +  c(x  - 

a)'i 

a  - 

-  6(x  — 

c)k 

X2 

—  7x  + 

6 

x  -  10 

(a 

-  x)8 

a 

—  2x 

1  - 

-  X  +  X2 

1  +  X  —  X2 

X2 

—  3x  + 

2 

X2 

3  x  -j- 

2 

(X 

-  a)  (b- 

-X) 

x2 


b2 


a  —x 


Ans. 

Ans. 

Ans. 

Ans. 

Ans. 

Ans. 

Ans. 

Ans. 

Ans. 

Ans. 


x  =  —  4  and  3,  give  max. ; 
x  =  —  3  and  4,  give  min. 

x  =  1,  gives  max.  =  247 ; 
x  =  3,  gives  min.  =  0. 
x  =  gives  max.  =  .03456; 
x  '=  2,  gives  min.  =  0 ; 
x  =  1,  gives  neither, 
x  =  —  2,  gives  max. ; 
x  =  gives  min.  ;  • 
x  =  4,  gives  neither. 
x  =  —  l,  gives  max. ; 
x  =  UL  gives  min. ; 
x  =  2,  gives  neither. 


x  =  gives  max. ; 
x  =  —  1  and  5,  give  min. 
2  a 

x  =  — ,  gives  max. ; 

O 

x  =  a,  gives  min. ; 
a 

x  =  gives  neither. 

2 


x  =  ^,  gives  max. ; 
x  =  1  and  —  i,  give  min. 


x  =  —  a  and  - ,  give  max. ; 
3 
a 

x  =  —  - ,  gives  mm. 


x  =  a,  gives  min.  =  b. 


Ans.  No  max.  or  min. 


Ans.  x  —  4,  gives  max. ; 
x  =  16,  gives  min. 

Ans.  x  =  7 ,  gives  min. 
4 

Ans.  x  =  gives  min. 


Ans. 

Ans. 

Ans. 


x  =  Vjj,  gives  min.  =  12  V2  —  17 ; 

*  =— v2,  gives  max.  =  — 12  V2  — 17. 

x  =  gives  max-  —  ~a  ~  • 
a  +  6  4a6 


x  =  - 


a i 


a  —  b 


x 


n- 


cl  F  b 


1  gives  min. ; 


>  gives  max. 
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AjO.  - • 

logx 

pX 

26.  —  +  e~2*. 
x 

27.  aekx  +  berkx. 

28.  xx. 

i 

29.  xx. 

30.  cos  x  +  sin  x. 

i  31.  sin  2  x  —  x. 

32.  x  +  tan  x. 

33.  sin8  x  cos  x. 

34.  xcosx. 

35.  sinx  +  cos2x. 


Ans;  x  =  e,  gives  min. 

Ans.  Min.  when  x  lies  between  if  and  if, 
Ans.  Min.  =  2  Vab. 


Ans.  x  =  - ,  gives  min. 
e 

Ans.  x  =  e,  gives  max. 

Ans.  x  =  ^ ,  gives  max.  =  V2 ; 

5  IT  .  .  r- 

x  =  — ■ ,  gives  mm.  =  —  V2. 

4 

Ans.  x  =  ^ ,  gives  max. ; 

IT 

x  = - ,  gives  mm. 

6 

Ans.  No  max.  or  min. 

Ans.  x  =  — ,  gives  max.  =  —  V3 ; 

3  16  ’ 

7 r  .  .  3  r 

x  = - !  gives  mm.  =  - - V3. 

3  16 

Ans.  x  =  cot  x,  gives  max. 

Ans.  x  =  arc  sin  gives  max. ; 

7T 

x  =  —  >  gives  mm. 


36.  2  tan  x  —  tan2  x. 
sin  x 


37. 

38. 


1  +  tan  x 
x 


Ans.  x  =  — )  gives  max. 
4 

Ans.  x  =  —  i  gives  max. 
4 


Ans.  x  =  cos  x,  gives  max. 


1  +  x  tan  x 

39.  The  range  OA  of  a  projectile  in  a  vacuum  is  given  by  the  formula 
t)i2sin  20 


R  = 


9 


where  =  initial  velocity,  g  =  acceleration  due  to  grav¬ 
ity,  0  =  angle  of  projection  with  the  horizontal.  Find 


Y 

— Nf 

y\ \ 

0 

X 

X 

'for  a  given  initial  velocity.  Ans.  0  —  45°. 

40.  The  total  time  of  flight  of  the  projectile  in  the  last  problem  is  given  by  the 

2  sin  0 


formula 


T  = 


At  what  angle  should  it  be  projected  in  order  to  make  the  time  of  flight  a 

o  Ans.  0  =  90°. 

maximum  ?  ^ 
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41.  The  time  it  takes  a  ball  to  roll  down  an  inclined  plane  AB  is  given  by  the 
a _  formula 

T  : 


'=2V; 


g  sin  2  <p 

Neglecting  friction,  etc.,  what  must  be  the  value  of  <j>  to  make  the 
quickest  descent  ?  1  Ans.  <p  =  45°. 

42.  When  the  resistance  of  air  is  taken  into  account,  the  inclination  of  a  pen¬ 
dulum  to  the  vertical  may  be  given  by  the  formula 

6  =  aerkt  cos  (nt  +  e). 

Show  that  the  greatest  elongations  occur  at  equal  intervals  —  of  time. 

n 

43.  It  is  required  to  measure  a  certain  unknown  magnitude  x  with  precision. 

Suppose  that  n  equally  careful  observations  of  the  magnitude  are  made,  giving  the 
results  „ 

Cti,  Cl 2,  &Zi  '  '  *  i  &n. 

The  errors  of  these  observations  are  evidently 


x  —  di,  x  —  a«,  x  —  a3,  ■  ■  ■ ,  x  —  an, 

some  of  which  are  positive  and  some  negative. 

It  has  been  agreed  that  the  most  probable  value  of  x  is  such  that  it  renders  the 
sum  of  the  squares  of  the  errors,  namely 

(x  -  ai)'2  +  (x  -  a2)2  +  (x  -  a3)-  H - +  (x  -  a,,)2, 

a  minimum.  Show  that  this  gives  the  arithmetical  mean  of  the  observations  as  the 
most  probable  value  of  x. 


44.  The  bending  moment  at  B  of  a  beam  of  length  Z,  uniformly  loaded,  is  given 
by  the  formula  M=\v>lx-\Wx\ 

I  B 

where  w  =  load  per  unit  length.  Show  that  the  maximum  . 

bending  moment  is  at  the  center  of  the  beam.  i"f .  V 


-ir 


45.  If  the  total  waste  per  mile  in  an  electric  conductor  is 

W  =  C~T  + 

r 


where  c  =  current  in  amperes,  r  =  resistance  in  ohms  per  mile,  and  t  =  a  constant 
depending  on  the  interest  on  the  investment  and  the  depreciation  of  the  plant,  what 
is  the  relation  between  c,  r,  and  t  when  the  waste  is  a  minimum  ?  Ans.  cr  =  t. 


46.  A  submarine  telegraph  cable  consists  of  a  core  of  copper  wires  with  a  cover¬ 
ing  made  of  nonconducting  material.  If  x  denote  the  ratio  of  the  radius  of  the  core 
to  the  thickness  of  the  covering,  it  is  known  that  the  speed  of  signaling  varies  as 

x2  log  - . 

X 

Show  that  the  greatest  speed  is  attained  when  x  =  — . 

Ve 
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47.  Assuming  that  the  power  given  out  by  a  voltaic  cell  is  given  by  the  formula 

p_  &R 
(' r  +  R)2  ’ 

where  E  =  constant  electro-motive  force,  r  =  constant  internal  resistance,  R  =  exter¬ 
nal  resistance,  prove  that  P  is  a  maximum  when  r  =  R. 

48.  When  a  battery  of  mn  cells  is  joined  up  so  that  m  rows  of  n  cells,  connected 
in  series,  are  joined  in  parallel,  the  current  is  given  by  the  formula 

„  _  mnE 

L/ - i 

mR  +  nr 

where  E  =  electro-motive  force  of  each  cell,  r  =  internal,  and  R  =  external  resist¬ 
ance  of  each  cell.  Show  that. the  current  is  a  maximum  when  Rm  =  m,  that  is, 
the  total  internal  resistance  equals  the  total  external  resistance. 


49.  The  force  exerted  by  a  circular  electric  current  of  radius  a  on  a  small  magnet 
whose  axis  coincides  with  the  axis  of  the  circle  varies  as 

x 


(a2  +  x2)* 

where  x  =  distance  of  magnet  from  plane  of  circle.  Prove  that  the  force  is  a  maxi¬ 
mum  when  x  =-■ 

2 

60.  W e  have  two  sources  of  heat  at  A  and  B  with  intensities  a  and  b  respectively. 
The  total  intensity  of  heat  at  a  distance  of  x  from  A  is  given  by  the  formula 

b 


I  =  -  + 
x 2  (d 


x)2 


A  P 

c-  ° 


B 

-V 


Show  that  the  temperature  at  P  will  be  the  lowest  when 

d  —  x  _  V& 

that  is,  the  distances  BP  and  A  P  have  the  same  ratio  as  the  cube  roots  of  the 
corresponding  heat  intensities.  The  distance  of  P  from  A  is 

ahd 


x  = 


x 

aJ 


bi 


97.  General  directions  for  solving  problems  involving  maxima  and 
minima.  In  our  work  thus  far  the  function  has  been  given  whose 
maximum  and  minimum  values  were  required.  This  is  by  no  means 
always  the  case;  in  fact,  we  are  generally  obliged  to  construct  the 
function  ourselves  from  the  conditions  given  in  the  problem,  and 
then  test  it  as  we  have  been  doing  for  maximum  and  minimum 
values. 

No  rule  applicable  in  all  cases  can  be  given  for  constructing  the 
function,  but  in  a  large  number  of  problems  we  may  be  guided  by 
the  following 
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General  Directions. 

(a)  Express  tie  function  whose  maximum  or  minimum  is  involved 
in  the  problem. 

(b)  If  the  resulting  expression  contains  more  than  one  variable ,  the 
conditions  of  the  problem  will  furnish  enough  relations  between  the 
variables  so  that  all  may  be  expressed  in  terms  of  a  single  one. 

(c)  To  the  resulting  function  of  a  single  variable  apply  one  of  our 
two  rules  for  finding  maximum  and  minimum  values. 

(d)  In  practical  problems  it  is  usually  easy  to  tell  which  critical 
value  will  give  a  maximum  and  which  a  minimum  value ,  so  it  is  not 
always  necessary  to  apply  the  fourth  step  of  our  rules. 


PROBLEMS 

1.  It  is  desired  to  make  an  open-top  box  of  greatest  possible  volume  from  a 
square  piece  of  tin  wbose  side  is  a  by  cutting  equal  squares  out  of  the  corners  and 
then  folding  up  the  tin  to  form  the  sides.  What  should  be 
the  length  of  a  side  of  the  squares  cut  out  ? 

Solution.  Let  x  =  side  of  small  square  =  depth  of  box ; 
then  a  —  2  x  —  side  of  square  forming  bottom  of 

box,  and  volume  is 

F  =  (a  —  2  x)2x  ; 

which  is  the  function  to  be  made  a  maximum  by  varying  x. 
Applying  rule, 

First  step.  —  =  (a  -  2  x)2  -  4  *  (a  -  2  x)  =  a2  -  8  ax  +  12  x2. 

dx 

Second  step.  Solving  a2-8ax  +  12x2  =  0  gives  critical  values  x  =  “  and 

L  o 

It  is  evident  from  the  figure  that  x  =  -  must  give  a  minimum,  for  then  all  the  tin 

2 

would  be  cut  away,  leaving  no  material  out  of  which  to  make  a  box.  By  the  usual 

cl  2  a3 

test,  x  =  -  is  found  to  give  a  maximum  volume  • — •  •  Hence  the  side  of  the  square 
’6  27 

to  be  cut  out  is  one  sixth  of  the  side  of  the  given  square. 


a 


_ 

1 

1 

1 

1 

1 

t 

a~sx 

X 

2.  Assuming  that  the  strength  of  a  beam  with  rectangular  cross  section  varies 
directly  as  the  breadth  and  as  the  square  of  the  depth,  what  are  the  dimensions  of 
the  strongest  beam  that  can  be  sawed  out  of  a  round  log  whose 
diameter  is  d  ? 

Solution.  If  x  =  breadth  and  y  =  depth,  then  the  beam  will 
have  maximum  strength  when  the  function  xy2  is  a  maximum. 

From  the  figure,  y2  —  d2  —  x2 ;  hence  we  should  test  the  function 

f(x)  —  x  (d2  —  x2). 
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First  step.  f  (x)  =  -  2  x2  +  0?  -  x2  =  d?  -  3  x2. 

Second  step,  d2—  3x2=  0.  x  =  —  =  critical  value  which  gives  a  maximum. 
Therefore,  if  the  beam  is  cut  so  that 

depth  =  V§  of  the  diameter  of  log, 
and  breadth  =  Vi  of  the  diameter  of  log, 

the  beam  will  have  maximum  strength. 


3.  What  is  the  width  of  the  rectangle  of  maximum 
area  that  can  be  inscribed  in  a  given  segment  OAA'  of  a 
parabola  ? 

Hint.  If  OC=  h,  BC—  h— x  and  PP'=2y  ;  therefore  the  area 
of  rectangle  PHH'P'  is 

2  Qi-x)y. 

But  since  P  lies  on  the  parabola  y-=  2 px,  the  function  to  be  tested  is 

_  « 

2(i k-x)  y/2px. 

Ans.  Width  =  §  h. 


4.  Find  the  altitude  of  the  cone  of  maximum  volume  that 
can  be  inscribed  in  a  sphere  of  radius  r. 

Hint.  Volume  of  cone=  l-nx-y.  But  x2—BCs  GD=y(2r-y) ;  there¬ 
fore  the  function  to  be  tested  is 

/(i/)=^2/2(2r-2/). 

Ans.  Altitude  of  cone  =  §  r. 


5.  Find  the  altitude  of  the  cylinder  of  maximum  volume 
that  can  be  inscribed  in  a  given  right  cone. 


Hint.  Let  AC=r  and  BC=Ji.  Volume  of  cylinder  =  nxhj. 
But  from  similar  triangles  ABC  and  DBG 


r :  x::  h :  h-y. 


.  x-r(h~y). 

h 


Hence  the  function  to  be  tested  is 

f{y>=yVl~y)--  Ans.  Altitude  =  i h. 


6.  Divide  a  into  two  parts  such  that  their  product  is  a 

maximum-  Ans.  Each  part  =  -  • 

2 


B 


7.  Divide  10  into  two  parts  such  that  the  sum  of  their  squares  is  a  minimum. 

Ans.  Each  part  =  5. 

8.  Divide  10  into  two  such  parts  that  the  sum  of  the  double  of  one  and  square 

of  the  other  may  be  a  minimum.  Ans ■  9  and  1- 

9.  Find  the  number  that  exceeds  its  square  by  the  greatest  possible  quantity. 

Ans. 

j,  10.  What  number  added  to  its  reciprocal  gives  the  least  possible  sum  ?  Ans.  1. 

11.  Assuming  that  the  stiffness  of  a  beam  of  rectangular  cross  section' varies 
directly  as  the  breadth  and  the  cube  of  the  depth,  what  must  be  the  breadth  of  the 

stiffest  beam  that  can  be  cut  from  a  log  10  inches  in  diameter  ? 

A  ns.  Breadth  =  8  inches. 
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12.  A  torpedo  boat  is  anchored  9  miles  from  the  nearest  point  of  a  beach,  and 
it  is  desired  to  send  a  messenger  in  the  shortest  possible  time  to  a  military  camp 
situated  15  miles  from  that  point  along  the  shore.  If  he  can  walk  5  miles  an  hour 

but  row  only  4  miles  an  hour,  required  the  place  he  must  land. 

Ans.  3  miles  from  the  camp. 

13.  For  a  certain  specified  sum  a  man  takes  the  contract  to  build  a  rectangular 
V  water  tank  lined  with  lead.  It  has  a  square  base  and  open  top,  and  holds  108  cubic 

yards.  What  shall  be  its  dimensions  in  order  to  require  the  least  possible  quantity 
of  lead  ?  Ans.  Altitude  =  3  yds.,  side  =  6  yds.,  that  is, 

length  of  side  =  twice  the  altitude. 

14.  A  gasholder  is  a  cylindrical  vessel  closed  at  the  top  and  open  at  the  bottom, 
where  it  sinks  into  the  water.  What  should  be  its  proportions  for  a  given  volume 
to  require  the  least  material  (this  would  also  give  least  weight)  ? 

»  Ans.  Diameter  =  double  the  height. 


15.  What  should  be  the  dimensions  and  weight  of  a  gasholder  of  8,000,000  cubic 
feet  capacity  built  in  the  most  economical  manner  out  of  sheet  iron  of  an  inch 

thick  and  weighing  2|-  lbs.  per  sq.  ft.? 

Ans.  Height  =  137  ft.,  diam.  =  273  ft.,  weight  =  200  tons. 

16.  What  are  the  most  economical  proportions  for  a  cylindrical  steam  boiler  ? 

Ans.  Diameter  =  length. 

17.  A  paper-box  manufacturer  has  in  stock  a  quantity  of  strawboard  30  inches 

by  14  inches.  Out  of  this  material  he  wishes  to  make  open-top  boxes  by  cutting 
equal  squares  out  of  each  corner  and  then  folding  up  to  form  the  sides.  Find  the 
side  of  the  square  that  should  be  cut  out  in  order  to  give  the  boxes  maximum 
volume.  Ans.  3  inches. 

/18.  A  roofer  wishes  to  make  an  open  gutter  of  maximum 
capacity  whose  bottom  and  sides  are  each  4  inches  wide  and 
whose  sides  have  the  same  slope.  What  should  be  the  width 
across  the  top  ?  Ans.  8  inches. 


19.  Assuming  that  the  energy  expended  in  driving  a  steamboat  through  the 
water  varies  as  the  cube  of  her  velocity,  find  her  most  economical  rate  per  hour 
when  steaming  against  a  current  running  c  miles  per  hour. 

Hint.  Let  v  =  most  economical  speed ; 

then  avs=  energy  expended  each  hour,  a  being  a  constant  depending  upon  the  particular 

conditions, 

and  v-c=  actual  distance  advanced  per  hour. 

ctifl  * 

Hence -  is  the  energy  expended  per  mile  of  distance  advanced,  and  it  is  therefore  the 

v-o 

function  whose  minimum  is  wanted.  ^  A.US.  V  =  §  C. 


20.  Prove  that  a  conical  tent  of  a  given  capacity  will  require  the  least  amount  of 
canvas  when  the  height  is  V2  times  the  radius  of  the  base.  Show  that  when  the 
canvas  is  laid  out  flat  it  will  be  a  circle  with  a  sector  of  about  66°  cut  out.  A  bell 
tent  10  ft.  high  should  then  have  a  base  of  diameter  14  ft.  and  would  require  272 
sq.  ft.  of  canvas. 
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21.  Find  the  right  triangle  of  maximum  area  that  can  be  constructed  on  a  line 

of  length  h  as  hypotenuse.  h 

Ans.  — —  =  length  of  both  legs. 
V2 

22.  Show  that  a  square  is  the  rectangle  of  maximum  area  that  can  be  inscribed 
in  a  given  circle.  Also  show  that  the  square  has  the  maximum  perimeter. 

23.  What  is  the  isosceles  triangle  of  maximum  area  that  can  be  inscribed  in  a 

given  circle  ?  Ans.  An  equilateral  triangle. 

24.  Find  the  altitude  of  the  maximum  rectangle  that  can  be  inscribed  in  a  right 

triangle  with  base  b  and  altitude  h.  ,  , ,  h 

Ans.  Altitude  =  -  • 

2 

25.  Find  the  dimensions  of  the  rectangle  of  maximum  area  that  can  be  inscribed 

in  the  ellipse  6V  +  ahf-  =  ci2b'2.  Ans.  a  V2  and  b  V2  ;  area  =  2  ab. 

26.  Find  the  altitude  of  the  right  cylinder  of  maximum  volume  that  can  be 

inscribed  in  a  sphere  of  radius  r.  .  ......  .  „  ....  2r 

Ans.  Altitude  of  cylinder  =  — -  ■ 

V3 

27.  Find  the  altitude  of  the  right  cylinder  of  maximum  convex  (curved)  surface 

that  can  be  inscribed  in  a  given  sphere.  Ans.  Altitude  of  cylinder  =  r  V 2. 


28.  Find  the  altitude  of  the  right  cylinder  inscribed  in  a  given  sphere  when  its 
entire  surface  is  a  maximum.  _ (n  2  \' 


Ans.  Altitude 


=  (2- 


vV 


r. 


29.  Find  the  altitude  of  the  right  cone  inscribed  in  a  sphere  when  its  entire 


surface  is  a  maximum. 


Ans.  Altitude  =  (23  —  Vl7) 


16 


30.  Find  the  altitude  of  the  right  cone  of  minimum  volume  circumscribed  about 

*a  given  sphere.  Ans.  Altitude  =  4r,  and  volume  =  2  x  vol.  of  sphere. 

31.  A  right  cone  of  maximum  volume  is  inscribed  in  a  given  right  cone,  the  vertex 
of  the  inside  cone  being  at  the  center  of  the  base  of  the  given  cone.  Show  that  the 
altitude  of  the  inside  cone  is  one  third  the  altitude  of  the  given  cone. 


,  32.  Through  a  point  (a,  b)  referred  to  rectangular  axes  a  straight  line  is  to  be 

drawn,  forming  with  the  axes  a  triangle  of  least  area.  Show  that  its  intercepts  on 
the  axes  are  2  a  and  2  b. 


33.  Through  the  point  ( a .  b )  a  line  is  drawn  such  that  the  part  intercepted 
between  the  axes  is  a  minimum.  Prove  that  its  length  is  (ci-  +  b s)-. 

34.  Given  a  point  on  the  axis  of  the  parabola  y2  =  2  px  at  a  distance  a  from  the 
vertex ;  find  the  abscissa  of  the  point  of  the  curve  nearest  to  it.  Ans.  x  =  a  -  p. 

35.  What  is  the  length  of  the  shortest  line  that  can  be  drawn  tangent  to  the 

ellipse  b2x2  +  a?y 2  =  a2b 2  and  meeting  the  coordinate  axes  ?  Ajis.  a  +  b. 

36.  Find  the  altitude  of  the  least  isosceles  triangle  that  can  be  circumscribed 

about  an  ellipse,  the  base  being  parallel  to  the  major  axis. 

Ans.  Altitude  =  3  times  semi-minor  axis. 
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37.  A  Norman  window  consists  of  a  rectangle  surmounted  by  a  semicircle. 
Given  tlie  perimeter;  required  the  height  and  breadth  of  the  window  when  the 

quantity  of  light  admitted  is  a  maximum. 

Ans.  Radius  of  circle  =  height  of  rectangle. 

QjUU  f  t  *  1 

38.  A  tapestry  7  feet  in  height  is  hung  on  a  wall  so  that  its  lower  edge  is  9  feet 
above  an  observer’s  eye.  At  what  distance  from  the  wall  should  he  stand  in  order 
to  obtain  the  most  favorable  view  ? 

Hint.  The  vertical  angle  subtended  by  the  tapestry  in  the  eye  of  the  observer  must  be  at  a 
maximum.  Ans.  12  feet. 

39.  The  regulations  of  the  British  Parcels  Post  require  that  the  sum  of  the  length 
and  girth  of  a  parcel  shall  not  exceed  6  feet.  Show  that 

(a)  The  greatest  sphere  allowed  is  about  17|  inches  in  diameter  and  has  a  volume 
of  about  1}  cubic  feet. 

(b)  The  greatest  cube  has  an  edge  14?  inches  in  length  and  a  volume  of  nearly 
1|  cubic  feet. 

(c)  The  greatest  rectangular  box  is  1  ft.  by  1  ft.  by  2  ft.,  containing  2  cubic  feet. 

(d)  The  greatest  parcel  of  any  shape  is  a  cylinder  2  ft.  long  and  4  ft.  circum¬ 
ference,  and  contains  over  2}  cubic  feet. 

40.  What  are  the  most  economical  proportions  of  a  tin  can  which  shall  have  a 
given  capacity,  making  allowance  for  waste  ? 

Hint.  There  is  no  waste  in  cutting  out  tin  for  the  side  of  the  can, 
but  for  top  and  bottom  a  hexagon  of  tin  circumscribing  the  circular 
pieces  required  is  used  up. 

2 

Ans.  Height  = - x  diameter  of  base. 


Note  1.  Ex.  16  shows  that  if  no  allowance  is  made  for  waste,  then  height 
=  diameter. 

Note  2.  We  know  that  the  shape  of  a  bee  cell  is  hexagonal,  giving  a  certain 
capacity  for  honey  with  the  greatest  possible  economy  of  wax. 


41.  An  open  cylindrical  trough  is  constructed  by  bending  a  given  sheet  of  tin 

of  breadth  2  a.  Find  the  radius  of  the  cylinder  of  which  the  trough  forms  a  part 

when  the  capacity  of  the  trough  is  a  maximum.  2  a 

ii/is.  i\aa.  —  — • 

7T 


42.  A  weight  W  is  to  be  raised  by  means  of  a  lever  with  the  force  F  at  one 
end  and  the  point  of  support  at  the  other.  If  the  weight  is  suspended  from  a  point 
at  a  distance  a  from  the  point  of  support,  and  the  weight  of  the 
beam  is  w  pounds  per  linear  foot,  what  should  be  the  length  of  F 

the  lever  in  order  that  the  force  required  to  lift  it  shall  be  a  vF7//.7;y?w/?w/M#A 
minimum  ?  fc>  n  u r 

Ans.  x  =  \  - - feet. 

»  w 


A  a 


W 


43.  A  rectangular  stockade  is  to  be  built  which  must  have  a  certain  area.  If  a 
stone  wall  already  constructed  is  available  for  one  of  the  sides,  find  the  dimensions 
which  would  make  the  cost  of  construction  the  least. 

Ans.  Side  parallel  to  wall  =  twice  the  length  of  each  end. 


r 


^  k  ^ 
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44.  An  electric  arc  light  is  to  be  placed  directly  over  the  center  of  a  Circular 

plot  of  grass  100  feet  in  diameter.  Assuming  that  the  intensity  of  light  varies 
directly  as  the  sine  of  the  angle  under  which  it  strikes  an  illuminated  surface  and 
inversely  as  the  square  of  its  distance  from  the  surface,  how  high  should  the  light 
be  hung  in  order  that  the  best  possible  light  shall  fall  on  a  walk  along  the  circum¬ 
ference  of  the  plot  ?  so 

Ans.  —  feet. 

45.  The  lower  corner  of  a  leaf,  whose  width  is  a,  is  folded  over 
so  as  just  to  reach  the  inner  edge  of  page,  (a)  Find  the  width  of 
the  part  folded  over  when  the  length  of  the  crease  is  a  minimum. 

(b)  Find  width  when  the  area  folded  over  is  a  minimum. 

3  2 

Ans.  (a)  -a;  (b)  -a. 


# 


CHAPTER  X 


POINTS  OF  INFLECTION 

98.  Definition.  Points  of  inflection  separate  arcs  concave  upwards 
from  arcs  concave  downwards.*  Thus,  if  a  curve  y=f(x)  changes 

(as  at  B)  from  concave  upwards  (as  at  A)  to 
concave  downwards  (as  at  C ),  or  the  reverse, 
then  such  a  point  as  B  is  called  a  point  of 
inflection. 

From  the  discussion  of  §  96  it  follows  at 
once  that  at  A,  f"(x)  =  +,  and  at  C,  f"(x)  =  —. 
In  order  to  change  sign  it  must  pass  through  the  value  zero;f 
hence  we  have 

(23)  At  points  of  inflection,  f"(x)  =  O. 

Solving  the  equation  resulting  from  (23)  gives  the  abscissas  of 
the  points  of  inflection.  To  determine  the  direction  of  curving  in 
the  vicinity  of  a  point  of  inflection,  test  f"(x)  for  values  of  x,  first 
a  trifle  less  and  then  a  trifle  greater  than  the  abscissa  at  that  point. 

lif'ix)  changes  sign,  we  have  a  point  of  inflection,  and  the  signs 
obtained  determine  if  the  curve  is  concave  upwards  or  concave 
downwards  in  the  neighborhood  of  each  point. 

The  student  should  observe  that  near  a  point  where  the  curve 
is  concave  upwards  (as  at  A)  the  curve  lies  above  the  tangent,  and 
at  a  point  where  the  curve  is  concave  downwards  (as  at  C)  the 
curve  lies  below  the  tangent.  At  a  point  of  inflection  (as  at  B) 
the  tangent  evidently  crosses  the  curve. 

*  Points  of  inflection  may  also  be  defined  as  points  where 

d~if 

(a)  - —  =  0  and  — '  changes  sign,  or 

dx*  dx* 

,, .  (Px  d2x  , 

(n)  =  0  and - changes  sign. 

<>y2  dy ^ 

t  It  is  assumed  that  f'(x)  and  f"(x)  are  continuous.  The  solution  of  Ex.  2,  p.  137,  shows  how 
to  discuss  a  case  where  f'(x)  and  f"(x)  are  hoth  infinite.  Evid  ntly  salient  points  (see  p.  265)  are 
excluded,  since  at  such  points /'(*)  is  discontinuous. 
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Following  is  a  rule  for  finding  points  of  inflection  of  the  curve 
whose  equation  is  y  =f  ( x including  also  directions  for  examining 
the  curve  in  the  neighborhood  of  such  a  point. 

First  step.  Findf"(x). 

Second  step.  Set  fn (x)  =  0,  and  solve  the  equation f ot  real  roots. 

Third  step.  Write  f"  (x)  in  factor  form. 

Fourth  step.  Test  f" (x)  for  values  of  x,  first  a  trifle  less  and  then 
a  trifle  greater  than  each  root  found  in  the  second  step.  If  f"(x) 
changes  sign ,  we  have  a  point  of  inflection. 

When  f"  (x)  =+,  the  curve  is  concave  upivards  v  + 

When  f" (x)  —  — ,  the  curve  is  concave  downwards 


EXAMPLES 


Examine  the  following  curves  for  points  of  inflection  and  direction  of  bending. 


1.  y  =  3  x4  —  4  x3  +  1. 


Solution. 
First  step. 
Second  step. 

Third  step. 


f(x)  =  3x4  —  4x3  +  1. 
f"  (x)  =  36  x2  —  24  x. 

36  x2  —  24  x  =  0. 

.*.  x  =  f  and  x  =  0,  critical  values. 
f"(x)  =;  36x(x  -  I). 


Fourth  step.  When  x  <  0,  f"  (x)  =  +  ;  and  when  x  >  0,  f"  (x)  =  — . 

.-.  curve  is  concave  upwards  to  the  left  and  concave  downwards  to  the  right  of 
x  =  0  ( A  in  figure). 

When  x  <  |,  f"  (x)  =  — ;  and  when  x  >  f ,  f"  (x)  =  + . 

.-.  curve  is  concave  downwards  to  the  left  and  concave  upwards  to  the  right  of 
x  =  |  (2>  in  figure). 

The  curve  is  evidently  concave  upwards  everywhere  to  the  left  of  A,  concave 
downwards  between  A  (0,  1)  and  B  (f,  Jl),  and  concave  upwards  everywhere  to 
the  right  of  B. 


2.  (y  —  2)3  =  (x  —  4). 
Solution. 

First  step. 


y  =  2.+  (x  — 4)h 
clx  3 

^=-?(x-4  )-*. 
dx2  9 


■*  This  may  be  easily  remembered  if  we  say  that  a  vessel  shaped  like  the  curve  where  it  is 
concave  upwards  holds  (+)  water,  and  where  it  is  concave  downwards  spills  (-)  water. 
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Second  step.  When  x  =  4,  both  first  and  second  derivatives  are  infinite. 

d* 2y  d?y 

Fourth  step.  When  x  <  4,  =  +  ;  but  when  x  >  4,  —  =  - . 

We  may  therefore  conclude  that  the  tangent  at  (4,  2)  is 
perpendicular  to  the  axis  of  AT,  that  to  the  left  of  (4,  2)  the 
curve  is  concave  upwards,  and  to  the  right  of  (4,  2)  it  is 

concave  downwards.  Therefore  (4,  2)  must  be  considered 
a  point  of  inflection. 


^  3.  y  —  x2. 
k  4.  y  =  5  -  2  x  -  x2. 
5.  y  =  x3. 


Ans.  Concave  upwards  everywhere. 

Ans.  Concave  downwards  everywhere. 

Ans.  Concave  downwards  to  the  left  and 

concave  upwards  to  the  right  of  (0,  0). 


6.  y  =  x3  —  3  x2  —  9  x  +  9.  Ans.  Concave  downwards  to  the  left  and 

concave  upwards  to  the  right  of  (1,  —  2). 


7.  y  =  a  +  (x  —  b)3. 


Ans.  Concave  downwards  to  the  left  and 

concave  upwards  to  the  right  of  (a,  b). 


■  8.  a?y  — - ax2 6 *  +  2  a8 9 10.  Ans.  Concave  downwards  to  the  left  and 

3  /  4  a  \ 

concave  upwards  to  the  right  of  I  a,  —  )  • 

9.  x3  —  3  bx2  +  a?y  —  0.  Ans.  Point  of  inflection  is  (b, 

10.  y  =  x4.  Ans.  Concave  upwards  everywhere. 

]/  11.  y  =  x4  -  12x8  +  48x2  -  50. 

Ans.  Concave  upwards  to  the  left  of  x  =  2, 


concave  downwards  between  x  =  2  and  x  —  4, 
concave  upwards  to  the  right  of  x  =  4. 


12.  y  = 


8  a3 


x2  +  4  a2 


(2  ct,  q  a\ 
4-  — )  —  I, 
a/9  2  / 


2  a  3  a' 

vl’  T 

concave  upwards  outside  of  these  points. 


U  13.  y  =  x+36x2— 2x3  — x4.  Ans.  Points  of  inflection  at  x  =  2  and  —  3. 

14.  y  =  X  .  Ans.  Concave  upwards  to  the  left  of  (  —  3  a,  —  —  ^ , 
x2  +  3  a2  \  ’  4  / 

(O  \ 

—  3  a,  —  j  an(i  (o,  0), 

concave  upwards  between  (0,  0)  and  ^  3  a,  , 
concave  downwards  to  the  right  of  ^ 3 a, 

15.  f-')  +  (7^  =  1.  Ans.  Points  of  inflection  are  x  —  +  . 

W  \b  /  Vz 
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16.  a4?/2  =  a2x4  —  x6. 

17.  y  = 


x 


a2  +  x 2 
18.  y  =  sin  x. 

\l  19.  y  =  tan  x. 

20.  y  =  xe-*. 


.Tns.  Points  of  inflection  are  x  =  ±  -  V^7  —  3  V33 

6 

ylns.  Points  of  inflection  are  x  =  0,  ±  a  Vs. 


-iins.  Points  of  inflection  are  x  =  nir,  n  being  any 
integer. 

.4ns.  Points  of  inflection  are  x  =  mr,  n  being  any 
integer. 


Ans.  x  =  2  gives  a  point  of  inflection. 

21.  Show  that  no  conic  section  can  have  a  point  of  inflection. 

22.  Show  that  the  graphs  of  ex  and  log  x  have  no  points  of  inflection. 

23.  Show  that  the  curve  y  (x2  +  a2)  =  x  has  three  points  of  inflection  lying  on 
the  straight  line  x  —  4  ay  —  0. 

24.  Show  that  the  abscissas  of  the  points  of  inflection  of  the  curve  y2  =  / (x) 
satisfy  the  equation 


[/'(x)]2  =  2/(x)-r(x). 


YJ 


14' 


* 
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CHAPTER  XI 


DIFFERENTIALS 


99.  Introduction.  Thus  far  we  have  represented  the  derivative 
of  y  —  fix)  by  the  notation 


dy 

dx 


=/(*)• 


We  have  taken  special  pains  to  impress  on  the  student  that  the 
symbol 

dx 

was  to  be  considered  not  as  an  ordinary  fraction  with  dy  as  numer¬ 
ator  and  dx  as  denominator,  but  as  a  single  symbol  denoting  the 
limit  of  the  quotient  Ay 

Ax 


as  Ax  approaches  the  limit  zero. 

Problems  do  occur,  however,  where  it  is  very  convenient  to  be 
able  to  give  a  meaning  to  dx  and  dy  separately,  and  it  is  especially 
useful  in  applications  of  the  Integral  Calculus.  How  this  may  be 
done  is  explained  in  what  follows. 

100.  Definitions,  lif'fx)  is  the  derivative  of  f(x)  for  a  particular 
value  of  x,  and  Ax  is  an  arbitrarily  chosen  increment  of  x,  then  the  dif¬ 
ferential  of  f(x),  denoted  by  the  symbol  df(x),  is  defined  by  the  equation 

(A)  df(x)  =f(x)  Ax. 

If  now  f{x)  —  x ,  then  fr(x)  =  1,  and  (A)  reduces  to 

dx  =  Ax, 

showing  that  when  x  is  the  independent  variable  the  differential 
of  x  (=  dx)  is  identical  with  Ax.  Hence,  if  y  =f(x),  (A)  may  in 
general  be  written  in  the  form 

(-®)  dy  =  p  (x)  dx.* 


*  On  account  of  the  position  which  the  derivative  f(x)  here  occupies,  it  is  sometimes  called 
the  differential  coefficient . 

The  student  should  observe  the  important  fact  that,  since  dx  may  be  given  any  arbitrary  value 
whatever,  dx  is  independent  of  x.  Hence  dy  is  a  function  of  two  independent  variables  x  and  dx. 
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The  differential  of  a  function  equals  its  derivative  multiplied  by  the 
differential  of  the  independent  variable. 

Let  us  illustrate  what  this  means  geomet¬ 
rically. 

Let  fix)  be  the  derivative  of  y  —f(x)  at  P. 

Take  dx—  PQ ,  then 

dy  =f(x)  dx  =  tan  t  •  PQ  =  ^-  -  PQ  =  QT. 

1  (J 

Therefore  dy,  or  df(x),  is  the  increment  (=  QT)  of  the  ordinate 
of  the  tangent  corresponding  to  dx* 

This  gives  the  following  interpretation  of  the  derivative  as  a 
fraction. 

If  an  arbitrarily  chosen  increment  of  the  independent  variable  x 
for  a  point  P  (x,  y)  on  the  curve  y  —  f(x)  be  denoted  by  dx,  then  in 
the  derivative 

—  =  f'(x)  —  tan  r 
dx 


dy  denotes  the  corresponding  increment  of  the  ordinate  drawn  to  the 
tangent. 

101.  dx  and  dy  considered  as  infinitesimals.  In  the  Differential 
Calculus  we  are  usually  concerned  with  the  derivative,  i.e.  with 
the  ratio  of  the  differentials  dy  and  dx.  In  some  applications  it 
is  also  useful  to  consider  dx  as  an  infinitesimal  (see  §  30,  p.  21). 
Then  by  ( B ),  p.  140,  and  (2),  p.  27,  dy  is  also  an  infinitesimal. 
Hence  in  such  cases  dx  and  dy  are  corresponding  variables  each 

of  which  approaches  the  limit  zero.f 

102.  Derivative  of  the  arc  in  rectangular 
coordinates.  Let  s  be  the  length^  of  the  arc 
AP  measured  from  a  fixed  point  A  on  the 
curve.  Denoting  the  corresponding  incre¬ 
ments  by  Ax,  Ay,  As,  we  have  from  the  figure 

(chord  PQf=(Axf  +  (Ay)2. 


*  The  student  should  note  especially  that  the  differential  (=dy)  and  the  increment  (  Ay)  of 
the  function  corresponding  to  the  same  value  <fa(=A»)  are  not  m  general  equal.  For,  in  the 

figure,  <ly  =  QT hut  Ay  =  QP'.  .  .  , 

t  In  the  Integral  Calculus  dx  and  dy  are  always  regarded  as  infinitesimals. 

t  Defined  in  §  224. 


142 


DIFFERENTIAL  CALCULUS 


Both  multiplying  and  dividing  the  first  member  by  (arc  PQ)2 
[=(As)2],  we  get 


1 

Dividing  both  members  by  (Ax)2, 

/chord  P(A  V As\2 _  ^  V 

arc  PQ  )  \A»y  \A:ry 


From  this  we  get,  when  Ax  approaches  the  limit  zero, 

(B) 


ds\2_1  t  ( dyX2 


dx)  +  \dx )  ’ 

,u  ,  limit  / chord  PQ\  1  „ 

assuming  that  A  - -  =  1.  Hence 

s  PQ  =  0\  tub  PQ  ) 


™  I !=\MS’- 

Similarly,  if  we  divide  (A)  by  (Ay)2  and  pass  to  the  limit,  we  get 
(25) 


ds  /dm\2.  ^ 

5S  =  \W  +  1- 


dy  Wdy 
Also,  from  the  above  figure, 

Ax  Ax  arc  PQ 


cos  6 


chord  PQ  As  chord  PQ 

.  n  Ay  Ay  arc  PQ 
sin0-  y  ^ 


,  and 


chord  PQ  As  chord  PQ 

[Multiplying  both  numerator  and  denominator  in  each  case  by  arc  P Q  {=  As).] 

As  As  approaches  the  limit  zero,  6  approaches  the  limit  t,  and  the 
ratio  of  the  arc  PQ  to  the  chord  PQ  approaches  unity.  Therefore 


(26) 


dm  .  dy 
cos  r  =  — ,  sm  r  =  — • 
ds  ds 


Using  the  notation  of  differentials,  (24)  and  (25)  may  be  written 


(27) 

(28) 


ds=[1+(fP  T,te- 
a> = [(Iff + xYay- 
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An  easy  way  to  remember  the  relations  (24)  to  (28)  between  the 
differentials  dx,  dy,  ds  is  to  note  that  they  are  correctly  repre¬ 
sented  by  a  right  triangle  whose  hypotenuse 
is  ds ,  sides  dx  and  dy ,  and  angle  at  base  r. 

Then  _ 

ds  —  V(dx)2  +  (dy)2, 

and  dividing  by  dx  or  dy  gives  (24)  or  (25) 
respectively.  Also,  from  the  figure, 

dx  .  dy 

cos r  =  — ,  smr  =  — ; 
ds  ds 

the  same  relations  given  by  (26). 

103.  Derivative  of  the  arc  in  polar  coordinates.  In  what  follows 
we  shall  employ  the  same  figure,  notation,  and  reductions  used  on 
pp.  97,  98.  From  the  right  triangle  PRQ 

(chord  PQf  =  ( PR f  +  ( RQ )2 

==  (p  sin  A9 )2  -f  (p  -f-  Ap  —  p  cos  Ad)2 

A  f) 

=  p 2  sin2  A8  +  (2  p  sin2  ~  +  Ap)2. 

A 

Multiplying  and  dividing  the  first 
member  by  (arc  PQ)‘2  [=  (As)2],  and  then 


/chord  P (g  V/  As\  _ 
\  arc  PQ  )  \A0  / 


2  2  /sin  A 6 


A6 


.  A  9 

.  A 9  Sm  2  Ap 
+  1  —  +  A0 


Passing  to  the  limit  as  A 6  diminishes  towards  zero  (see  §  80, 
p.  98),  we  get 


\ddj 


(29) 


•*  dO  V  + \d9 ) 


In  the  notation  of  differentials  this  becomes 


(30) 


-=[>+(3)T-* 


144 


DIFFERENTIAL  CALCULUS 


These  relations  between  p  and  the  differentials  ds,  dp ,  and  dd 


are  correctly  represented  by  a  right  triangle  whose  hypotenuse 
ds  and  sides  dp  and  pdd.  Then 


ds  =  V  (pdd)2  +  (dp)2, 


is 


and  dividing  by  dd  gives  (29). 

Denoting  by  ^  the  angle  between  dp 
and  ds,  we  get  at  once 

dd 

tan  vr  =  p  — —  ? 

dp 


which  is  the  same  as  (A),  p.  98. 

104.  Formulas  for  finding  the  differentials  of  functions.  Since 
the  differential  of  a  function  is  its  derivative  multiplied  by  the 
differential  of  the  independent  variable,  it  follows  at  once  that 
the  formulas  for  finding  differentials  are  the  same  as  those  for 
finding  derivatives  given  in  §  46,  pp.  46-48,  if  we  multiply  each 
one  by  dx. 

This  gives  us 


I 

II 

III 

IV 

y 

VI 

VII 

Vila 

VIII 

Villa 

VIII  b 


d(c)  =  0. 
d  (x)  =  dx. 

d  (u  +  v  —  w)  =  die  +  dv  —  dw. 
d  ( cv )  =  cdv. 
d  (uv)  =  u  dv  4-  v  du. 

d  (V1V2  ■  ■  •  Vn)  =  (V2V3  ■  ■  ■  Vn)  dh  +  (VjV,  ■  ■  •  V ,)  dv„  4-  •  . 

+  ■  ■  ■  Vn-i)  dvn. 

d  (vn)  =  nvn~1dv. 
d  (; xn )  =  nxn~ 1  dx. 

^  f  u\  _  vdu  —  u  dv 

\v  J  v2 

d(:)=T' 
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IX 

t 

X 

x« 

XI 

XII 

XIII 

XIV 

XIX 


^(log«v)  =  logae  —  • 
v 

d  ( av )  =  av  log  a  dv. 
d  ( ev )  =  ev  dv. 

d  (uv)  =  vuv~1du  +  log  u  ■  uv  ■  dv. 
d  (sin  v )  —  cos  v  dv. 
d  (cos  v)  =  —  sinv  dv. 
d  (tan  v )  =  sec2w  dv,  etc. 
dv 


d  (arc  sin  v) 


Vi 


:•>  etc. 


The  term  differentiation  also  includes  the  operation  of  finding 
differentials. 

In  finding  differentials,  the  easiest  way  is  to  find  the  derivative 
as  usual,  and  then  multiply  the  result  by  dx. 


Ex.  1.  Find,  the  differential  of 


V  = 


x  +  3 
x2  +  3* 


Solution.  dy  =  d( 2+1)  =  ^  +  3)  -  (x  +  3)d(x2  +  3) 

\  x2  +  3  /  (x2  +  3)2 

_  (x2  +  3)  dx  —  (x  +  3)  2  xclx  _  (3  —  6  x  —  x2)  dx 
~  (x2  +  3)2  _  (x2  +  3)2  >lS' 


Ex.  2.  Find  dy  from 
Solution. 


62x2  —  a2y'2  =  a262. 
2  b2xdx  —  2  oP-ydy  —  0. 


Ex.  3.  Find  dp  from 
Solution. 


,  b2x 

dy  —  —  dx.  Ans. 
a?y 


p2  =  a 2  cos  2  8. 

2  pdp  =  —  a2  sin  2  6  ■  2  dd. 

,  a2  sin  2  0 
.-.  dp  = - dd. 


Ex.  4.  Find  d  [arc  sin  (3 1  —  4  <3)]. 

d  [arc  sin  (3 1  —  4  <3)]  = 


d(3<  -  4f3) 


3  dt 


Vl  -  (3 1  -  4 13)2  Vl  -  <2 


Ans. 


Solution. 
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105.  Successive  differentials.  As  the  differential  of  a  function  is 
in  general  also  a  function  of  the  independent  variable,  we  may 
deal  with  its  differential.  Consider  the  function 


y=f(x)- 

d  (dy)  is  called  the  second  differential  of  y  (or  of  the  function ) 
and  is  denoted  by  the  symbol 

dY 

Similarly  the  third  differential  of  y,  d[d(dy)]  is  written 

dsy, 

and  so  on,  to  the  nth.  differential  of  y, 

d"y. 


Since  dx,  the  differential  of  the  independent  variable,  is  inde¬ 
pendent  of  x  (see  footnote,  p.  140),  it  must  be  treated  as  a  constant 
when  differentiating  with  respect  to  x.  Bearing  this  in  mind 
we  get  very  simple  relations  between  successive  differentials  and 
successive  derivatives.  F or 

dy  =  f  (x)  dx , 

and  d2y  =  f"  (x)  (dx)2, 

since  dx  is  regarded  as  a  constant. 

Also,  d3y  =  f"  (x)  (dx)3, 

and  in  general  dny  =/(,1)  (x)  (dx)n. 

Dividing  both  sides  of  each  expression  by  the  power  of  dx 
occurring  on  the  right,  we  get  our  ordinary  derivative  notation 


dfy 

dx 2 


=/'(*)»  ^  =/"(*)>  •••> 


dy 

dxn 


=  fKn)(x). 


Ex.  1.  Find  the  third  differential  of 

y  =  x5  —  2  x3  +  3  x  —  5. 

Solution.  dy  =  (5  x4  —  6  x2  +  3)  dx, 

d2y  =  (20  x3  —  12  x)  (dx)2, 
d3y  =  (00  x2  —  12)  (dx)s.  Ans. 

Note.  This  is  evidently  the  derivative  of  the  function  multiplied  by  the  cube  of 
the  differential  of  the  independent  variable.  Dividing  through  by  (dx)3,  we  get  the 
third  derivative 

dhy 
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EXAMPLES 

Differentiate  the  following,  using  differentials. 

1 .  y  =  ax 3  —  bx2  +  cx  +  d.  dy 

2.  y  =  2x^  —  3x*  +  Gx-1  +  6.  dy 

3.  y  =  (a2-x2)5.  '  dy 


4.  y  =  Vl  +  x2. 


5.  y  = 


(1  +  a;2)" 


6.  y  =  log  Vl  —  Xs. 

7.  y  =  (0°  +  e~  x)2.' 

8.  y  =  ex  log  x. 

9.  s  =  ^-e<-e~t. 

ef  +  er  ‘ 

10.  p  =  tan  <p  +  sec  p. 

11.  r  =  l  tan3  6  +  tan  6. 

12.  f(x)  =  (log  a;)3. 

<3 

dy 


log  xdx 


15.  d  [arc  tan  log  y~\  = 


V  [1  +  (log  y)2] 


dy  = 

dy  = 

dy 
dy 
dy 


■  (3  ax 2  —  2  bx  +  c)  dx. 

■  (5  x%  —  2  x_  ®  —  6  x-2)  dx. 
■■  —  10  x  (a2  —  x2)4dx. 

:dX. 


dx. 


Vl  +  x 2 

2  nx2n~'1 
(1  +  x2)n  +  1 

3  x2dx 

2  (x8  -  1) ' 

2  (e2x  —  e_  2x)  dx. 


=  fi¬ 


ds  = 

dp  ■■ 
dr  ■ 
f  (x)  dx  ■ 

p'(t)  dt- 


^  log  x  + 

(e‘  ~  e~'VdA 

d<p. 


-  \dx. 


el  —  g—  f  \  2 

ve‘  +  e~  ( 

1  -f  sin  p 
cos  2p 

:  sec4  Odd. 

3  (log  x)2dx 
x 

3  t2dt 


(1  -  t2)^ 


16.  d  j^r  arc  vers  -  —  V2  ry  —  y 2J  = 


ydy 


„ _  ,r  cos 0  1 ,  .  d<?f> 

17.  d  - f- - -  log  tan  -  =  —  -7-77  • 

L2  sin2 p  2  2  J  sm30 


V2  ry  —  y2 

dp 
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106.  The  derivative  considered  as  the  ratio  of  two  rates.  Let 

y  =f(x) 

be  the  equation  of  a  curve  generated 
by  a  moving  point  P.  Its  coordinates 
x  and  y  may  then  be  considered  as 
functions  of  the  time,  as  explained 
—  in  §  84,  p.  104.  Differentiating  with 
respect  to  t,  by  XXVI,  we  have 

<UL=f,{x)<^. 
dt  dt 


(31) 


At  any  instant  the  time  rate  of  change  of  y  {or  the  function)  equals 
its  derivative  multiplied  by  the  time  rate  of  change  of  the  independent 
variable. 

Or,  write  (31)  in  the  form 

dy 
(32) 

dt 

The  derivative  measures  the  ratio  of  the  time  rate  of  change  of  y 
to  that  of  x. 
ds 


£=«*>=!• 


dt 


being  the  time  rate  of  change  of  length  of  arc,  we  have  from 


(12),  p.  105, 


ds  _  I  /  dx\‘ 
dt  \  \dt ) 


+ 


dy 

dt 


which  is  the  relation  indicated  by  the  above  figure. 

Ex.  1.  A  point  moves  on  the  parabola  6  y  =  x2  in  such  a  way  that  when  x  =  6 
the  abscissa  is  increasing  at  the  rate  of  2  ft.  per  second.  At  what  rates  are  the 
ordinate  and  length  of  arc  increasing  at  the  same  instant  ? 
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Solution.  Differentiating  with  respect  to  the  time  t,  we  get 

(A) 


dy  _  1  dx 
dt  3  dt 


This  means  that  at  any  point  on  the  parabola 
(Rale  of  change  of  y)  =  (}  x)  ( Rate  of  change  of  x). 

dx 

But  from  the  problem,  when  x  =  6,  —  =  2  ft.  per  sec. 

dt 

Substituting  in  (A),  ~  ^  .  6.2  ft.  per  sec.  =  4  ft.  per  sec. 

(it  O 


'P  (0,6) 


Also, 


~  —  V4  +  16  =  2  V5  ft.  per  sec. 
dt 


That  is,  at  the  point  P  (6,  6)  the  ordinate  changes  in  value  twice  as  rapidly  as 
the  abscissa. 

dv 

If  we  consider  the  point  P'  ( —  6,  6)  instead,  the  result  is  —  =  —  4  ft.  per  sec. 

dt 

The  minus  sign  indicates  that  the  ordinate  is  decreasing  as  the  abscissa  increases. 

Ex.  2.  A  man  is  walking  at  the  rate  of  5  miles  per  hour  towards  the  foot  of  a 
tower  60  ft.  high  standing  on  a  horizontal  plane.  At  what  rate  is  he  approaching 

the  top  (a)  at  any  instant ;  (b)  when  he  is  80  ft.  from 
-f  the  foot  of  the  tower  ? 

Solution.  Let  y  —  distance  from  top  and  x  =  dis- 
4  tance  from  foot  of  tower  at  any  instant.  Then 
T  *2  +  (60)2  =  yl. 

Differentiating  with  respect  to  the  time  t  gives  - 

.4 _  dy  _  x  dx 

dt  y  dt 

X 

(a)  Hence  he  is  approaching  the  top  -  times  as  fast  as  he  is  approaching  the  foot. 

dx 

(b)  When  x  =  80,  y  =  100  ;  and  we  have  given  —  =  5  x  5280.  Therefore 

c it 

—  ='  x  5  x  5280  ft.  per  hour 
dt  100 

=  4  miles  per  hour. 

Ex.  3.  A  circular  plate  of  metal  expands  by  heat  so  that  its  radius  increases 
uniformly  at  the  rate  of  .01  inch  per  minute.  At 
what  rate. is  the  surface  increasing  (a)  at  any  instant; 

(b)  when  the  radius  is  2  inches? 

Solution.  Let  x  —  radius  and  y  =  area  of  the  plate. 

Then  y  =  irx 2,  and  differentiating  with  respect  to  the 
time  t, 


dt 


dt 


(a)  That  is,  at  any  instant  the  area  of  the  plate  is 
increasing  in  square  inches  2  irx  times  as  fast  as  the  radius  is  increasing  in  linear 

inches. 
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(b)  When  —  =  .01  in.  per  sec.  and  x  =  2  m. 
dt 


dy 

dt 


=  .04  7r  sq.  in.  per  sec. ; 


i.e.  the  area  is  increasing  .04  7r  sq.  in.  per  sec.  at  that  instant. 

Ex.  4.  An  arc  light  is  hung  12  ft.  directly  above  a  straight  horizontal  walk  on 
which  a  man  5  ft.  in  height  is  walking.  How  fast  is  the  man’s  shadow  lengthening 
when  he  is  walking  away  from  the  light  at  the  rate  of  168  ft.  per  minute  ? 

L  Solution.  Let  x  =  distance  of  man  from  a  point  directly 
under  light  L ,  and  y  =  length  of  man’s  shadow.  From 
the  figure, 

y.y  +  x  ::  5:12, 


or, 


y  =  f  x. 


Differentiating 


dy 

dt 


5  dx  _ 
7  dt’ 


i.e.  the  shadow  is  lengthening  |  as  fast  as  the  man  is  walking,  or  120  ft.  per  minute. 


EXAMPLES 

1.  In  a  parabola  ?/2  =  12  x,  if  x  increases  uniformly  at  the  rate  of  2  in.  per  second, 

at  what  rate  is  y  increasing  when  x  =  3  in.  ?  Ans.  2  in.  per  sec. 

2.  At  what  point  on  the  parabola  of  the  last  example  do  the  abscissa  and  ordi¬ 
nate  increase  at  the  same  rate  ?  Ans.  (3,  6). 

3.  In  the  function  y  =  2  x8 9  +  6,  what  is  the  value  of  x  at  the  point  where  y 

increases  24  times  as  fast  as  x  ?  Ans.  x  =  ±  2. 

4.  Find  the  value  of  x  when  the  function  2  x2  —  4  is  decreasing  5  times  as  rapidly 

as  x  increases.  Ans.  x  =  — 

5.  Find  the  values  of  x  at  the  points  where  the  rate  of  change  of 

x3  -  12  x2  +  46  x  -  13 

is  zero.  Ans.  x  =  3  and  5. 

6.  What  is  the  value  of  x  at  the  point  where  x8  —  5  x2  -f  17  x  and  x3  —  3  x  change 

at  the  same  rate  ?  Ans.  x  =  2. 

7.  At  what  point  on  the  ellipse  16x2  +  9  y2  =  400  does  y  decrease  at  the  same 

rate  that  x  increases  ?  Ans.  (3,  -W). 

8.  Given  y  —  xz  —  6  x2  -f  3  x  +  5  ;  find  the  points  at  which  the  rate  of  change  of 
the  ordinate  is  equal  to  the  rate  of  change  of  the  slope  of  the  tangent  to  the  curve. 

Ans.  x  =  1  and  5. 

9.  Where  in  the  first  quadrant  does  the  arc  increase  twice  as  fast  as  the  sine  ? 

Ans.  At  60°. 
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10.  The  side  of  an  equilateral  triangle  is  24  inches  long,  and  is  increasing  at  the 
rate  of  3  inches  per  hour ;  how  fast  is  the  area  increasing  ? 

Ans.  30  V3  sq.  in.  per  hour. 

11-  Find  the  rate  of  change  of  the  area  of  a  square  when  the  side  b  is  increas¬ 
ing  at  the  rate  of  a  units  per  second.  Ans.  2  ab  sq.  units  per  sec. 

12.  (a)  The  volume  of  a  spherical  soap  bubble  increases  how  many  times  as  fast 

as  the  radius  ?  (b)  When  its  radius  is  4  in.  and  increasing  at  the  rate  of  \  in.  per 

second,  how  fast  is  the  volume  increasing  ?  Ans.  (a)  4irr2  times  as  fast; 

(b)  32  7 r  cu.  in.  per  sec. 

13.  One  end  of  a  ladder  50  ft.  long  is  leaning  against  a  perpendicular  wall  stand¬ 

ing  on  a  horizontal  plane.  Supposing  the  foot  of  the  ladder  be  pulled  away  from  the 
wall  at  the  rate  of  3  ft.  per  minute ;  (a)  how  fast  is  the  top  of  the  ladder  descending 
when  the  foot  is  14  ft.  from  the  wall  ?  (b)  when  will  the  top  and  bottom  of  the 
ladder  move  at  the  same  rate  ?  (c)  when  is  the  top  of  the  ladder  descending  at  the 
rate  of  4  ft.  per  minute  ?  Ans.  (a)  f  ft.  per  sec. ; 

(b)  when  25  V2  ft.  from  wall ; 

(c)  when  40  ft.  from  wall. 

14.  A  barge  whose  deck  is  12  ft.  below  the  level  of  a  dock  is  drawn  up  to  it  by 

means  of  a  cable  attached  to  a  ring  in  the  floor  of  the  dock,  the  cable  being  hauled 
in  by  a  windlass  on  deck  at  the  rate  of  8 -ft.  per  minute.  How  fast  is  the  barge 
moving  towards  the  dock  when  16  ft.  away  ?  Ans.  10  ft.  per  minute. 

15.  An  elevated  car  is  40  ft.  immediately  above  a  surface  car,  their  tracks  inter¬ 

secting  at  right  angles.  If  the  speed  of  the  elevated  car  is  16  miles  per  hour  and  of 
the  surface  car  8  miles  per  hour,  at  what  rate  are  the  cars  separating  5  minutes 
after  they  met  ?  '  Ans.  17.8  miles  per  hour. 

16.  One  ship  was  sailing  south  at  the  rate  of  6  miles  per  hour ;  another  east  at 

the  rate  of  8  miles  per  hour.  At  4  p.m.  t}ie  second  crossed  the  track  of  the  first 
where  the  first  was  two  hours  before,  (a)  How  was  the  distance  between  the  ships 
changing  at  3  p.m.  ?  (b)  how  at  5  p.m.  ?  (c)  when  was  the  distance  between  them 
not  changing  ?  Ans.  (a)  Diminishing  2.8  miles  per  hour ; 

(b)  increasing  8.73  miles  per  hour; 

(c)  3.17  p.m. 

17.  Assuming  the  volume  of  the  wood  in  a  tree  to  be  proportional  to  the  cube 
of  its  diameter,  and  that  the  latter  increases  uniformly  year  by  year  when  growing, 
show  that  the  rate  of  growth  when  the  diameter  is  3  ft.  is  36  times  as  great  as  when 
the  diameter  is  6  inches. 


CHAPTER  XIII 


/  « ,  >y 

'  v7 

4* 


CHANGE  OF  VARIABLE 

107.  Interchange  of  dependent  and  independent  variables.  It  is 

sometimes  desirable  to  transform  an  expression  involving  deriva¬ 
tives  of  y  with  respect  to  x  into  an  equivalent  expression  involving 
instead  derivatives  of  x  with  respect  to  y.  Our  examples  will 
show  that  in  many  cases  such  a  change  transforms  the  given  expres¬ 
sion  into  a  much  simpler  one.  Or,  perhaps  x  is  given  as  an  explicit 
function  of  y  in  a  problem  and  it  is  found  more  convenient  to  use 

el'll  d2v 

a  formula  involving  — ,  — ,  etc.,  than  one  involving  -f,  etc. 

&  dy  dy 2  dx  dx? 

We  shall  now  proceed  to  find  the  formulas  necessary  for  making 

such  transformations. 

Given  y=f(x ),  then  from  XXVII  we  have 

il  y  _  1 

dx  dx 

dy 

Also,  by  XXVI, 


(33) 


dx 

dy 


giving 


dy  .  .  .  dx 

in  terms  of  —  • 


dx 


dy 


But 


d?y 

d  / 

'dy\ 

dx1 

dx\ 

KdxJ 

d?y 

d 

/ 1  \ 

dx? 

dy 

dx 

W y] 

d2x 

d 

/  1  \ 

dtf 

dy 

dx 

\dy) 

”  ( 

'  dx\? 

sdv/ 

dy 


dy\dl, 

dx)  dx 


or, 


> 

dx 


and  =  -J-  from  (33). 
dx  dx 


dy 


Substituting  these  in  (A),  we  get 


d2x 
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d2y  .  dx  ,  d2x 

giving  in  terms  of  —  and  —  •  Similarly, 


(35) 


dy  dy 

d3x  dx 
d3y  _  _  dy3  dy 
dx3 


—  —  3  (d2'xf 

y  \d  n%) 


dy2  / 


dx\5 


/ dx 

\d7i 


dy) 


and  so  on  for  higher  derivatives.  This  transformation  is  called 
changing  the  independent  variable  from  x  to  y. 

Ex.  1.  Change  the  independent  variable  from  x  to  y  in  the  equation 


1  >- 

-2_dyd?y 

d°-y( 

2 dy\ 2 

V  dx 2  > 

'  dx  dx 3 

dx2' 

-dx) 

Solution.  Substituting  from  (33),  (34),  (35), 
j  d’2x  \  2 
dy2  _  j  _ 

dx 

\dy/  \ 


\ 


'  dx  \  3 
-dy) 


d3x  dx 
dy 3  % 

-  3 1 

/d2x\ 

2\ 

1  \ 

1 

/dx\ 

*  / 

Reducing,  we  get 
a  much  simpler  equation. 


d3x  d2  x 

+  XV  — 
dy 3  dy 2 


108.  Change  of  the  dependent  variable.  Let 

(^)  y=f(x), 

and,  suppose  that  at  the  same  time  y  is  a  function  of  2,  say 

(B)  y  =  $(?)• 

We  may  then  express  4^,  etc.,  in  terms  of  etc.,  as 

dx  dx  dx  dx 

follows. 

In  general,  2  is  a  function  of  y  by  (B),  §  55,  p.  57,  and  since  y 
is  a  function  of  x  by  (A),  it  is  evident  that  2  is  a  function  of  x. 
Hence  by  XXVI  we  have 


(Cl) 


d2y  _  d 


But 

(/>) 


dx?  dx 
d 


dp  _  dy  dz_  __  <p,{z)d^. 
dx  dz  dx  dx 

dz\  dz  d 


d2z 


Also,  — ,  =  -  ( #)d  =  dx Tx  'w+  *  W  d? 


...  .  d  ...  .  dz  .  dz 

dx<H*)  =  lrpyTx  =  ‘S>  &Tx 


=  *»(*)  (£*)  +  <£'(; 
Veto/ 


d2z 

dx2 


By  V 


By  XXVI 
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Similarly  for  higher  derivatives.  This  transformation  is  called 
changing  the  dependent  variable  from  y  to  z,  the  independent  vari¬ 
able  remaining  x  throughout.  We  will  now  illustrate  this  process 
by  means  of  an  example. 

Ex.  1.  Having  given  the  equation 


(E) 


d2y  _  i  2(l  +  y)/dy\a; 
dx2  l  +  i/2  \dx/ ' 


change  the  dependent  variable  from  y  to  z  by  means  of  the  relation 
( Y)  y  =  tan  z. 

Solution.  From  ( F ), 

' dz\ 2 


—  =  sec2z  — ,  —  =  sec2z^  +  2sec2ztanz 
dx  dx  dx2  dx2 


. .  \dxJ 

Substituting  in  (E), 

d2z  „  /dz\2  ,  2(1  + tan  z)  /  „  dz\2 

sec2z  — -  +  2sec2ztan z(  —  )  =1-1 — - - — - — (sec 2z— )  > 

dx2  V  dx  '  1  +  tan  2z  \  dx  / 

and  reducing,  we  get —  — 2  (  — j  =  cos2z.  Ans. 

109.  Change  of  the  independent  variable.  Let  y  be  a  function  of 

x,  and  at  the  same  time  let  x  (and  hence  also  y)  be  a  function  of  a 
new  variable  t.  It  is  required  to  express 

§y  ^y_  , 

dx  dx?' 

in  terms  of  new  derivatives  having  t  as  the  independent  variable. 
By  XXVI, 


(A) 


Also, 


dy  dy  dx 
dt  dx  dt 
dy 

dy  _  dt 

dx.  dx 
dt 


or. 


d2y  d  (dy\  d  (dy 


dt 


dx 2  dx\dxj  dt\dx)  dx 


d  (dy 
dt  \dx 


But  differentiating  (A)  with  respect  to  t, 

j  dy\  dx  d2y  dy  d2x 
dt  dt 2  dt  dt 2 


dx 

dt 
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Therefore 

(B) 


(lx  (I2//  _  dy  d2x 

(Py_  dtdt2  dtdP.  ■  ti  /l  •  » ;  A  >  > 
dx2  /dx  \* 

/ 


and  so  on  for  higher  derivatives.  This  transformation  is  called 
changing  the  independent  variable  from  x  to  t.  It  is  usually  better 
to  work  out  examples  by  the  methods  illustrated  above  rather 
than  by  using  the  formulas  deduced. 


Ex.  1.  Change  the  independent  variable  from  x  to  t  in  the  equation 

(C) 


by  means  of  the  relation 
(-») 

Solution. 

(E) 

Also, 


(F) 

d2y 

dx2 


„  d2y  dy 

x  +  2/ =  °’ 
dx 2  dx 


dx 


x  =  e'. 

dx 
dt 


=  e',  therefore 


dt 

—  =  e~(. 
dx 

dy  dy  dt 

—  =  - ,  therefore 

dx  dt  dx 

^=«r‘A  Also, 
dx  dt 


(dy\_dye_tdt=e_td(dy\dt_dye_tdi^ 
\dt )  dt  dx  dt\dt )  dx  dt  dx 


Substituting  in  the  last  result  from  ( E ), 

,  d2y 


(G) 


d2y 

dx2 


_2t~jL_dyi 

dt 2  dt 


Substituting  (D),  (F),  (G)  in  (C), 

d2y 

and  reducing,  we  get  — -  -f  V  =  0.  Ans. 

dt 2 

Since  the  formulas  deduced  in  the  Differential  Calculus  gener¬ 
ally  involve  derivatives  of  y  with  respect  to  x,  such  formulas  as 
(A)  and  (B)  are  especially  useful  when  the  parametric  equations  of 
a  curve  are  given.  Such  examples  were  given  on  pp.  92—97,  and 
many  others  will  be  employed  in  what  follows. 
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110.  Simultaneous  change  of  both  independent  and  dependent 
variables.  It  is  often  desirable  to  change  both  variables  simul¬ 
taneously.  An  important  case  is  that  arising  in  the  transforma¬ 
tion  from  rectangular  to  polar  coordinates.  Since 

x  =  p  cos  9  and  y  =  p  sin  0, 

the  equation 

f(x,  y)=  0 

becomes  by  substitution  an  equation  between  p  and  9  defining  p 
as  a  function  of  0.  Hence  p ,  x,  y  are  all  functions  of  0. 


Ex.  1.  Transform  the  formula  for  the  radius  of  curvature  (40),  p.  163, 

'dy\*-  " 


into  polar  coordinates. 


R  = 


MSI 

d2y 

dx2 


Solution.  Since  in  (A)  and  ( B ),  pp.  154,  155,  t  is  any  variable  on  which  x  and  y 
depend,  we  may  in  this  case  let  t  =  0,  giving 

dy 


(B) 


(C) 


dy  dO 
— —  —  — —  i  and 
dx  dx 

do 

dx  d2y  dy  d2x 
d2y  ^  do  do 2  do  do 2 
dx'2  /dx\3 

\To) 


Substituting  (Z>)  and  (C)  in  (A),  we  get 

v^V+^Vl1  dx  d2y  cly  (1?1 

\do)+\de)  do  dO2  dOdff- 


R  = 


( 


dxV2 

do) 


/dx\s 

\do) 


■>  or, 


(D) 


R  = 


[(IS(S)T 

dx  d2y  dy  d2x 

do  do 2  dO  dO 2 


But  since  x  —  p  cos  0  and  y  —  p  sin  0 ,  we  have 

~=-psin0  +  cosfl^;  <~-=zp  cos  0  +  sin  0  — ; 
at)  dO  dO  dO 


<Px 
dO 2 


a~  p  cos  0  -  2  sin  0  ~  +  cos  6  ^ ^  =  -  p  sin  0  +  2  cos  0  ^  +  sin  0  ^ . 


d2p  d2y 


dO 


dO 2  dO2 


dO 


dO 2 
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Substituting  these  in  (D)  and  reducing, 


E  = 


P2  +  2 


(*) 

\deJ 


2  d2p 

p - 

de2 


Ans. 


EXAMPLES 

Change  the  independent  variable  from  x  to  y  in  the  four  following  equations. 

M2)T 


1,  1.  B 


d2y 

dx2 


Ans.  R  = 


Ml)1] 


2.  tl  +  2»(®V=0. 

dx 2  V  dx  / 

d2y  /dy\3_dy  =  0 
$  \dx /  dx 


Ans. 


a 

v3.  x 


dx2 


Ans.  x 


d2x 

dy2 


dy> 
d2x 
dy2 

O  A 

-  2y  —  =  0. 
dy 

1+(|),=°- 

\  d3x 


d2x 

dy2 


7  3a—  +  2^ 

/  d2y  \2_ 

f  a  —  + 1 

\dy  d3y 

aiis.  (^y= 

/dx  \ 

V  dx  / 

V  dx2  /  1 

V  dx 

2  dx  dx3 

Vdy2/ 

Vdy  / 

Change  the  dependent  variable  from  y  to  z  in  the  following  equation. 

-  ,  a+«-(S-.»)+(2)'=*(1  +  »)S& 

,  ,  d3z  dz  d2z  ,  „ 

Ans.  (z  +  1)  —  =  — —  +  22  +  2z. 
dx8  •  dx  dx2 

Change  the  independent  variable  in  the  following  eight  equations. 


6. 


d2y 
dx 2 


x  dy 


+ 


2/ 


1  —  x2  dx  1  —  x2 


.=», 


7-  <l-*)f|-4  =  ». 

dx2  dx 

d2u  du  ,  „  A 

8.  (1-2/2  -r^-^T“  +  aM  =  0’ 

dy2  dy 

9.  I^  +  2^+^  =  0, 

dx2  dx  x2 

10.  z8^  +  3z2^+Xy  +  »  =  0, 

dx8  dx2  dx 


d2y  |  2x  | 


2/ 


> 


><12. 


dx2_rl  +  x2dx  1  (1+x2)2 
+  su  —  +  cosec2  s  =  0, 


=  0, 


ds 


ds 


x  =  cos  f. 

x  =  cos  z. 

y  =  sin  x. 

1 

x  =  —  • 
z 

x  =  e*. 

x  =  tan  6. 

s  =  arc  tan  t. 
d2u 


d?y 

Ans.  — -  +  y  =  0. 
dt2 

a  d2y 
Ans.  —  =  0. 
dz2 
. 

.  d2u 

Ans. - h  a2u  =  0. 

dx 2 

A  ns.  -f  a2y  =  0. 

dz2 

a  dsv  , 

Ans. - )-  v  =  0. 

dt* 

Ans.  <^-  +  y  =  0. 

dd 2 


du 


13.  x4  ^  +  a2y  =  0, 
dx 2 


Ans.  (1  +  <2)  TV  +  (2 1  +  u  arc  tan  t)  v-  +  1  = 
at*  dx 

1  ,  d2y  2  dy  ,  „ 

x  =  -.  a?is.  +  -  v-  +  a2y  =  o. 
z  dz2  z  dz 
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In  the  following  four  examples  the  equations  are  given  in  parametric  form. 


dy  ,  d?y  .  , 

Find  —  and  — -  in  each  case. 
dx  dx2 

14.  x  =  7  -ft2,  y  =  3  +  <2-  3th 


4=1-0 t>,  ^  =  -6. 

dx  dx2 


15.  x  =  cott,  y  =  sin3t.  A  ns.  —  =  —  3sin4t  cos  t,  ^  =  3  sin6f  (4  —  5  sin2t). 

dx  dx2 


16.  x  =  a  (cos  f  -f  t  sin  t),  y  =  a  (sin  t  —  t  cos  t). 


1  -f  2 t 

17.  x  =  - - -i  y  = 


1  +  t 


1  +  t 


Ana.  —  =  tan  t,  ^  =  _J— ■ 
dx  dx2  at  cos3 t 

Am.  4  =  _i,**  =  0. 
dx  dx 2 


dy 

x—  -  2/ 

ClX 

18.  Transform  — ■  by  assuming  x  =  p  cos  0,  y  =  p  sin  0. 


A  us. 


>Ri)* 


19.  Let  /(x,  2/)  =  0  be  the  equation  of  a  curve.  Find  an  expression  for  its 
'dy\  . 


slope  (—  'j  in  terms  of  polar  coordinates. 
\dx/ 


.  dp 
p  cos  8  +  sin  6  — 
.  dy  dd 

A  ns.  —  = 
dx 


„  dp 

—  p  sin  9  +  cos  6  — 
dd 
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CURVATURE.  RADIUS  OF  CURVATURE 

111.  Curvature.  The  shape  of  a  curve  depends  very  largely 
upon  the  rate  at  which  the  direction  of  the  tangent  changes  as 
the  point  of  contact  describes  the  curve.  This  rate  of  change 
of  direction  is  called  curvature  and  is  denoted  by  K.  We  now 
proceed  to  find  its  analytical  expression,  first  for  the  simple  case 
of  the  circle,  and  then  for  curves  in  general. 

112.  Curvature  of  a  circle.  Consider  a  circle  of  radius  R.  Let 

t  =  angle  that  the  tangent  at  P  makes  with  OX,  and 
t  +  At  =  angle  made  by  the  tangent  at  a  neighboring  point  P'. 
Then  we  say 

At  =  total  curvature  of  arc  PP' . 

If  the  point  P  with  its  tangent  be 
supposed  to  move  along  the  curve  to 
P',  the  total  curvature  (=  At)  would 
measure  the  total  change  in  direction, 
or  rotation,  of  the  tangent;  or,  what 
is  the  same  thing,  the  total  change  in 
direction  of  the  arc  itself.  Denoting  by  s  the  length  of  the  arc 
of  the  curve  measured  from  some  fixed  point  (as  A)  to  P ,  and 
by  As  the  length  of  the  arc  PP',  then  the  ratio 

At 

aI 

measures  the  average  change  in  direction  per  unit  length  of  arc.* 

Since  from  the  figure,  A  „  . 

A s  —  R-  At, 

At  1 

or,  “t  =  v,’ 

As  R 

*  Tlras,  if  At  =  -  radians  (=  30°),  and  As=  3  centimeters  ;  then 
6 

—  =  -  radians  per  centimeter=  t0°  per  centimeter  =  average  rate  of  change  of  direction. 


ICO 


DIFFERENTIAL  CALCULUS 


it  is  evident  that  this  ratio  is  constant  everywhere  on  the  circle. 
This  ratio  is  by  definition  the  curvature  of  the  circle ,  and  we  have 


(36) 


The  curvature  of  a  circle  equals  the  reciprocal  of  its  radius. 

113.  Curvature  at  a  point.  Consider  any  curve.  As  in  the  last 
section, 

At  =  total  curvature  of  the  arc  PP  , 

and  —  =  average  curvature  of  the  arc  PP'. 

As 


More  important,  however,  than  the  notion  of  the  average  curva¬ 
ture  of  an  arc  is  that  of  curvature  at 
a  point.  This  is  obtained  as  follows. 
Imagine  P'  to  approach  P  along  the 
curve,  then  the  limiting  value  of 

the  average  curvature  as  ^ ' 

approaches  P  along  the  curve  is  defined 
as  the  curvature  at  P ,  i.e. 


Curvature  at  a  point  = 


(37) 


dr 


0  yAs  J  ds 


A  =  =  curvature. 

as 


If  we  suppose  P  to  move  along  the  curve,  t  and  s  are  functions 
of  the  time  t,  and  we  may  write 

dr 

tt  _dr  _  dt 
li.  -  — —  -  —  9 

ds  ds 


dt 


dr 


where  —  =  angular  velocity  of  rotation  of  the  tangent, 

CtL 

and  ~^  =  v  =  magnitude  of  the  velocity  of  P  in  the  path. 

Let  v  =  1,  then 
and  we  have  the  theorem  : 

The  curvature  at  P  is  equal  to  the  angular  velocity  of  the  tangent 
at  P  when  P  describes  the  curve  with  unit  velocity. 


rr  dr 
A  =  — , 
dt 


V 
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114.  Formulas  for  curvature.  It  is  evident  that  if  in  the  last 
section,  instead  of  measuring  the  angles  which  the  tangents  made 
with  OX,  we  had  denoted  by  t  and  t  +  At  the  angles  made  by  the 
tangents  with  any  arbitrarily  fixed  line,  the  different  steps  would 
in  no  wise  have  been  changed,  and  consequently  the  results  are 
entirely  independent  of  the  system  of  coordinates  used.  How¬ 
ever,  since  the  equations  of  the  curves  we  shall  consider  are  all 
given  in  either  rectangular  or  polar  coordinates,  it  is  necessary  to 
deduce  formulas  for  K  in  terms  of  both.  We  have 


tan  r  — 


dx 


or, 


t  =  arc  tan 


dy 

dx 


Differentiating  with  respect  to  s. 


(A) 


But 


d"T 

ds 


dr 

ds 


d  f  dy 
ds  \  dx 


dx  _  1 
ds  ds 
dx 


d2y  dx 
dx1  ds 

1 


K 


dy '2‘ 

dx 


Therefore,  substituting  in  (H), 


dr 

ds 


dfy 

dx2 


1  + 


(107 


and,  since 


(38) 


K  =  — ,  we  have 
ds 


11  = 


(Pjf 

dx2 


nt 


MS)] 


45,  p.  44 


by  XXI 


By  XXVI 


By  (24),  p.  142 
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If  the  equation  of  the  curve  he  given  in  polar  coordinates, 
K  may  be  found  by  transforming*  the  above  formula  by  means 
of  the  relations 

x  =  p  cos  d,  y  —  p  sin  d; 

giving 


Ex.  1.  Find  the  curvature  of  the  parabola  y2  =  4px  at  the  upper  end  of  the 
latus  rectum. 


Solution. 


dy_2p  d2y  _  2pdy  _  4  p2 


dx  y  ’  dx 2 
Substituting  in  (38), 


K  = 


y 2  dx  y6 

4  p2 


(2/2  +  4p2)* 

giving  the  curvature  at  any  point.  At  the  upper  end  of  the  latus  rectum  (p,  2 p) 

4  p2  4  p2  1 


K  = 


-•t  Ans. 


(4p2  +  4p2)^  16  V2p3  4  V2p 

Ex.  2.  Find  the  curvature  of  the  logarithmic  spiral  p  ~  eaB  at  any  point. 
Solution. 


—  =  aeaB  =  ap  :  —  =  a2e“®  =  a2p. 
dd  dd 2  H 


Substituting  in  (39), 


K  = 


P  Vl  +  a2 


Ans. 


115.  Radius  of  curvature.  By  analogy  with  the  circle  [see  (36) 
p.  160],  the  radius  of  curvature  of  a  curve  at  a  point  is  defined  as 
the  reciprocal  of  the  curvature  of  the  curve  at  that  point.  Denot¬ 
ing  the  radius  of  curvature  by  B,  we  have 


*  The  details  of  this  transformation  were  given  in  Ex.  1  on  pp.  156, 157. 

t  While  in  our  work  it  is  generally  only  the  numerical  value  of  K  that  is  of  importance,  yet 
we  can  give  a  geometric  meaning  to  its  sign.  Throughout  our  work  we  have  taken  the  positive 

sign  of  the  radical  V  1  +  (~)  •  Therefore  K  will  he  positive  or  negative  at  the  same  time  as 
(Py  . 

that  is  (§98,  p.  136),  according  as  the  curve  is  concave  upwards  or  concave  downwards. 

t  Hence  the  radius  of  curvature  will  have  the  same  sign  as  the  curvature,  i.e.  +  or  -  according 
as  the  curve  is  concave  upwards  or  concave  downwards. 
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or,  substituting  the  values  of  K  from  (38)  and  (39), 


Ex.  1.  Find  the  radius  of  curvature  at  any  point  of  the  catenary  y  =  -  (d  +  e"«) 

2 

e  ,  ..  ~dy  1  *  d*y  1  *  _* 

Solution.  —  _  -  (ea  —  e  a) ;  —  =  ^  (e<l  +  e  “)•  Substituting  in  (40), 


yl. 

a 


Ans. 


If  the  equation  of  the  curve  is  given  in  parametric  form,  find 
the  first  and  second  derivatives  of  y  with  respect  to  x  from  (A) 
and  (-B),  p.  154,  155,  namely: 

dy 

dy  dt  n 

_v  =  — ,  and 

dx  dx 
dt 

dx  d2y  dy  d2x 

d2y  dt  dt2  dt  dt 2  _ 

dx2  /dx\z 

\dt) 

and  then  substitute  the  results  in  (40). 


<*> 

(0) 


Ex.  2.  Find  the  radius  of  curvature  of  the  cycloid 

x  =  a  (t  —  sin  <), 
y  —  a(  1  r-  cos  t). 


dx 

dt 


—  a(l  —  cos  t), 


—  =  a  sin  t : 
dt 


Solution. 
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Substituting  in  (B)  and  (C),  and  then  in  (40),  p.  163,  we  get 

dij  sin  t  d2y  _  a  (1  -  cos  t)acost-a  sin  t  a  sin  t  _ _ 1 - _  _ 

~dx  =  1  —  cos  t 1  a3  (1  —  cos  t)s  a(l-cosf)2 


—  _2aV2  —  2  cos  t.  Ans. 

'  a  (1  —  cos  f)2 

Note.  From  (6),  p.  90,  we  get  _ _ 

length  of  normal  =  y  V1  +  =  a(l-  cos  t )  \1  +  (p  _  cos 

— a  V2  —  2  cos  t. 

Hence  from  a  comparison  of  the  last  two  results: 

At  any  point  on  the  cycloid  the  lenyth  of  the  radius  of  curvature 
is  twice  the  length  of  the  normal. 


EXAMPLES 


w  1.  Find  the  radius  of  curvature  of  the  equilateral  hyperbola  xy  =  12  at  the 
point  (3,  4).  Ans.  Ii  =  -Vi5-. 


k 


2.  What  is  the  curvature  of  y  =  x4  —  4  x8  —  18  x2  at  the  origin  ? 


Ans.  K  =  —  36. 


3.  Find  the  radius  of  curvature  of  the  ellipse  b2x2  +  a2y2  =  a2b2  (a)  at  any 
point,  (b)  at  end  of  major  axis,  (c)  at  end  of  minor  axis  (a  >  b). 


Ans.  (a)  R  = 


(ahj2  +  fr4x'2p 


b°- 


a464 


(b)  R  (c)  R  =  — - 
a  b 


O 

4.  What  is  the  radius  of  curvature  of  the  curve  10  y-  =  4x4  —  x6  (a)  at  (0,  A), 

(b)  at  (2,0)?  vt,  Ans.  (a)  R  =  0,  (b)  R  =  2. 

5.  Find  the  curvature  of  the  cubical  parabola  a2y  —  x3. 

r  1  -w  r  O  IV  X 

Ans.  K  = - 

(a4  +  9  x4)* 

6.  Get  the  radius  of  curvature  in  the  semicubical  parabola  ay 2  =  x8. 

Ans.  R=xi(ia  +  9x}i_ 
6  a 

7.  Find  the  radius  of  curvature  of  the  curve  y  =  x8  +  5x2  +  6  x  at  the  origin. 

Ans.  R  =  22.506. 

f  8.  Find  the  point  on  the  parabola  y2  =  8  x  at  which  the  radius  of  curvature 
is  7i|.  Ans.  (|,  3). 


9.  Find  the  curvature  of  the  curve^-^  +  =  1  at  the  point  (0,  b). 


Ans.  K  = 


3  b 
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10.  Determine  the  radius  of  curvature  of  the  curve  ol-y  =  b&-i-exiy  at  the 

origin.  Ans.  R  =  oo. 

q2  (ct  _  x') 

11.  Show  that  the  radius  of  curvature  of  the  witch  y 2  =  — - -  at  the  vertex 


12.  Find  the  radius  of  curvature  of  the  curve  y  =  log  sec  x  at  any  point. 

Ans.  B  =  sec  x. 
1 

iii  or- 

13.  Find  K  at  any  point  on  the  parabola  x2  +  y*  —  a-.  Ans.  K  = - -  • 

2(x  +  y)% 

14.  Find  R  at  any  point  on  the  hypocycloid  xA  +  y$  =  a?s.  Ans.  R  =  3  (axy)r 


15.  Find  R  at  any  point  on  the  cycloid  x  =  r  arc  vers  -  —  V2  ry .—  '"2 

r 


*  ™ 


ry  -  y 2. 

Ans.  R  =  2  V2  ry. 
Find  the  radius  of  curvature  of  the  following  curves  at  any  point. 

16.  The  circle  p  =  a  sin  8. 


17.  The  spiral  of  Archimedes  p  =  ad. 

18.  The  cardioid  p  =  a  (1  —  cos  8). 

19.  The  lemniscate  p 2  =  a2  cos  2  8. 


Ans.  R  = 


20.  The  parabola  p  =  a  sec2  -  • 

2 


21.  The  curve  p  =  a  sin3-* 

•> 

V,  22.  The  trisectrix  p  —  2a  cos  8  —  a. 

23.  The  equilateral  hyperbola  p 2  cos  2  6  =  a2. 


Ans.  R  =  -■ 
2 

_  (p2  +  a¥ 
p*  +  2  a2  ’ 

Ans.  R  =  f  V2  a/>. 

a2 

Ans.  7s!  - - 

3  p 

Q 

Ans.  R  =  2asec3-- 
2 

Q 

Ans.  R  =  fa  sin2-- 

O 


Ans.  R 


a  (5  —  4  cos  6)* 
9  —  6  cos  8 

Ans.  R  — 

a2 


a (1  -  e2)  .  Q  p_a(l-e2)(l-2ecos0  +  e2)*_ 

24.  The  c<>m<tP  =  1_e—0-  AnS ■  B~  (1  —  e cos 8)8 


25.  The  curve 


x  =  3 12, 
y  =  3t-t\ 


,  . ,  (  x  =  acos3t, 
26.  The  hypocycloid  jy  =  08ia,fc 


27.  The  curve 

28.  The  curve 


x  =  a  (cos  f  + 1  sin  <), 
y  =  a(sint  —  t  cos  t). 

x  =  a  (m  cost  +  cosmf), 


(1  —  e  cos  0)3 
Ans.  R  =  f  (1  +  U)2. 
Ans.  R  =  3a  sin  t  cost. 

Ans.  R  =  at. 


y  =  a(m  sin  t  —  sin  mt).  B  =  l^sinf^  )t. 

—  1  \  2  / 
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THEOREM  OF  MEAN  VALUE.  INDETERMINATE  FORMS 


116.  Rolle’s  Theorem.  Let  y=f(x)  be  a  continuous  single-valued 
function  of  x  vanishing  for  x  =  a  and  x  =  5,  and  suppose  that  f(x) 

changes  continuously 
when  x  varies  from  a 
to  b.  The  function  will 
then  be  represented 
graphically  by  a  contin¬ 
uous  curve  with  a  con¬ 
tinuously  turning  tan¬ 
gent  as  in  the  figure. 
Geometric  intuition  shows  us  at  once  that  for  at  least  one  value  of  x 
between  a  and  b  the  tangent  is  parallel  to  the  axis  of  X  (as  at  P), 
i.e.  the  slope  [=/'(x)]  is  zero.  This  illustrates  Rolle’s  Theorem: 

If  f(x)  vanishes  when  x  =  a  and  x  =  b,  and  y 
f(x)  and  f'(x)  are  continuous  for  all  values  of  x 
from  x  =  a  to  x  =  b,  then  fix)  will  be  zero  for 
at  least  one  value  of  x  between  a  and  b.* 

This  theorem  is  obviously  true,  because 
as  x  increases  from  a  to  b ,  f(x)  cannot  always 
increase  or  always  decrease  as  x  increases, 

since  f(a)  =  0  and  f(b)  =  0.  Hence  for 
at  least  one  value  of  x  between  a  and  b , 
f(x)  must  cease  to  increase  and  begin  to 
decrease,  or  else  cease  to  decrease  and 
begin  to  increase ;  and  for  that  particular 
value  of  x  the  first  derivative  must  be 
zero  (§  93,  p.  118). 

*  The  second  figure  shows  the  graph  of  a  function  which  is  discontinuous  (=  oo )  for  x  =  c,  a  value 
lying  between  a  and  6.  The  third  figure  shows  the  graph  of  a  continuous  function  whose  first 
derivative  does  not  exist  for  such  an  intermediate  value  x=c.  In  each  case  it  is  seen  that  at  no 
point  on  the  graph  between  x  =  a  and  x=  b  does  the  tangent  (or  curve)  become  parallel  to  OX 
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117.  The  Theorem  of  Mean  Value.*  Consider  the  quantity  Q 
defined  by  the  equation 


(A) 

(B) 


f  0>)  -  f  (<*)-(?>- a)  Q  =  0. 


Let  F(x)  be  a  function  formed  by  replacing  b  by  x  in  the  left- 
hand  member  of  ( B)\  that  is, 


(O) 


F(x)  =f(x)  -  f(a )  ~{x-a)  Q. 


From  ( B ),  F(b)  =  0,  and  from  (C),  F(a)=  0, 

therefore  by  Rolle’s  Theorem,  p.  166,  F'(x)  f  must  be  zero  for  at 
least  one  value  of  x  between  a  and  b,  say  xv  But  by  differenti¬ 


ating  ((7)  we  get 


5  F'(x)=f[(x)-  Q. 

Therefore,  since  F\x J  =  0,  then  also/'(Zj)  —  Q  =  0,  and 


Q=f(p  i). 

Substituting  this  value  of  Q  in  (H),  we  get  the  Theorem  of  Mean 
Value, 


where  in  general  all  we  know  about  xx  is  that  it  lies  betiveen  a  and  b. 


The  Theorem  of  Mean  Value  can  be  easily  interpreted  geomet¬ 
rically.  Let  the  curve  in  the  figure  be  the  locus  of 


y=f(?)- 


Y 


Take  OC  =  a  and  OD  =  b  ;  then 
f(a)  =  CA  and  f(b)  =  DB,  giving 
AE—b  —  a  and  EB  =f(b)—f(a). 


Therefore  the  slope  of  the  chord 


ABls  EB  (a)  _ X  _q\  D - x 

AE  b  —  a  ‘Tl' 

and  the  Theorem  of  Mean  Value 

simply  asserts  that  there  is  at  least  one  point  on  the  curve  between 
A  and  B  (as  P)  where  the  tangent  (or  curve)  is  parallel  to  the 
chord  AB.  If  the  abscissa  of  P  is  xv  the  slope  at  P  is  /'(aq),  and 


we  have 


*  Also  called  the  Law  of  the  Mean. 


t  If  Fix)  and  F\x)  are  continuous. 
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The  student  should  draw  curves  to  show  that  there  may  be  more 
than  one  such  point  in  the  interval,  and  curves  to  illustrate  on  the 
other  hand  that  the  theorem  may  not  be  true  iif(x)  becomes  discon¬ 
tinuous  for  any  value  of  x  between  a  and  b ,  or  if  f'(x)  ceases  to  exist. 

Clearing  (42)  of  fractions,  we  may  also  write  the  theorem  in  the  form 

(43)  /(&)  =  /(a)  +  (6  —  a)f’(x  i). 

Let  b  =  a  +  Aa ;  then  b  —  a  =  A  a,  and  since  x1  is  a  number  lying 
between  a  and  b,  we  may  write 

xx  —  a  +  6  •  A  a, 

where  6  is  a  positive  proper  fraction.  Substituting  in  (43),  we  get 
another  form  of  the  Theorem  of  Mean  Value, 

(44)  f(a  +  Aa)—f(a)  =  Aaf'(a  +  6-Aa).  O<0<\ 

118.  The  Extended  Theorem  of  Mean  Value.*  Following  the 
method  of  the  last  section,  let  R  be  defined  by  the  equation 

(A)  m-m  -(b-  a)f  (a)  -l(b-afB=0. 

Let  F(x)  be  a  function  formed  by  replacing  b  by  x  in  the  left- 
hand  member  of  {Ay,  that  is, 

(B)  1 ?(x)=f(z)—f(a)  —  (z  —  a)f'(a)—  \  {x-afR. 

From  {A),  F(b)  =  0 ;  and  from  ( B ),  F(a)  =  0, 

therefore,  by  Rolle’s  Theorem,  p.  166,  at  least  one  value  of  x  be¬ 
tween  a  and  b,  say  xv  will  cause  F'(x)  to  vanish.  Hence,  since 
F1  (x)  =f'(x)—f'(a)  —  (x—  a)B,  we  get 
F'  («i)  =  /'  ixi)  -  f  ( a )  -{x1-a)B  =  0. 


Since  F'{xx)==  0  and  F'(a)=  0,  it  is  evident  that  F'(x)  also  satis¬ 
fies  the  conditions  of  Rolle’s  Theorem,  so  that  its  derivative ,  namely 
F"{x),  must  vanish  for  at  least  one  value  of  x  between  a  and  xv 
say  x2,  and  therefore  x2  also  lies  between  a  and  b.  But 

F”  (x)  =  f"  (x)  —  B ;  therefore  F"  (x2)  =  f"  {x2)  —  B  =  0,  and 

R=f"(x2). 

Substituting  this  result  in  {A),  we  get 


(0) 


/(»)=/(<•)  +  (i  -«)/'(«)  +  1(5 

l± 


aff'{x2).  a<x2<b 


*  Also  called  the  Extended  Law  of  the  Mean. 
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In  the  same  manner,  if  we  define  S  by  means  of  the  equation 

f(b)  ~f(a)  ~(b~  a)f  ( a )  ~  ,4  (b  ~  aff"  («)  -  i  (b  -  a)3  S  =  0, 

we  can  derive  the  equation 

(D)  f(b)  =f  (a)  +  {b-  a)f  (a)  +  4  (b  ~  «)2/''  («)  +  ,4  (b  ~  aff "  (xz\ 


[3 


where  x~  lies  between  a  and  b. 


a  <  x„<b 


By  continuing  this  process  we  get  the  general  result,* 

{E)  f(b)  =f(a)  +  {h~^l)f  (a)  +  ^  ~  ^  ■/»  (a)  +  (b  f"  (<*)  +  ••• 


fi¬ 


ll 

(b  -a)n-1  (n_ 


n 


-1 


f(n  ])(«)  + 


(2 

(b  -  a)n 

[n 


11 


/<B)(«  i), 


a  <  x1<b 


where  aq  lies  between  a  and  b.  (E)  is  called  the  Extended  Theorem 
of  Mean  Value. 

119.  Maxima  and  minima  treated  analytically.  By  making  use 
of  the  results  of  the  last  two  sections  we  can  now  give  a  general  dis¬ 
cussion  of  maxima  and  minima  of  functions  of  a  single  independent 
variable. 

Given' the  f unction  f(x).  Let  A  be  a  positive  number  as  small 
as  we  please ;  then  the  definitions  given  in  §  94,  p.  118,  may  be 
stated  as  follows: 

If,  for  all  values  of  x  different  from  a  in  the  interval  [a  —  h,  a  -f-  A], 

(A)  f(x)  —  f(a)  =  a  negative  number , 

then  f(x)  is  said  to  be  a  maximum  when  x  =  a. 

If,  on  the  other  hand, 

(B)  f(x)  —  f(a)  =  a  positive  number , 

then  f(x)  is  said  to  be  a  minimum,  when  x  =  a. 

Consider  the  following  cases: 

I.  Let  f  (a)  0. 

From  (43),  p.  168,  replacing  b  by  x  and  transposing/^), 

( C)  fix)  -f(a)  =  (x  —  a)f  (xx).  a  <  x1  <  x 


*  It  is  assumed  that  f{x) 


,  /’(*),  /"(*)>  ‘  ‘  •,/<”>(*)  exist  throughout  the  interval  [a,  6]. 
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Since  f'(a)  =£  0,  and  f'(x)  is  assumed  as  continuous,  A  may  be 
chosen  so  small  that  /'  (x)  will  have  the  same  sign  as  /'  (a)  for  all 
values  of  x  in  the  interval  [a  —  A,  a  +  A].  Therefore/'^)  has  the 
same  sign  as  /'(a)  (§§  29-33).  But  x  —  a  changes  sign  according 
as  x  is  less  or  greater  than  a.  Therefore,  from  ((7),  the  difference 

f(x)-f(a) 


will  also  change  sign,  and  by  (A)  and  ( B ),  f(a)  will  be  neither  a 
maximum  nor  a  minimum.  This  result  agrees  with  the  discussion 
in  §  94,  where  it  was  shown  that  for  all  values  of  x  for  which  f(x)  is 
a  maximum  or  a  minimum  the  first  derivative  f  (x)  must  vanish. 

II.  Letf(a)  =  0,  andf"(a)=£  0. 

From  ( 0 ),  p.  168,  replacing  b  by  x  and  transposing /(a), 


f(x)-f(a) 


(x  —  a)‘ 

TT 


a  <x0<x 


Since  /" (a)  0,  and  f"(x)  is  assumed  as  continuous,  we  may 

choose  our  interval  [a  —  A,  a  +  h\  so  small  that  f"{x2)  will  have  the 

same  sign  as  f"(a)  (§§  29-33).  Also  (x  —  a)'2  does  not  change  sign. 

Therefore  the  second  member  of  (D)  will  not  change  sign,  and  the 

difference  .  . 

f(x)-f(a) 


will  have  the  same  sign  for  all  values  of  x  in  the  interval  [a  —  h, 
a  +  A],  and  moreover  this  sign  will  be  the  same  as  the  sign  of  f" (a). 
It  therefore  follows  from  our  definitions  (A)  and  (. B )  that 

(E)  f  (a)  is  a  maximum  iff  (a)  =  0  andf"(a)  =  a  negative  number; 

(F)  f  (a)  is  a  minimum  if  f\a)  =  0  andf"(a)  =  a  positive  number. 


These  conditions  are  the  same  as  (21)  and  (22),  p.  124. 

III.  Let  f(a)=f"(a)=  0,  and  f"(a)  ^  0. 

From  (  D),  p.  169,  replacing  b  by  x  and  transposing  /(a), 

(<?)  m  ~f(a)  =  i  (x  -  </’>,).  a  <  x,  <  x 

As  before,  f"(xa)  will  have  the  same  sign  as  f"(a).  But  (x  —  a)z 
changes  its  sign  from  —  to  +  as  x  increases  through  a.  Therefore 
the  difference 

fix)  —f  (a) 


must  change  sign,  and  f(a)  is  neither  a  maximum  nor  a  minimum. 
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IV .  Let  f\a)  —f"(a)  = . =/(n_1)(a)  =  q,  and  fM(a)  =£  0. 

By  continuing  the  process  as  illustrated  in  I,  II,  and  III,  it  is 
seen  that  if  the  first  derivative  of  f  ( x )  which  does  not  vanish  for 
x  =  a  is  of  even  order  (=  «),  then 

(45)  f(<()  is  a  maximum  if /(«)(«.)  =  a  negative  number; 

(46)  f(a)  is  a  minimum  if /(»)(«)  =  a  positive  number.* 

If  the  first  derivative  of  f(x)  which  does  not  vanish  for  x  =  a  is 

of  odd  order,  then /(«)  will  be  neither  a  maximum  nor  a  minimum. 

Ex.  1.  Examine  x3  —  9x2  +  24  x  —  7  for  maximum  and  minimum  values. 

Solution.  f(x)  =  x3  -  9  x2  +  24  x  -  7. 

f'(x)  —  3x2  —  18  £  +  24. 

Solving  3  x2  -  18  x  +  24  =  0 

gives  the  critical  values  x  =  2  and  x  =  4.  /'( 2)  =  0,  and  /  (4)  =  0. 

Differentiating  again,  f"(x)  =  Gx  —  18. 

Since  f"(2)  =  —  6,  we  know  from  (45)  that/ (2)  =  13  is  a  maximum. 

Since /"(4)  =  +  6,  we  know  from  (46)  that  /( 4)  =  9  is  a  minimum. 

Ex.  2.  Examine  e*  +  2  cosx  +  erx  for  maximum  and  minimum  values. 

Solution.  .  f(x)  =  ex  +  2  cosx  +  erx, 

f'(x)  —  ex  —  2  sin  x  —  e~x  =  0,  for  x  =  0,  t 

f"(x)  =  ex  —  2  cos  x  +  e~  x  =  0,  for  x  =  0, 

f'"(x)  =  e?  +  2  sin  x  —  e~x  =  0,  for  x  =  0, 

fiv(x)  =ex  +  2  cosx  +  erx  —  4,  for  x  —  0. 

Hence,  from  (46),  /(0)  =  4  is  a  minimum. 

EXAMPLES 

Examine  the  following  functions  for  maximum  and  minimum  values,  using 
method  of  the  last  section. 

1.  3  x4  —  4  x3  +  1.  Ans.  x  =  1  gives  min.  =  0  ; 

x  —  0  gives  neither. 

2.  x3  —  6  x2  +  12  x  +  48.  Ans.  x  =  2  gives  neither. 

3.  (x  —  l)2  (x  +  l)3.  Aws.  x  =  1  gives  min.  =  0 ; 

x  =  l  gives  max.  ; 

.  x  =  —  1  gives  neither. 

4.  Investigate  x5  —  5  x4  +  5  x3  —  1,  at  x  =  1  and  x  =  3. 

5.  Investigate  x3  —  3  x2  +  3  x  +  7,  at  x  =  1. 

6.  Show  that  if  the  first  derivative  of  f(x)  which  does  not  vanish  for  x  =  a  is 
of  odd  order  (=  n),  then  /(x)  is  an  increasing  or  decreasing  function  when  x  =  a, 
according  as/(”)(a)  is  positive  or  negative. 

*  As  in  §  94,  a  critical  value  x—  cc  is  found  by  placing  the  first  derivative  equal  to  zero  and  ' 
solving  the  resulting  equation  for  real  roots. 

t  x  =  0  is  the  only  root  of  the  equation  e*  -  2  sin  x  -  er  *  =  0. 
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120.  The  Generalized  Theorem  of  Mean  Value.  This  theorem 
asserts  about  the  two  functions  f(x)  ancl  F(x)  that 

a  <  xx  <  b 


(47) 


f(b)  -  f(a)  _  f'(v  i) 
F(b)  —  F(a)  F'(x  i)' 


■  F’(x)  —f'(x)  -  -  0 


where  xx  lies  in  the  interval  [ a ,  5]  and  F' (x)  does  not  vanish  in 
the  interval. 

Proof.  By  multiplying  both  sides  of  (47)  by  F' (x \)  and  trans¬ 
posing  f  (xx)  to  the  left-hand  side,  we  see  that  this  theorem  iequh.es 
that  the  equation 

F(b)  -  F(a) 

shall  have  a  root  xx  lying  between  a  and  b.  In  order  to  make  it 
possible  to  apply  Rolle’s  Theorem,  p.  166,  let  us  try  to  construct  a 
function  having  this  left-hand  member  for  a  derivative  and  such 
that  it  (the  function)  vanishes  for  x  =  a  and  x—b.  Such  a  func¬ 
tion  is 

F(b)-fF(a)  ~  F{<1^  ~  [f{X) 

because  it  vanishes  for  x  —  a  and  x—b,  and  hence  by  Rolle’s 
Theorem  its  derivative  must  vanish  for  an  intermediate  value  of 
x,  say  xx;  that  is, 

f(b)-f(a) 

F(b)  -  F(a) 
which  is  equivalent  to  (47). 

121.  Indeterminate  forms.  When,  for  a  particular  value  of  the 
independent  variable,  a  function  takes  on  one  of  the  forms 

0  GO  A  AO  O  -t  SO 

q’  5o’  (J‘GO’  °°~  °°>  0  ,  QO  ,  1  , 

it  is  said  to  be  indeterminate ,  and  the  function  is  not  defined  for 
that  value  of  the  independent  variable  by  the  given  analytical 
expression.  For  example,  suppose  we  have 

/(*) 


F'(vi)-f'(x1)=0, 


y 


F(x) 


where  for  some  value  of  the  variable,  as  x=a, 

f(a)  —  0,  F(a)=0. 
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For  this  value  of  x  our  function  is  not  defined  and  we  may 
therefore  assign  to  it  any  value  we  please.  It  is  evident  from 
what  has  gone  before  (Case  II,  p.  23)  that  it  is  desirable  to  assign 
to  the  function  a  value  that  will  make  it  continuous  when  x  —  a, 
whenever  it  is  possible  to  do  so. 

122.  Evaluation  of  a  function  taking  on  an  indeterminate  form.  If 
when  x=  a  the  function  f(x)  assumes  an  indeterminate  form,  then 

limit  f(x)* 
x  —  a  J  \  ' 


is  taken  as  the  value  of  f  (x)  for  x—  a. 

The  assumption  of  this  limiting  value  makes  f(x)  continuous 
for  x—  a.  This  agrees  with  the  theorem  under  Case  II,  p.  23, 
and  also  with  our  practice  in  Chapter  IV,  where  several  functions 


assuming  the  indeterminate  form  ^  were  evaluated. 

x2  — 4  0  0 

x—  2,  the  function  — — —  assumes  the  form  but 

x—  2  0 


Thus,  for 


limit  —  4 
x  =  2  x  —  2 


Hence  4  is  taken  as  the  value  of  the  function  for  x  =  2.  Let  us 
now  illustrate  graphically  the  fact  that  if  we  assume  4  as  the  value 
of  the  function  for  x  =  2,  then  the  function  is  continuous  for  x  =  2. 


Let 


This  equation  may  also  be  written  in  the  form 
y  (x  -  2)  =  (x  -  2)  (x  +  2), 
or,  (x-2)(y  -x-2)=0. 

Placing  each  factor  separately  equal 
to  zero,  we  have 

x=  2,  and  y  =  x  +  2. 

In  plotting,  the  loci  of  these  equations 
are  found  to  be  the  two  lines  AB  and  CD 
respectively.  Since  there  are  infinitely 
many  points  on  the  line  AB  having  the 
abscissa  2,  it  is  clear  that  when  x=2 
(=  031),  the  value  of  y  (or  the  function)  may  be  taken  as  any 

*  The  calculation  of  this  limiting  value  is  called  evaluating  the  indeterminate  form. 
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number  whatever,  but  when  x  is  different  from  2  it  is  seen  from 
the  graph  of  the  function  that  the  corresponding  value  of  y  (or  the 
function)  is  always  found  from 

y  =  x  +  2, 

the  equation  of  the  line  CD.  Also,  on'  CD ,  when  x=2,  we  get 

y  =  MP  —  4, 


which  we  saw  was  also  the  limiting  value  of  y  (or  the  function) 
for  x=2\  and  it  is  evident  from  geometrical  considerations  that 
if  we  assume  4  as  the  value  of  the  function  for  x  =  2,  then  the 
function  is  continuous  for  x  =  2. 

Similarly,  several  of  the  examples  given  in  Chapter  IV  illustrate 
how  the  limiting  values  of  many  functions  assuming  indeterminate 
forms  may  be  found  by  employing  suitable  algebraic  or  trigonomet¬ 
ric  transformations,  and  how  in  general  these  limiting  values  make 
the  corresponding  functions  continuous  at  the  points  in  question. 
The  most  general  methods,  however,  for  evaluating  indeterminate 
forms  depend  on  differentiation. 


of  the  form 


123.  Evaluation  of  the  indeterminate  form  Q .  Given  a  function 

f(x)  0 

— — -  such  that  f  (a)  =  0  and  F(a)  =  0;  that  is,  the 

A  ( x )  q 

function  takes  on  the  indeterminate  form  -  when  a  is  substituted 
for  x.  It  is  then  required  to  find 


limit  f(x) 
x=a  F(x) ' 


Considering  the  functions  f(x)  and  F(x)  the  same  as  in  §  120 
and  replacing  b  by  x  in  (47),  p.  172,  we  get 


f(x)  =  f(x  i) 

F(x)  F'(x x) 

[Since/(a)  =  0,  and  F(a)  =  0.] 

Since  x1  lies  between  x  and  a,  xx  approaches  a  as  its  limit  when 
x  approaches  a ,  and  we  have 

limit  fix)  =  limit  f{xx)  =  limit  f'(x)  * 
x  —  a  F(x)  xx  =  a  F'(x^  x  =  a  f’(x)  ' 


*  Assuming  that 


fix) 

F'{x) 


does  approach  a  limit 


as  x  approaches  a. 
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If  f'(x)  divided  by  F’(x)  does  not  assume  an  indeterminate  form 
for  x=  a,  we  may  write 


limit  /(■*')  _  f'{a) 
ac  =  aF(.X)  F'(a)’ 

where  f(a)  =  0,  F(a)=  0,  F'(a)  0.  Hence 

Rule  for  evaluating  the  indeterminate  form  Q.  Differentiate  the 
numerator  for  a  new  numerator  and  the  denominator  for  a  new 
denominator.*  The  value  of  this  new  fraction  for  the  assigned 
value  f  of  the  variable  will  be  the  limiting  value  of  the  original 
fraction. 

In  case  it  so  happens  that 

f'(a)  —  0  and  F'(a)  =  0, 

that  is,  the  first  derivatives  also  vanish  for  x  —  a,  then  we  still 
have  the  indeterminate  form 

0 

O’ 

and  the  theorem  can  be  applied  anew  to  the  ratio 

ZM 

F'(x)  ’ 

giving  us 

limit  f(x)  _  f"(a) 
x=aF(x)  F"(a) 

When  also  f"(a)=  0  and  F"(a)=  0,  we  get  in  the  same  manner 


and  so  on. 

It  may  be  necessary  to  repeat  this  process  several  times. 


*  The  student  is  warned  against  the  very  careless  but  common  mistake  of  differentiating  the 
whole  expression  as  a  fraction  by  VIII. 

f  Xf  a=  oo,  the  substitution  x=  \  reduces  the  problem  to  the  evaluation  of  the  limit  for  z—  0  ; 


thus, 


limit  f(x)  _  limit  =  limit  1— —  =  1Imit  ■ 

x=  oo  F(x)  2=0  Z=°  ^/0  x~co  F’(x) 


Tlierefore  the  rule  holds  in  this  case  also. 


vU 
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(v\  rr.3  _  8  x  4-  2 


f  (x)  x3  —  3x  +  2  , 

Ex.  1.  Evaluate  LL+  =  - - - —  when  *  =  1. 

F(x)  x3  -  x2  -  x  +  1 

/( 1)  x3  —  3  x  +  2 

Solution.  — —  =  -r - 

F(l)  x3 


-  x2  —  x  +  1 
/(l)  =  3x2-3 

F'  (1)  3 


tL 


x2  -  2x  -  lJ. 

f"(  1)  _  « 

F"  (1)  0 


)X 


3x-  2. 

Ex.  2.  Evaluate 

x  =  0 


1  _ o  1  o  0 

-  _ i _  ~ _ =  -.  indeterminate. 

*=1  1-1 -1+1  0 

3  —  3  0 

— _ —  -  .  indeterminate. 

a:  =  l  3  — >2  ■ 


-  1 


-.  .-.  indeterminate. 

0 


f(0)  ex  -  e~x  —  2x' 
Solution.  - —  — 

\  f  v 

-  .1-  "V  /(Ol 


3  *  (u) 

'  '  /;(0T  ^ 

E'/m 


6  3  . 

= - =  -.  Ans. 

*=1  6-2  2 

ex  —  e-a:  —  2X 
X  =  0  x  - 

1-1-0  0 
,=o_  0-0 
_ 1  +  1 -2  _ 0 
0 


X 


sin  x 
+  e~ x 


sin  x 

-] 

-*  X 


-)<?  f  >4  V 

r/  i/; 


F"  (0)  1  —  cos  x 

/"  (0)  _  e*  -  ej 
F"  (0)  sin  x 


f"  (0)  _ 

~'"(0)  cosx 


-T 


x=0  1-1 

!  -J1  _  0 


-•  .-.  indeterminate. 

0 

.-.  indeterminate. 


=  .-.  indeterminate. 

0 

ex  +  e~x' 

F7" 


x=o  0 

=  ?-±2  =  2.  Ans. 

x  =  0  1 


Evaluate  the  followin, 

1 1  rvi  5  t  1*.  '^  1 


;  by  1 


EXAMPLES 


1/  1- 

limit  x2  — 16  _ 

x  —  4  x2  +  x  —  20 

8 

9' 

9. 

2. 

limit  *  —  1 

X  —  1  xn  —  1 ' 

1 

ft 

10. 

3. 

✓ 

limit  l°g  x  - 

-  * 

*=lx-l 

1. 

11. 

4- 

limit  e*  -  e~* 
x  =  0  sin  x 

2. 

12. 

lr  5- 

limit  tan  x  —  x 
£  =  0  x  —  sin  x 

2. 

6. 

limit  log  sin  x 
x  =  ^  (tt  —  2  x)2 

1 

8‘ 

13. 

limit  0  -  arc  sin  0 
0  =  0  sin30 

limit  sin  x  -  sin  0 
x  =  <t>  x  —  0 

limit  +  sin  y  -  1 
V  =  0  log  (1  +  y) 

limit  tan  0  +  sec  6  —  1 

0  =  0  tan  6  —  sec  0  +  1 
* 

limit  sec2  0  —  2  tan  0 
0  =  jj  1  +  cos  4  0 


.  1 

Ans. - 

G 


COS  0. 


limit  ax  -  b* 

x  =  0  x  b 

limit  r3  -  ar 2  -  a2r  +  a3 
r  =  a  ‘  r2  -  a2 


V 

.  a 

log 


14  limit 
2  =  a 


az  —  z2 


0.  1/  15.  bmit  (e^ 

x  —  2  (x  —  4 


a4  —  2  a3z  + 

e2\3 


2  az3  —  z4 


1. 

1 

2' 

■  00. 


r  differentiating, 
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124.  Evaluation  of  the  indeterminate  form  “• 

In  order  to  find  limit  f(x) 

x  =  a  F(x) 

when  “““  f(x)  =  go  and  F(x)  =  oo, 

that  is,  when  for  x  =  a  the  function 

f(z) 

F{x) 

assumes  the  indeterminate  form 

00 

oo’ 

we  follow  the  same  rule  as  that  given  on  p.  175  for  evaluating 

the  indeterminate  form  -•  Hence 

0 


Rule  for  evaluating  the  indeterminate  form  •  Differentiate  the 
numerator  for  a  new  numerator  and  the  denominator  for  a  new 
denominator.  The  value  of  this  new  fraction  for  the  assigned  value 
of  the  variable  will  be  the  limiting  value  of  the  original  fraction.* 

In  case  the  new  fraction  is  indeterminate  for  the  given  value  of 
the  variable,  we  repeat  the  process  as  in  the  last  section. 

To  prove  this  rule  we  must  show  that 

limit  f{x)  _  f'ja ) 
x  =  a  F{x)  F\a) 

when  f(x)  =  oo,  F(x)  =  go. 

First  we  assume  that 


(A) 


limit  f  (ff  _  j  wjiere  ^  ^  a  cjefinp;e  number. 

•  x  —  a  F\x) 

From  the  Generalized  Theorem  of  Mean  Value,  p.  172,  we  have 

-A  =  f&L ,  a  <  x  <  Xx<b  <  a  +  h 
F{x)  —  Fib)  F\xf) 

[Replacing  b  and  a  by  x  and  b  respectively.] 

where  b  is  an  arbitrary  number  and  F'  (x)  does  not  vanish  in  the 
interval  [a,  a  +  K\.  From  (H) 

or,  /(*)  =  /(«) +  ^  TO -f  (5)]- 

*  f(x)  and  F’{x)  are  assumed  to  be  continuous. 
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Dividing  through  by  F(x), 

M  =  M  +  M  fl 

[  '  F(x)  F(x)  F'(xt)  |_  F(x)  J 

In  ( B ),  let  «  approach  a  as  a  limit.  1  Then 

limit  f{x)  _  limit  f  (%i) 
x  —  a  F(x)  x  =  a  F'(x^) 

fr.- _ limit  /(ft)  0  limit  F(b)  1 

rcex  =  arw  =  0'  *  =  «iF(S)-0-J 

Now  let  h  approach  the  limit  zero ;  then  x1  will  approach  the 
limit  a,  and  we  get 

limit  /  (%)  __  f'(a) 
x—  a  F(x)  F'(a) 

In  the  same  manner  the  rule  may  be  shown  to  hold  true  when 

limit  f'(x) 


x  —  a 


IqO*  £ 

Ex.  1.  Evaluate  —  for  x  =  0. 


F'(x) 


oo. 


Solution. 


esc  x 

f(  0)  _  Lg  X 
F(  0)  esc  x 


:]  = 

*  x  =  0- 


—  CO 
CO 


indeterminate. 


n  Q) 

F'{  0) 

/"( Q) 

^"(O) 


1  -1 

x 


CSCXCOtX_a:  =  o 
2  sin  x  cosx 


sin2x 
x  cosx 

0 


]  = 


.  indeterminate. 


cosx  —  x  smxJ  x= 


i  =-?=». 

Ua:=0  1 


Ana. 


125.  Evaluation  of  the  indeterminate  form  0-oo.  If  a  function 
f(x)  ■  (f)  (x)  takes  on  the  indeterminate  form  0  •  oo  for  x  =  a,  we  write 
the  given  function 


f(x)  -<f>(z)  =  I  or, 


cf>(x) 


cf)(x)\ 


f(x)l 


so  as  to  cause  it  to  take  on  one  of  the  forms  -  or  — ,  thus  bringing 
it  under  §  128  or  §  124. 
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Ex.  1.  Evaluate  sec  3  x  cos  5  x  for  x  =  ~ . 

2 

Solution,  sec  3  *  cos  5  x]*= i  =  oo  •  0.  .-.  indeterminate. 


Substituting 


— V"  for  sec  3a;,  the  function  becomes  — s5a:  -  ZM. 
cos3x  cos  3  a;  E(x) 


{(I) 

KI) 

£0)  _ 

"(i) 


cos  5  x 
cos  3x 


3,,' =  5-  •••* 


indeterminate. 


sin  6  x 


E 


sin  3  x 


^L,!T  =  -5'  4*!' 


126.  Evaluation  of  the  indeterminate  form  oo  —  oo.  It  is  possible 

in  general  to  transform  the  expression  into  a  fraction  which  will 

assume  either  the  form  -  or  — . 

0  co 


Ex.  1.  Evaluate  sec  x  —  tan  x  for  x  =  -  . 

2 

Solution,  sec  x  —  tan  x]x=y  =  oo  —  oo.  .-.  indeterminate. 

2 

1  sin  x  1  —  sin  x 

;.  indeterminate. 


By  Trigonometry,  sec  x  —  tan  x  =  — - =  - — _‘n  x  —  £S?\ 

cosx  cosx 


cos  x 


cosx 


4i) 

*(l) 
f'(d 


sm  x 


1  =  — 1 
]x=*  0 


0 

o' 


'fi) 


=  =-1  =  0.  Ans. 

—  sin  xJ  x=!E  —  1 


EXAMPLES 

Evaluate  the  following  expressions  by  differentiation.* 


2. 


limit  ax 2  +  h 

A  a 

Ans.  -• 

*  =  «>  cx2  +  d 

c 

limit  cotx 

CO. 

*  =  0  log  X 

limit  log  a: 

X  =  oo  xn 

0. 

4. 


5. 


limit  tan  8 

9  =  -  tan  3  8 
2 


limit 

0=: 


tan  4> 


Ans.  3. 


*  In  solving  the  remaining  examples  in  this  chapter  it  may  be  of  assistance  to  the  student  to 
refer  to  §  37,  pp.  35,  36,  where  many  special  forms  not  indeterminate  are  evaluated. 


180 


DIFFERENTIAL  CALCULUS 


12. 

limit  f 

-2  11 

1 

6. 

limit  Ans.  U. 

y  —  co  eau 

x  —  1  [ 

_x2  -  1  x  -  Id 

2 

limit  _  2x)  tan  x. 
x  =  i 

2. 

13. 

limit  [ 

-  1  x  “1 

-  1. 

7. 

x  =  1  | 

-log  X  log  xJ 

8. 

]imit  x  sin  -  • 

X—  co  X 

a. 

14. 

limit  rsec  q  _  tan  6~\. 

0. 

limit  xn  jQ2,  {-n  positive.] 

x  =  0 

0. 

15. 

limit 

f  2  1  - 

1.  1. 

9. 

*  =  o| 

Lsin2  (p  1  —  cos  (p- 

1  2 

limit  ,,  .  . 

_  7T  (1  —  tan  6)  sec  2  6. 

~  4 

1. 

16. 

limit 

r v  1 

1 

10. 

y  =  i 

\-y  -  1  log  y  J 

2 

limit  (a-2  _  0‘q  tan  —  • 

4>  =  a'  2  a 

4  a2 

17. 

limit 

f  tt  ir  1 

7T“ 

11. 

7T 

z  =  0 

L4  z  2z(enz  +  1)  J 

8 

127.  Evaluation  of  the  indeterminate  forms  0°,  1",  oo°. 

Given  a  function  of  the  form 

In  order  that  the  function  shall  take  on  one  of  the  above  three 


forms,  we 

must  have  for  a  certain  value  of  x 

f(x)  =  0,  <f>  (x)  =  0,  giving  ' 

or, 

f(x)=  1,  <f>(x)  =  co,  giving 

or, 

f(x)=  oo,  0(a:)=  0,  giving 

Let 

y =/(*)♦"; 

taking  the  logarithm  of  both  sides, 

1  og  y  =  <#>(»)  l°g/(*)- 


In  any  of  the  above  cases  the  logarithm  of  y  (the  function)  will 
take  on  the  indeterminate  form 

0  •  00. 

Evaluating  this  by  the  process  illustrated  in  §  125  gives  the 
limit  of  the  logarithm  of  the  function.  This  being  equal  to  the 
logarithm  of  the  limit  of  the  function,  the  limit  of  the  function 
is  known.* 


*  Thus,  if  limit  log ey=  a,  tlien  y=  ea. 
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Ex.  1.  Evaluate  xx  when  x  =  0. 

Solution.  This  function  assumes  the  indeterminate  form  0°  for  x  =  0. 
Let  y  —  xx ; 

iU  log  y  =  x  log  x  =  0  •  -  oo,  when  x  -  0. 

By  §  125,  p.  179,  log  y  =  ^ ,  when  x  =  0. 

x 

1 

By  §  124,  p.  177,  log  y  =  — 1-  =  -  x  =  0,  when  x  =  0. 

x'2 

Since  y  =  xx,  this  gives  log,,  xx  =  0  ;  that  is,  xx  =  1.  Ans. 


Ex.  2.  Evaluate  (1  +  x)x  when  x  =  0. 

Solution.  This  function  assumes  the  indeterminate  form  1®  for  x  —  0. 


Let 

then 


By  §  125,  p.  179, 


By  §  123,  p.  174, 


v  =  (1  +  *)x; 


log  y  =  -  log  (1  +  x)  =  co  •  0,  when  x  =  0. 

X 


logy 


log  (1  +  x)  _  0 


o’ 


1 


log  y  = 


1  +  x 


1  +  X 


when  x  =  0. 


=  1,  when  x  =  0. 


Since  y  =  (1  +  x)x,  this  gives  loge  (1  +  x)x  —  1 ;  i.e.  (1  +  x)x  =  e.  Ans. 


Ex.  3.  Evaluate  (cot  x)Binx  for  x  =  0. 

Solution.  This  function  assumes  the  indeterminate  form  cc°  for  x  =  0. 


Let 

then 

By  §  125,  p.  179, 


By  §  124,  p.  177, 


y  =  (cot  x)sinx  ; 

log  y  =  sin  x  log  cot  x  =  0  •  oo,  when  x  =  0. 


log  y  = 


log  cot  X 
CSC  X 


CO 
CO  ’ 


when  x  =  0. 


—  csc2x 


logy  = 


cot  X 

—  CSC  X  cot  X 


sin  x 
cos2x 


when  x  =  0. 


Since  y  =  (cot  x)sinx,  this  gives  loge  (cot  x)sinx  =  0 ;  i.e.  (cot  x)*inx  =  1.  Ans. 
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EXAMPLES 

Evaluate  the  following  expressions  by  differentiation. 


limit  xrh.. 
x  =  1 

,  1 

A  ns.  -• 
e 

5. 

himt  (gX  + 

A  ns.  e2. 

limit  ( 1  \tanx 

1. 

6. 

1 

(c°t  X)l°Bx. 

1 

e 

x  =  0\x) 

1 

7. 

(1  +  nzy. 

en. 

hmi*  (sin  6) 
e=2 

1. 

8. 

limit  /  tan  ^  VanT. 

1 

0  —  1  \  4  / 

e 

limit  /-j,  «\!/ 

V- a>\  y) 

ea. 

9. 

n 

(cos  m0)f2- 

g —  i  nm2< 

CHAPTER  XVI 


CIRCLE  OF  CURVATURE.  CENTER  OF  CURVATURE 

128.  Circle  of  curvature.*  Center  of  curvature.  If  a  circle  be 
drawn  through  three  points  P0,  Pv  P2  on  a  plane  curve,  and  if  If 
and  P2  be  made  to  approach  P0  along  the  curve  as  a  limiting  posi¬ 
tion,  then  the  circle  will  'in  general  approach  in  magnitude  and 
position  a  limiting  circle  called  the  circle  of  curvature  of  the  curve 
at  the  point  P0.  The  center  of  this  circle  is  called  the  center  of 
curvature. 

Let  the  equation  of  the  curve  be 


(1)  y  =f(x) ; 


and  let  x0,  xv  x2  be  the  abscissas  of  the 


the  coordinates  of  the  center,  and  P' 
the  radius  of  the  circle  passing  through 
the  three  points.  Then  the  equation 
of  the  circle  is 


•  (x-a'f  +  (y-/3f  =  E'2; 


and  since  the  coordinates  of  the  points  P0,  Pv  P2  must  satisfy  this 
equation,  we  have 


'{Xo-ay  +  (yo-/3y-B'2=0,. 

(2)  J(®l-a')s+(y1-^')a--BH,  =  0, 

Xx2-ay  +  (y2-/3y-B'2  =  o. 

Now  consider  the  function  of  x  defined  by 

F(x )  =  (x  —  a')2  +  (y  —  /3')2  —  P'2, 

in  which  y  has  been  replaced  by  f  (x)  from  (1). 
Then  from  equations  (2)  we  get 

'  P(0  =  o,  P(^)=0’ 


*  Sometimes  called  tlie  osculating  circle. 
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Hence  by  Rolle’s  Theorem,  p.  166,  F’(x)  must  vanish  for  at 
least  two  values  of  x,  one  lying  between  x0  and  xv  say  x\  and  the 
other  lying  between  x1  and  x2,  say  x" ;  that  is, 

F'(x)=  0,  F'(x")=  0. 

Again,  for  the  same  reason,  F"  {£)  must  vanish  for  some  value 
of  x  between  x'  and  x",  say  x3 ;  hence 

F"(x,)=  0. 

Therefore  the  elements  a\  /3',  B'  of  the  circle  passing  through 
the  points  P0,  Pv  P2  must  satisfy  the  three  equations 
F(x0)=  0,  F'(x')  =  0,  F"(xt)=  0. 

Now  let  the  points  P1  and  P2  approach  P0  as  a  limiting  position  ; 
then  xv  x2,  x\  x",  x3  will  all  approach  x0  as  a  limit,  and  the  elements 
a,  /3,  B  of  the  osculating  circle  are  therefore  determined  by  the 
three  equations 

F(x0)=  0,  F1  (x0)=  0,  F"  (x0)  =  0  ; 
or,  dropping  the  subscripts,  what  is  the  same  thing, 

(A)  (x-af  +  (y-l3y  =  R\ 

(. B )  (x  —  a)  +  (y  —  (3)  ^  =  0,  differentiating  (A). 

(O)  1  +  ^  =  0,  differentiating  (B). 


dx?  dx 2 
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Substituting  the  values  of  x—  a  and  y  —  f 3  from  (D)  in  (H),  and 
solving  for  R,  we  get 

.  .[»(ST 

<Ey 

dxl 


which  is  identical  with  (40),  p.  163.  Hence 

Theorem.  The  radius  of  the  circle  of  curvature  equals  the  radius 
of  curvature. 

From  (23),  p.  136,  we  know  that  at  a  point  of  inflection  (as  Q 
in  the  figure) 

d2y 

dx2  ~  J- 

Therefore,  by  (38),  p.  161,  the  eurvature 
K=  0;  and  from  (40),  p.  163,  and  (. E ),  p.  184, 
we  see  that  in  general  a,  /3,  R  increase  with¬ 
out  limit  as  the  second  derivative  approaches 
zero.  That  is,  if  we  suppose  P  with  its  tangent 
to  move  along  the  curve  to  P',  at  the  point  of 
inflection  Q  the  curvature  is  zero,  the  rotation 
of  the  tangent  is  momentarily  arrested,  and  as  the  direction  of 
rotation  changes,  the  center  of  curvature  moves  out  indefinitely 
and  the  radius  of  curvature  becomes  infinite. 

Ex.  1.  Find  the  coordinates  of  the  center  of  curvature  of  the  parabola  p2  =  4px 
corresponding  (a)  to  any  point  on  the  curve ;  (b)  to  the  vertex. 

dy  2  p  d2y  4p3 

5  =  T!^  =  “W 

(a)  Substituting  in  (E), 

y 2  +  4  p2  2p 


,3 


a  =  X  + 


P  =  y- 


y2 

y2  +  4  p2 


'fJL.2L  =  3x  +  2  p. 
y  4  p2 

,3  i/3 


Y> 


yi_ 

4  p'2 


y2  4p2 

Therefore  (fx  +  2p,  -  ^  )  is  the  center  of  curva¬ 
ture  corresponding  to  any  point  on  the  curve. 

(b)  (2  p,  0)  is  the  center  of  curvature  corresponding 
to  the  vertex  (0,  0). 
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129.  Center  of  curvature  the  limiting  position  of  the  intersection 
of  normals  at  neighboring  points. 

Let  the  equation  of  a  curve  be 


(A)  y  =/(*)• 

The  equations  of  the  normals  to  the  curve  at  two  neighboring 
points  I\  and  1\  are* 


=  0, 


(x,-X)  +  ^-Y)  || 

(xl-x)+(y.-r)^  =  0. 

If  the  normals  intersect  at  C'(a',  ft), 
the  coordinates  of  this  point  must 
satisfy  both  equations,  giving 


(•B) 


Now  consider  th q  function  of  x  defined  by 

</>  (x)  =  (x~  a)  +  (y-  A')  ^ > 

in  which  y  has  been  replaced  by  f(x)  from  (A). 

Then  equations  ( B )  show  that 

0’  0(ai)=0- 

But  then  by  Rolle’s  Theorem,  p.  166,  ft(x )  must  vanish  for  some 
value  of  x  between  x()  and  xv  say  x’.  Therefore  a'  and  ft  are  deter¬ 
mined  by  the  two  equations 

0(*o)=O,  ft(x')=0. 

If  now  Px  approaches  P0  as  a  limiting  position,  then  x'  approaches 

0(a!o)=O,  4>\xo)  =  0  ; 

and  C'  ( a ft)  will  approach  as  a  limiting  position  the  center  of 


*  From  (2),  p.  90,  X  and  Y  being  the  variable  coordinates. 
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curvature  C  (a,  /3)  corresponding  to  P0  on  the  curve.  For,  if  we 
drop  the  subscripts  and  write  the  last  two  equations  in  the  form 


(x-a')  +  (y- /3')^  =  0, 


1+'sT+<^S=0' 


it  is  evident  that  solving  for  a'  and  /31  will  give  the  same  results 
as  solving  (_ B )  and  (C),  p.  184,  for  a  and  /3.  Hence 

Theorem.  The  center  of  curvature  C  corresponding  to  a  point  P 
on  a  curve  is  the  limiting  position  of  the  intersection  of  the  normal  to . 
the  curve  at  P  with  a  neighboring  normal. 


130.  Evolutes.  The  locus  of  the  'centers  of  curvature  of  a  given 
curve  is  called  the  evolute  of  that  curve.  Consider  the  circle  of 
curvature  corresponding  to  a  point  P  on 
a  curve.  If  P  moves  along  the  given 
curve,  we  may  suppose  the  correspond¬ 
ing  circle  of  curvature  to  roll  along  the 
curve  with  it,  its  radius  varying  so  as 
to  be  always  equal  to  the  radius  of  cur¬ 
vature  of  the  curve  at  the  point  P.  The 
curve  CC7  described  by  the  center  of  the 
circle  is  the  evolute  of  PPV 

Formula  (E),  p.  184,  gives  the  coordi¬ 
nates  of  any  point  (a,  /3)  on  the  evolute  expressed  in  terms  of  the 
coordinates  of  the  corresponding  point  (x,  y )  of  the  given  curve. 
But  y. \  is  a  function  of  x,  therefore 


dx2  dx2 


give  us  at  once  the  parametric  equations  of  the  evolute  in  terms  of 
the  parameter  x. 

To  find  the  ordinary  rectangular  equation  of  the  evolute  we 
eliminate  x  between  the  two  expressions.  No  general  process  of 
elimination  can  be  given  that  will  apply  in  all  cases,  the  method 
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to  be  adopted  depending  on  the  form  of  the  given  equation.  In  a 
large  number  of  cases,  however,  the  student  can  find  the  rectan¬ 
gular  equation  of  the  evolute  by  taking  the  following  steps. 

General  directions  for  finding  the  evolute. 

First  step.  Find  a  and  [3  from  (JE),  p.  184. 

Second  step.  Solve  the  two  resulting  equations  for  x  and  y  in 
terms  of  a  and  (3. 

Third  step.  Substitute  these  values  of  x  and  y  in  the  given  equa¬ 
tion.  This  gives  a  relation  between  the  variables  a  and  (3  which  is 
the  equation  of  the  evolute. 


Ex.  1.  Find  the  equation  of  the  evolute  of  the  parabola  of  y2  =  4  px. 

dy  2  p  d?y  4  p2 


Solution. 
First  step. 
Second  step. 
Third  step. 


dx  y  dx 2 


y° 


a  =  3x  +  2  p,  —  — 


yi 


4p2 

X  =  %P  ’  y~~ 

{4p2/3)$  =  4p(a  g2P),  or, 

pfP=±{a-2p)*. 


Remembering  that  a  denotes  the  abscissa  and  /3  the 
ordinate  of  a  rectangular  system  of  coordinates,  we  see 
that  the  evolute  of  the  parabola  AOB  is  the  semicubical  parabola  BC'E ;  the 
centers  of  curvature  for  O,  P,  Pi,  P2  being  at  C',  C,  Ci,  C2  respectively. 


Ex.  2.  Eind  the  equation  of  the  evolute  of  the  ellipse  h2x2  +  a2y2  =  a-b1. 


ellipse  ABA'B'.  E,  E',  R',  H  are  the  centers  of  curvature  corresponding  to  the 
points  A,  A',  B,  B'  on  the  curve,  and  C,  C',  G"  correspond  to  the  points  P,  P',  P". 
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When  the  equations  of  the  curve  are  given  in  parametric  form, 
el'll  d2v 

we  proceed  to  find  and  as  on  pp.  154,  155,  from 
dx  dxA 


(^> 


dy 

dy  _  dt 
dx  dx 
dt 


dx  d?y  dy  d2x 
d2y  dt  dt 2  dt  dt 2 

W  J?  = — Tgy  ; 

7 

and  then  substitute  the  results  in  formulas  (.E),  p.  184.  This 
gives  the  parametric  equations  of  the  evolute  in  terms  of  the  same 
parameter  that  occurs  in  the  given  equations. 


Ex.  3.  Find  the  parametric  equations  of  the  evolute  of  the  cycloid. 

ix  =  a(t  —  sin<), 

(y  =  a(l  —  cost). 

Solution.  As  in  Ex.  2,  p.  163,  we  get 

dy  sin  t  d2y  _  _ 1 _ 

dx  1  —  cos  t  dx 2  a  (1  — cost)2 


Substituting  these  results  in  for¬ 
mulas  (E),  p.  184,  we  get 
a  =  a  (t  +  sin  f), 

(3  =  —  a  (1  —  cos  t).  Ans. 

Note.  If  we  eliminate  t  between 
equations  ( D )  there  results  the  rectan¬ 
gular  equation  of  the  evolute  00'Qy 
referred  to  the  axes  O'a  and  O'/S. 
The  coordinates  of  0  with  respect  to 
these  axes  are  (— -rra,  —2a).  Let 
us  transform  equations  (D)  to  the  n 
a  —  x  —  ira, 


set  of  axes  OX  and  OY.  Then 
y  —  2  a,  t  —  t'  —  ir. 


Substituting  in  (D)  and  reducing,  the  equations  of  the  evolute  become 

lx  =  a  {If  -  sin  t'), 

(E)  (y  =  a(l  -  cost')- 


Since  (E)  and  ( C )  are  identical  in  form,  we  have  : 

The  evolute  of  a  cycloid  is  itself  a  cycloid  whose  generating  circle  equals  that  of 
the  given  cycloid. 
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131.  Properties  of  the  evolute.  Differentiating  a  and  /3  from  (E), 
p.  184,  with  respect  to  x  gives 

3  /dW  dsy  _  / dy\  d?y_ 


(A) 


(B) 


da 

dx 


d/3 

dx 


dy  dx\dx2J  dx 3 

dx  1  /  d'2y\2 

(dx2) 

3  fy  (<Py\ _<h_  (<ty V  <Py 

dx  \dx? )  dx3  \dx )  dx 8 

dW 
dx2) 


dx )  dx? 


(?) 


Dividing  (P)  by  (H),  member  for  member, 

d/3__  1_ 

da  dy 
dx 

d/3 

Brit  —  =  tan  t'  =  slope  of  tangent  to  the  evolute  at  C,  and 
dy 

~  =  tan  t  =  slope  ot  tangent  to  the  given  curve  at  the 

corresponding  point  P. 

Substituting  the  last  two  results 
in  ((7),  we  get 

tan  r'  =  —  — . 

tanr 

Since  the  slope  of  one  tangent  is 
the  negative  reciprocal  of  the  slope 


But  a  line  perpendicular  to  the  tan¬ 
gent  at  P  is  a  normal  to  the  curve.  Hence 

A  normal  to  the  given  curve  is  a  tangent  to  its  evolute. 

From  (12),  p.  105,  and  [A)  and  (P),  we  have  for  an  arc  s  of 
the  evolute 

'*V=  /daV 

Kdx)  \dx) 

'3  dy  ( _  d(y  _  (dyy  dY  2 


[ 


dx  \dx2 J  dx 3  \dx)  dx? 


(d(y\ 

\dx2 
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But  this  is  identically  the  result  we  get  by  differentiating  P,  (40), 
p.  163,  with  respect  to  x  and  then  squaring.  Therefore 

dsff  _  fdRV 
dx)  \dx )  ’ 
or,  ds  =  ±  dR. 

That  is,  the  radius  of  curvature  of  the  given  curve  increases  or 
decreases  as  fast  as  the  arc  of  the  evolute  increases.  In  our  figure 
this  means  that  P1C1  —  PC  —  arc  CCt. 

The  length  of  an  arc  of  the  evolute  is  equal  to  the  difference  between 
the  radii  of  curvature  of  the  given  curve  which  are  tangent  to  this  arc 
at  its  extremities.* 

Thus  in  Ex.  3,  p.  189,  we  observe  that  if  we  fold  $VPV  (=  4  a) 
over  to  the  left  on  the  evolute,  Pv  will  reach  to  O',  and  we  have : 

The  length  of  one  arc  of  the  cycloid  (as  00'QV)  is  eight  times  the 
length  of  the  radius  of  the  generating  circle. 

132.  Involutes  and  their  mechanical  construction.  Let  a  flexible 
ruler  be  bent  in  the  form  of  the  curve  CXC9,  the  evolute  of  the 
curve  PxPg,  and  suppose  a  string 
of  length  Rg  with  one  end  fastened 
at  Cg  to  be  wrapped  around  the  ruler 
(or  curve).  It  is  clear  from  the 
results  of  the  last  section  that  when 
the  string  is  unwound  and  kept 
taut  the  free  end  will  describe  the 
curve  PXP9.  Hence  the  name  evolute. 

The  curve  PXP9  is  said  to  be  an 
involute  of  CxCr  Obviously  any 
point  on  the  string  will  describe 
an  involute,  so.  that  a  given  curve 
has  an  infinite  number  of  involutes  but  only  one  evolute. 

The  involutes  PXP9,  P/P9',  PfPf  are  called  parallel  curves  since 
the  distance  between  any  two  of  them  measured  along  their  com¬ 
mon  normals  is  constant. 

The  student  should  observe  how  the  parabola  and  ellipse  on 
p.  188  may  be  constructed  in  this  way  from  their  evolutes. 

*  It  is  assumed  that  —  does  not  change  sign. 
dx 


°8\\ 

%  4\\ 

1 4\\V 

|  c4|\\\X 

*  -m\ 


fl\\w\ 


c/I  ii\Y\\ 

mUx 


.A* 


Vi 
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EXAMPLES 

Find  the  coordinates  of  the  center  of  curvature  and  the  equation  of  the  evolute 
of  each  of  the  following  curves. 

(a2  +  62)x3  (a2  A  b2)  ys 

Ans.  a  —  - - - - >  p— - — 


y * 

1.  The  hyperbola  —  —  -  =  1. 

a 1  b- 


b* 


evolute  (aa)$  —  (i>/3)®  =  (a2  +  h-)*. 

-jL  2.  The  hypocycloid  x*  -\-  y^  =  a3.  Ans.  a  =  x  +  3  x3?/3,  (3  =  y  +  3  x3?/3 , 

evolute  (a  +  /3)3  +  (a  —  =  2  a3. 

3.  The  cycloid  x  =  r  arcvers  -  —  V2  ry  -  y’2.  _ 

Ans.  a  =  x  +  2  V'2  ry  -  y'2,  p  —  -  y ; 

evolute  a  =  r  arcvers  f  —  V-  2  r/3  -  /32. 

4.  The  semicuhical  parabola  x3  =  ay'2.  g  z2  ,  a\  lx 

JnS •  a  =  -^2JZ’  ^  =  4(X  +  3)V«; 

evolute  729  a/32  =  16  [2  a  +  Va2  -  18aa]2[Va2  -  18  aa  -  a]. 


,  a  +  Va2  —  y'1  i 

5.  The  tractnx  x  =  a  log - Va-  —  y1. 


Ans.  a  =  a  lo: 


a  +  ^a  — y_ ,  ^  _  a_  _  evojute  ^  =  “  (ea  _|_  e  a) . 


6.  The  catenary  y  =  -  (ea  +  e  a). 

2 


^4  ns.  a  =  x - (ea  —  e  a),  (3  =  2y; 


■evolute  a  =  a  log  q=  JL_  (^2  _  4  a2)i. 

2  a  4  a 

7.  Find  the  coordinates  of  the  center  of  curvature  of  the  cubical  parabola 

y3  =  a?x.  .  a4  +  15?/4  a*y  —  9y& 

Jins,  a  — ; — - ?  p  = 


6  a2y 


2  a4 


8.  Show  that  in  the  parabola  x3  +  y*  =  a3  we  have  the  relation  a  +  p  =  3  (x  +  y). 


9.  Find  the  equation  of  the  evolute  of  the  cissoid  y 2  =  - 


x3 


2  a  —  x 

Ans.  4096  a3a  +  1152 a2/32  +  27 /34  =  0. 
10.  Given  the  equation  of  the  equilateral  hyperbola  2  xy  —  a2 ;  show  that 

a  +  p  =  (y_+x)\  = 

a2  M  a2 

From  this  derive  the  equation  of  the  evolute  (a  +  /3)?  -  (a  —  p)%  =  2  a3. 

I  ind  the  parametric  equations  of  the  evolutes  of  the  following  curves  in  terms 
of  the  parameter  t. 

Ans  (a  =  acos3£  +  3  a  cost  sin2 £, 
|/3  =  3  a  cos2 1  sin  t  +  a  sin3 1. 


11.  The  hypocycloid  | X  a  C0S 
[y  =  a  sin3 1. 


12.  The  curve 

13.  The  curve 


x  =  3  t2, 
y  =  3t  —  t3. 


Ans. 


a  =  |(1  +  2  £2  —  f4), 
/3  =  -  4  f3. 


|x  =  a  (cost +  t  sint),  (a  =  acost, 

\y  =  a(sin£-£cost).  nS'  \p  =  asmt. 
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133.  Continuous  functions  of  two  or  more  independent  variables. 

A  function / (x,  y )  of  two  independent  variables  x  and  y  is  defined 
as  continuous  for  the  values  (a,  b)  of  (x,  y)  when 

limit 

*  =  affa  y)  =f(a ,  b), 
y  =  b 

no  matter  in  what  way  x  and  y  approach  their  respective  limits  a 
and  b.  This  definition  is  sometimes  roughly  summed  up  in  the 
statement  that  a  very  small  change  in  one  or  both  of  the  independ¬ 
ent  variables  shall  produce  a  very  small  change  in  the  value  of  the 
function.* 

We  may  illustrate  this  geometrically  by  considering  the  surface 
represented  by  the  equation 

z=f(x,  y). 

Consider  a  fixed  point  P  on  the  surface  where  x  =  a  and  y=b. 
Denote  by  Ax  and  Ay  the  increments  of  the  independent  vari¬ 
ables  x  and  y,  and  by  Az  the  corresponding  increment  of  the 
dependent  variable  z,  the  coordinates  of  P' 

beiIlg  (x  +  Ax,  y  +  Ay,  2  +  Az). 

At  P  the  value  of  the  function  is 
2  =f(a,  b)  =  MP. 

If  the  function  is  continuous  at  P,  then  how¬ 
ever  Ax  and  Ay  may  approach  the  limit  zero, 

Az  will  also  approach  the  limit  zero.  That  is,  M'P'  will  approach 
coincidence  with  MP,  the  point  P'  approaching  the  point  P  on  the 
surface  from  any  direction  whatever. 


*  This  will  he  better  understood  if  the  student  again  reads  over  §  33,  p.  22,  on  continuous 
functions  of  a  single  variable. 
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A  similar  definition  holds  for  a  continuous  function  of  more 

than  two  independent  variables. 

In  what  follows,  only  values  of  the  independent  variables  are 

considered  for  which  a  function  is  continuous. 

134.  Partial  derivatives.  Since  x  and  y  are  independent  in 

^  =f{x,  y). 


x  may  be  supposed  to  vary  while  y  remains  constant,  or  the  reverse. 

The  derivative  of  2  with  respect  to  x  when  x  varies  and  y  remains 
constant*  is  called  the  partial  derivative  of  z  with  respect  to  x,  and 

dz 

is  denoted  by  the  symbol  —  •  We  may  then  write 

OX 


.  dz_  limit  [~/(g  + As,  y)-f(x,  y)~ I 

'  '  dx  Aa;  =  0  Ax  J 

Similarly,  when  x  remains  constant*  and  y  varies,  the  partial 
derivative  of  z  with  respect  to  y  is 


(-B) 


dzL=  limit  f/(x,  y  +  Ay)  -fjx,  y) 
dy  Ay  =  0  |_  Ay 


—  is  also  written  —  fix,  y)  or  ;  similarly 

dx  dx  dx 

dz  .  .  .  ,  d  ~  .  of 

—  is  also  written  —  tlx,  yy  or  - — 

dy  dyJ  v  dy 


In  order  to  avoid  confusion  the  round  d  f  has  been  generally 
adopted  to  indicate  partial  differentiation.  Other  notations,  how¬ 
ever,  which  are  in  use  are 

;  fjfc  y )  >  y)\f9(&  y)\  J)J^  Dvf\  v 

Our  notation  may  be  extended  to  a  function  of  any  number  of 
independent  variables.  Thus,  if 

u  =  Fix,  y,  z), 

then  we  have  the  three  partial  derivatives 

du  du  dw  dF  dF  dF 

— ,  — ,  • — i  or  — ,  — ,  — . 

dx  dy  dz  dx  dy  dz 


*  The  constant  values  are  substituted  in  the  function  before  differentiating, 
t  Introduced  by  Jacobi  (1804-1851). 
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Ex.  1.  •  Find  the  partial  derivatives  of  z  =  ax 2  +  2  bxy  +  c?/2. 


Solution.  —  =  2  ax  +  2  fry,  treating  ?/  as  a  constant, 


—  =  2  ta  +  2  cy,  treating  x  as  a  constant. 

8y 


Ex.  2.  Find  the  partial  derivatives  of  u  =  sin  (ax  +  by  +  cz). 
Solution.  —  =  a  cos  (ax  +  by  +  cz),  treating  y  and  z  as  constants, 


—  =  b  cos  (ax  +  by  +  cz),  treating  x  and  z  as  constants, 
dy 

—  =  c  cos  (ax  +  by  +  cz),  treating  y  and  x  as  constants. 


Again  turning  to  the  function 

^  =/(3»  y), 

we  have  by  (A)  defined  —  as  the  limit  of  the  ratio  of  the  increment 
of  the  function  (y  being  constant)  to  the  increment  of  x,  as  the  incre- 
ment  of  x  approaches  the  limit  zero.  Similarly  ( B )  has  defined  —  • 

y 

It  is  evident,  however,  that  if  we  look  upon  these  partial  deriva¬ 
tives  from  the  point  of  view  of  §  106,  p.  148,  then 

dz 

dx 

may  be  considered  as  the  ratio  of  the  time  rates  of  change  of  z  and 
x  when  y  is  constant,  and  g z 

dy 

as  the  ratio  of  the  time  rates  of  change  of  z  and  y  when  x  is 
constant. 

135.  Partial  derivatives  interpreted  geometrically.  Let  the  equa¬ 
tion  of  the  surface  shown  in  the  figure  (next  page)  be 

2  =f(x,  y). 

Pass  a  plane  EFGH  through  the  point  P  (where  x  =  a  and  y  =  b) 
on  the  surface  parallel  to  the  XOZ  plane.  Since  the  equation  of 
this  plane  is  y  _ 

the  equation  of  the  section  JPK  cut  out  of  the  surface  is 

*=/(*»  &)> 
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if  we  consider  EF  as  the  axis  of  Z  and  Ell  as  the  axis  of  X.  In 

this  plane  —  means  the  same  as 
dx 

dz  -i  i 
— ,  and  we  have 

dx 


'dz 

dx 


--  tan  MTP 


=  slope  of  section  JK  at  P. 

Similarly,  if  we  pass  the  plane 
BCD  through  P  parallel  to  the 
YOZ  plane,  its  equation  is 
x=  a, 

w  dx 

and  for  the  section  DPI ,  —  means  the  same  as  -f-  Hence 

dy  dy 

- —  =  tan  MT'P  =  slope  of  section  DI  at  P. 


nfl  y2  £  2 

Ex.  1.  Given  the  ellipsoid - h  —  H - =  1 ;  find  the  slope  of  the  section  of 

24  12  6 

the  ellipsoid  made  (a)  by  the  plane  y  =  1  at  the  point  where  x  —  4  and  z  is  positive; 
(b)  by  the  plane  x  =  2  at  the  point  where  y  =  3  and  z  is  positive. 

Solution.  Considering  y  as  constant, 


When  x  is  constant, 


2x  2  z  dz  n  dz  x 

- 1 - =  0,  or,  —  = - 

24  G  dx  dx  4  z 

^  +  ^  ®?  =  0,  or,  ^  =  _JL 
12  6  dy  dy  2  z 


(a)  When  y  =  1  and  x  =  4,  z  = 


3 


a/--  Am. 

dx 


(b)  When  x  =  2  and  y  =  3,  z  =  — .  V2.  Ans. 

V2  2 


EXAMPLES 


1.  u  =  xs  +  3  x2y  —  yB 


Oil 

Ans.  =  3x2  +  6xy; 

cX 


Bu 

dy 

du 


=  3x2  -  3  y2. 


2.  u  =  Ax2  +  Bxy+Cy2ADx  +  Ey+F.  Ans.  — -  =  2  Ax  +  By  -f  T>- 

dx  ’ 


du 

dy 


=  Bx  +  2  Cy  +  E. 
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3.  u  =  ( ax 2  +  by 2  +  cz2)™. 


4.  u  =  arc  sin  - 


,  ,  du 
Ans.  —  = 


2  anxu 


a  du 
Ans.  —  - 


dx  ax 2  +  by2  +  cz2  ’ 

du  _  2  i/u, 

dy  ax' 2  +  by2  +  cz2 

1 


0£  Vt/2  —  X2  ’ 

X 


5.  u  —  x'J. 


du 

dy 


du 


yVy*  —  x2 


Ans.  —  =  ?/£C^— 1 ; 
dx 

du 

—  =  x'J  log  x. 
dy 

3u 

6.  u  =  ax3y2z  +  bxyizi  +  cy 6  +  dxz3.  Ans.  —  =  3  ax2y2z  +  by3zi  +  dz3 ; 

dx 


du 

dy 

du 

dz 


=  2  axsyz  +  3  bxy2z 4  +  6  cy5 


axhy2  +  4  bxysz 3  +  3  dxz2. 


^  7 .  u  =  xsy 2  —  2  xy 4  +  3  xhy3  ;  show  that  x  —  +  y  —  =  bu. 

dx  dy 

„  xv  ,  ,,  .  Sw  0W 

8 .  u  = - ;  show  that  x - [-2/  —  =  w. 

x  +  y  dx  dy 

„  .  .  .  ,  .  ,  ,,  ,  du  du  du  n 

l  9.  u  =  (y  —  z)(z  —  x)  (x  —  y) ;  show  that - 1 - 1 - =  0. 

0x  dy  dz 

ou 

10.  u  —  log  (ex  +  e’J ) ;  show  that - 1 - =  1. 

0x  dy 

exy  ,  ,  ,  cu  du  ,, 

11.  u  — - I  show  that - 1 - =  (x  +  y  —  1)  u. 

ex  +  e’J  dx  dy 

,  ,  du  du  ,  ,  . 

12.  u  =  xyyx ;  show  that  x - \-y  —  =  (x  +  y  +  log  u)  u. 

dx  dy 

,  du  du  du  3 

13.  u  =  log  (x3  +  y3  +  z3  -  3  xyz) ;  show  that  —+—+—= 


dx  dy  dz  x  +  y  +  z 

/0wy_l_  /c»\  _  e2x  _j_  e2y  4.  2ea:  +  !'sin(x  +  y). 

\  0x /  \  0y / 


14.  u  =  ex  sin  y  +  e'J  sin  x  ;  show  that 
'du\2  / 0n\ 2 


15.  it  =  log  (tan  x  +  tan  y  +  tan  z) ;  show  that 

/A-  .  ■  du  .  _  du  ,  .  „  0n  „ 

^  sin  2  x - h  sm  2  ?/ - b  sin  2  z  —  =  2. 

0x  02/  "  dz 

16.  Let  y  be  the  altitude  of  a  right  circular  cone  and  x  the  radius  of  its  base. 
Show  (a)  that  if  the  base  remains  constant,  the  volume  changes  f  tx2  times  as  fast 
as  the  altitude ;  (b)  that  if  the  altitude  remains  constant,  the  volume  changes  fir  xy 
times  as  fast  as  the  radius  of  the  base. 
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17.  A  point  moves  on  the  elliptic  paraboloid  z  =  ^  +  V—  and  also  in  a  plane  par¬ 
allel  to  the  XOZ  plane.  When  *  =  3  ft.  and  is  increasing  at  the  rate  of  9  ft.  per 
second,  find  (a)  the  time  rate  of  change  of  z ;  (b)  the  magnitude  of  the  velocity  of 
the  point ;  (c)  the  direction  of  its  motion. 

Ans.  (a)  vz  =  6  ft.  per  sec. ;  (b)  v  =  3  VE  ft.  per  sec. ; 

(c)  r  =  arc  tan  §-,  the  angle  made  with  the  XOY  plane. 


18.  If,  on  the  surface  of  Ex.  17,  the  point  moves  in  a  plane  parallel  to  the  plane 
YOZ,  find,  when  y  =  2  and  increases  at  the  rate  of  5  ft.  per  sec.,  (a)  the  time  rate 
of  change  of  z ;  (b)  the  magnitude  of  the  velocity  of  the  point ;  (c)  the  direction  of 
its  motion.  Ans  ^  g  ft_  per  sec. .  pq  5  V2  ft.  per  sec.; 


the  angle  made  with  the  plane  XOY. 


jW'  136.  Total  derivatives.  We  have  already,  on  page  57,  considered 
t  V  the  differentiation  of  a  function  of  one  function  of  a  single  inde¬ 
pendent  variable.  Thus,  if 

y=f(v)  and  v  =  cp(x), 

it  was  shown  that 

ay  _  ay  dv 
dx  dv  dx 

We  shall  next  consider  a  function  of  two  variables,  both  of  which 
depend  on  a  single  independent  variable.  Consider  the  function 

u=f{x,  y), 

where  x  and  y  are  functions  of  a  third  variable  t. 

Let  t  take  on  the  increment  At,  and  let  Ax,  Ay,  A u  be  the  corre¬ 
sponding  increments  of  x,  y,  u  respectively.  Then  the  quantity 

Am  =f(x  +  Ax,  y  +  Ay)  -f(x,  y) 

is  called  the  total  increment  of  u. 

Adding  and  subtracting  f{x,  y  -)-  Ay)  in  the  second  member, 

(A)  Au =[f(x+ Ax, y  +  A y)-f(x, y  +  Ay)]  +  [f(x,  y  +  Ay) -f(x,  y)] . 


Applying  the  Theorem  of  Mean  Value,  (44),  p.  168,  to  each  of 
the  two  differences  on  the  right-hand  side  of  (A),  we^get,  for  the 
first  difference, 

(B)  f(x  +  Ax,  y  +  Ay)  -fix,  y  +  A  y)=fj(x  +  0,  -  Ax,  y  +  Ay)  Ax. 

[a=x ,  Act=  Ax,  and  since  x  varies  while  y  +  Ay  remains] 
constant,  we  get  the  partial  derivative  with  respect  to  a.J 
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For  the  second  difference  we  get 
( O)  f(x,  y  +  Ay)-  f(x,  y)  =  fj(x ,  y  +  02  ■  Ay)  Ay. 

[a  =  y,  A a=  Ay,  and  since  y  varies  while  x  remains  con-] 
stant,  we  get  the  partial  derivative  with  respect  to  y.  J 

Substituting  ( B )  and  ( C )  in  (^4.)  gives 
(D)  Au  =  fj  (x  +  61 .  Ax,  y  +  Ay)  Ax  +  fj  (x,  y  +  d2 .  Ay)  Ay, 
where  91  and  02  are  positive  proper  fractions.  Dividing  (D)  by  At, 

(E)  ^  =fJ(x  +  0!  ■  As,  y  +  Ay) ~  +fj(x,  y  +  d2-Ay)^. 


Now  let  At  approach  zero  as  a  limit,  then 

du  sdx  .  A  dy 


(F) 


au  ...  ,ax  ..  ,ay 

Tt=f-(x’y)Tt+fi{x’y)dt 


[limit 
At=  0 


Since  Ax  and  Ay  converge  to  zero  with  At,  we  get 
fx\x  +  •  Ax,  y  +  Ay)  =fx(x, y),  and  fv'{x,  l /  +  •  A y)=fy(x,  y), 

fx’(x,  y)  and  fy\x,  y)  being  assumed  continuous. 


Replacing /(z,  y)  by  u  in  (F),  we  get  the  total  derivative 


(40) 


du  _  d  u  doc  d  u  dy 
dt  doc  dt  dy  dt 


In  the  same  way,  if 


u  =/(»»  y,  *)» 


and  x,  y,  z  are  all  functions  of  t,  we  get 


(50) 


du  _  du  doc  du  fly  du  dz 
dt  doc  dt  dy  dt  dz  dt 


and  so  on  for  any  number  of  variables.* 

In  (49)  we  may  suppose  t  =  x;  then  y  is  a  function  of  x,  and  u  is 
really  a  function  of  the  one  variable  x,  giving 


(51) 


du  _  du  du  dy 
doc  doc  dy  doc 


In  the  same  way  from  (50)  we  have 


(52) 


du  _du  du  dy  _j_  du  dz 
doc  doc  dy  doc  dz  doc 


*  This  is  really  only  a  special  case  of  a  general  theorem  which  may  he  stated  as  follows  : 

If  u  is  a  function  of  the  independent  variables  x,  y,  z,  •  •  •,  each  of  these  in  turn  being  a  func¬ 
tion  of  the  independent  variables  r,  then  (with  certain  assumptions  as  to  continuity) 


dw_du  dx  +  du  dy  +  du 
dr  dx  dr  dy  dr  dz  dr 


and  similar  expressions  hold  for  — 


du  du 


dt  ’  6tC' 
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limit  / Au\ 
Ax  =  0  )  ’ 


The  student  should  observe  that  ^  and  have  quite  different 

dx  ax 

meanings.  The  partial  derivative  —  is  formed  on  the  supposition 

(J  Jb 

that  the  particular  variable  x  alone  varies ,  while 

du 
dx 

where  Am  is  the  total  increment  of  u  caused  by  changes  in  all  the 

variables ,  these  increments  being  due  to  the  change  Ax  in  the  inde- 

,  .  .  •  i  i  du  du 

pendent  variable.  In  contradistinction  to  partial  derivatives,  —  >  — 

are  called  total  derivatives  with  respect  to  t  and  x  respectively.* 

x  du 

Ex.  1.  Given  u  =  sin  x  =  e‘,  y  =  f2 ;  find  —  • 
y  dt 

x  dx 


„  ,  du  1  x  du 

Solution.  —  =  -  cos  - 1  —  =  - 
dx  y  y  dy 


x  x  ax  ,  dy 
—  cos  - :  —  =  e',  — ■  = 
y'2  y  dt  dt 


2 1. 


Substituting  in  (49), 


du  e*  el  . 

—  —  (t  —  2)  — cos  — •  Ans. 
dt  v  ’  t3  t 2 


T  du 

Ex.  2.  Given  u  =  e™  (y  -  z),  y  =  a  sin  x,  z  =  cos  x ;  find  —  • 

dx 

du  ,  du  du  dy  dz 

Solution.  —  =  aeax  (y  -  z),  —  -  e™,  —  =  -eax\^-  —  a  cos  x,  —  =  -  sin  x. 

dx  dy  dz  dx  dx 

Substituting  in  (52), 
du 

—  =  aeax  (y  —  z)  +  aeax  cos  x  +  eax  sin  x  =  eax  (a?  +  1)  sin  x.  Ans. 
dx 

Note.  In  examples  like  the  above,  u  could,  by  substitution,  be  found  explicitly 
in  terms  of  the  independent  variable  and  then  differentiated  directly,  but  generally 
this  process  would  be  longer  and  in  many  cases  could  not  be  used  at  all. 


137.  Total  differentials.  Multiplying  (49)  and  (50)  through  by  dt , 
we  get,  (§  104,  p.  144), 

du  T 
fly, 
f>y 

du  ,  ,  dll  , 

-r-  dy  +  —  dz ; 
dy  dz 


(53) 

du  =  —  dx  + 
dx 

(54) 

du  =  —  dx  + 
dx 

*  It  should  be  observed  that  ^  has  a  perfectly  definite  value  for  any  point  ( x ,  y),  while  — 

dx  dx 

depends  not  only  on  the  point  (x,  y)  but  also  on  the  particular  direction  chosen  to  reach  that 
point.  Hence  ^ 

—  is  called  a  point  function  :  while 

ox 

du 

—  is  not  called  a  point  function  unless  it  is  agreed  to  approach  the 
point  from  some  particular  direction. 
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and  so  on.*  Equations  (53)  and  (54)  define  the  quantity  du ,  which 
is  called  a  total  differential  of  u  or  a  complete  differential , 


and 


du  ,  du  ,  du  , 
—  ux,  —  du.  —  dz 
ox  dy  dz 


are  called  partial  differentials.  These  partial  differentials  are 
sometimes  denoted  by  dpi ,  dpi,  dzu ,  so  that  (54)  is  also  written 

du  =  dpi  +  dpi  +  dpi. 


Ex.  1. 


V 

Given  u  =  arc  tan  -  ;  find  du. 


Solution. 


du  _  y  ■  du  _  x 
dx  x2  +  y 2  dy  x2  +  y 2 


Substituting  in  (53), 


du  = 


xdy  —  ydx 
x2  +  y2 


Ans. 


Ex.  2.  The  base  and  altitude  of  a  rectangle  are  5  and  4  inches  respectively. 
At  a  certain  instant  they  are  increasing  continuously  at  the  rate  of  2  inches  and 
1  inch  per  second  respectively.  At  what  rate  is  the  area  of  the  rectangle  increasing 
at  that  instant  ? 

Solution.  Let  x  =  base,  y  =  altitude ;  then  u  =  xy  =  area,  —  =  y,~  =  x. 

dx  dy 


Substituting  in  (49), 


du  dx  dy 

—  =  y - b  x  — 

dt  dt  dt 


„  „  .  .  .  dx  „  .  dy  ,  . 

But  x  =  5  in.,  y  =  4  in.,  —  =  2  m.  per  sec.,  —  =  1  in.  per  sec. 

dt  dt 

du 

.-.  —  =  (8  +  5)  sq.  in.  per  sec.  =  13  sq.  in.  per  sec.  Ans. 
dt 

Note.  Considering  du  as  an  infinitesimal  increment  of  area  due  to  the  infinites¬ 
imal  increments  dx  and  dy,  du  is  evidently  the  sum  of  two  thin  strips  added  on  to 
the  two  sides.  For,  in  du  =  ydx  +  xdy  (multiplying  (A) 

by  dt),  _  area  0f  vertical  strip,  and 

xdy  =  area  of  horizontal  strip. 


V 


I 

I 

I 


But  the  total  increment  A u  due  to  the  increments  dx  and  dy 
is  evidently  a u=  ydx  +  xdy  +  dxdy . 

Hence  the  small  rectangle  in  the  upper  right-hand  corner  (=  dxdy ) 
is  evidently  the  difference  between  A u  and  du.  This  figure  illus¬ 
trates  the  fact  that  the  total  increment  and  the  total  differential  of  a  function  of  several  vari¬ 
ables  are  not  in  general  equal  (see  p.  141). 


dx 


#  a  geometric  interpretation  of  this  result  will  be  given  on  p.  274. 
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138.  Differentiation  of  implicit  functions.  The  equation 


(A)  /(*>  y)  = 0 

defines  either  x  or  y  as  an  implicit  function  of  the  other.*  It  rep¬ 
resents  any  equation  containing  x  and  y  when  all  its  terms  have 
been  transposed  to  the  first  member.  Let 


(*> 

then 


w=f(x,  y); 

du  du  du  dy 
dx  dx  dy  dx 


(51),  p.  199 


But  from  (A),  / ( x ,  y)  =  0. 


du 


u  —  0  and  —  =  0  ;  that  is, 

dr. 


LS 


(0) 

Solving  for 


(55) 


du  du  dy  ^ 
dx  dy  dx 

we  get 

du 

dy  _  dx 
dx  du 

dy 

^*0 

dy 

a  formula  for  differentiating  implicit  functions.  This  formula  in 
the  form  ( 0 )  is  equivalent  to  the  process  employed  in  §  75,  pp.  83, 
84,  for  differentiating  implicit  functions,  and  all  the  examples  on 
p.  85  may  be  solved  using  formula  (55).  Since 


(^>) 


ffr  y)=° 


for  all  admissible  values  of  x  and  y,  we  may  say  that  (55)  gives  the 
relative  time  rates  of  change  of  x  and  y  which  keep  f(x,  y)  from  chang¬ 
ing  at  all.  Geometrically  this  means  that  the  point  ( x ,  y)  must 
move  on  the  curve  whose  equation  is  (D),  and  (551  determines  the 
direction  of  its  motion  at  any  instant.  Since 


=/(»»  y)> 


we  may  write  (55)  in  the  form 

df 


(55  a) 


dy  _  _  doc 
dx  df 


dy 


*  We  assume  that  a  small  change  in  the  value  of  x  causes  only  a  small  change  in  the  value  of  y. 

t  It  is  assumed  that  —  and  —  exist. 

dx  dy 
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dy  . 


Ex.  1.  Given  x2y4  +  sin  y  =  0  ;  find  — 

dx 

Solution.  Let  f(x,  y)  =  x'V4  -f  sin  y. 

dl 

dx 


=  2 x?/4,  —  =  4  x22/3  +  cos y.  .-.  from  (55 a),  —  = - - 

g?/  dx  4  x2?/8  +  cos  y 


A?is. 


Ex.  2.  If  x  increases  at  the  rate  of  2  inches  per  second  as  it  passes  through  the 
value  x  —  3  inches,  at  what  rate  must  y  change  when  y  =  1  inch,  in  order  that  the 
function  2  xy2  —  3  x2y  shall  remain  constant  ? 

Solution.  Let  /(x,  y)  —  2  xy2  -  3  xhy •  then 

—  —  2y2  —  6xy,  —  =  4  xy  —  3  x2. 

0x  02/ 


Substituting  in  (55  a), 

dy  2  ?/2  —  6  xy 


dx 


dy 
dt 

i  or,  — 
4  X2/  —  3  x2  dx 

dt 


2y2  —  6xy 
4  xy  —  3  x2 


By  (A),  p.  154 


„  „  ^  dx  „  dy 

But  a;  =  3,  y  =  1,  —  =  2. 


ft-  Per  second.  Ans. 

Let  P  be  the  point  (x,  y,  z)  on  the  surface  given  by  the  equation 
(E)  u  =  F(x,  y ,  2)  =  0, 

and  let  PC  and  AP  be  sections  made  by  planes  through  P  parallel 
to  the  YOZ  and  XOZ  planes  respectively.  Along  the  curve  AP , 
y  is  constant,  therefore  from  (E),  z  is 
an  implicit  function  of  x  alone,  and  we 
have  from  (55  a) 

OF 

dz  dx 

(56)  dx~~  OF’ 

dz 

giving  the  slope  at  P  of  the  curve  AP , 

§133,  p.  193. 

-  is  used  instead  of  ^  in  the  first  member  since  2  was  originally 
dx  dx 

from  (E)  an  implicit  function  of  x  and  y,  but  (56)  is  deduced  on 
the  hypothesis  that  y  remains  constant. 

Similarly  the  slope  at  P  of  the  curve  I  C  is 
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EXAMPLES 

Find  the  total  derivatives,  using  (49),  (50),  or  (51)  in  the  following  six  examples. 


L  1.  u=%*  +  ys+%,k  =  smx,y  =  ex.  Ans.  ^  =  3 e3z+e*(sinx+cosx)+sin2x. 


du 


dx 


2.  u  =  arc  tan  (xy),  y  =  ex. 

3.  u  —  log  (a2  —  p2),p  —  a  sin  9. 

Dk/ 

(0<r^  4.  u  =  v2  +  vy,  r  =  log  s,y  =  e?. 

5.  u  —  arc  sin  (r  —  s),  r  =  3 t,  s  =  4  ts. 
 enx  ( y  —  z) 


du  ex(l  +  x) 
Ans.  —  =  — ^ • 
dx  1  +  x2e2x 

Ans.  —  =  —  2  tan  9. 
d9 

.  du  •  2  v  +  y 

Ans.  —  = - b  ues. 

ds  s 

du  3 

Ans.  —  = 


6 


- ,  y  —  a  sm  x,  z  =  cos  x. 


d£  Vl  -  £2 

dit 

A  ns.  —  =  efIX  sin  x. 
dx 


a2  +  1 

Using  (53)  or  (54),  find  the  total  differentials  in  the  next  eight  examples. 

7 .  u  =  by2x  +  cx 2  +  gy 3  +  ex.  A  ns.  du  =  (6?/2 +  2  cx + e)  dx  +  (2  byx  +  3  gy2)dy. 


b" 


8.  u  =  logx*'. 

9.  u  —  y* inx. 

10.  u  —  xl°sv. 

11  S  -f  t 

S  ~  t 

12.  u  =  sin  (pq). 

13.  u  =  x«z. 


Ans.  du  =  -  dx  +  log  xdy. 
x 


Ans.  du  =  y*inx  log  y  cos  xdx  + 


sin  x 


yC 


dy. 


Ans.  du  =  u('^ydx  +  l°^dy). 

\  x  y  ) 


Ans.  du  - 


2  ( sdt  —  fds) 


(s  -  t)2 

Ans.  dw  =  cos  (pq)  [ qdp  +  pdq]. 


Ans.  du—x y*-1  ( yzdx  +  zx  log  xdy + xy  log  xdz) . 

14.  u  —  tan2  (p  tan2  9  tan2  \f/ .  Ans.  du  —  iuf — — - 1 - — - 1 _ 

V  sin  2  <£>  sin  2  9  sin  2  \p  ) 

15.  Assuming  the  characteristic  equation  of  a  perfect  gas  to  be 

vp  =  Rt, 

where  v  =  volume,  p  =  pressure,  t  =  absolute  temperature,  and  R  a  constant,  what 
is  the  relation  between  the  differentials  du,  dp,  dt  ?  Ans.  vdp  +  pdv  =  Rdt. 

16.  Using  the  result  in  the  last  example  as  applied  to  air,  suppose  that  in  a 
given  case  we  have  found  by  actual  experiment  that 

t  =  300°  C .,  p  =  2000  lbs.  per  sq.  ft.,  v  =  14.4  cubic  feet. 

Find  the  change  in  p,  assuming  it  to  be  uniform,  when  t  changes  to  301°  C  and 
o  to  14.5  cubic  feet.  R  =  96.  Ana.  -  7.22  lbs.  per  sq.  ft. 
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dy 

In  the  remaining  examples  find  — ,  using  formula  (56  a). 

dx 


17.  (x2  +  y2) 2  -  a2  (x2  -  ?/)  =  0. 

18.  e«  —  ex  +  xy  =  0. 

19.  sin  (xy)  —  ex'J  —  x-y  =  0. 

20.  sin  x  sin  y  -f  cos  x  cos  y  —  y  —  0. 


Ans.  dy  -  X  2(x2  +  Z/2)-«2 
dx  y  2  (x2  -f  ?/2)  -f  a2 

dx  ev  A  x 

^ns  dy  =  y  [cos  foy)  -  e*y  - 2  xl 

dx  x  [x  +  ex?/  —  cos  (xy)] 


139.  Successive  partial  derivatives. 

If  u=f(x,y), 

then,  in  general, 

du  ,  du 
—  and  — 
dx  dy 

are  functions  of  both  x  and  y,  and  may  be  differentiated  again 
with  respect  to  either  independent  variable,  giving  successive  par¬ 
tial  derivatives.  Regarding  x  alone  as  varying,  we  denote  the 
results  by 

dhc  dsu  diu 
dx1  ’  ox 3  ’ 


GU 

dx*1' 


or,  when  y  alone  varies, 

8^u  8*u  d\i  (Tu 

W  w' 

the  notation  being  similar  to  that  employed  for  functions  of  a 
single  variable. 

If  we  differentiate  u  with  respect  to  x,  regarding  y  as  constant, 

and  then  this  result  with  respect  to  y ,  regarding  z  as  constant,  we 

obtain  , 

—  V  which  we  denote  by 
dy  \dx  )  dydx 

Similarly,  if  we  differentiate  twice  with  respect  to  x  and  then 
once  with  respect  to  y ,  the  result  is  denoted  by  the  symbol 

dsu 
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140.  Order  of  differentiation  immaterial.  Consider  the  function 
f(x,  y ).  Changing  x  into  x  -f-  Ax  and  keeping  y  constant,  we  get 
from  the  Theorem  of  Mean  Value,  (44),  p.  168, 

(A)  fix  +  Ax,  y) -f{x,  y)  =  Ax  ■ fj  (x  +  9  ■  Ax,  y).  0  <  9  <  1 

Ta=  x,  A a=  Ax,  and  since  x  varies1  while  y  remains  con-"j 
[stant,  we  get  the  partial  derivative  with  respect  to  x.] 

If  we  now  change  y  to  y  -f-  Ay  and  keep  x  and  Ax  constant,  the 
total  increment  of  the  left-hand  member  of  (A)  is 

(. B )  [fix  +  Ax,  y  +  Ay)  -fix,  y  +  Ay)]  -  [fix  +  Ax,  y)  -fix,  y)]. 

The  total  increment  of  the  right-hand  member  of  (AL)  found  by 
the  Theorem  of  Mean  Value,  (44),  p.  168,  is 

(O)  A xfj  (x  +  6  ■  Ax,  y  +  Ay)  -  A xfj  ix  +  0  ■  Ax,  y).  0  <  6X  <  1 
=  AyAxfJ'  ix  +  01-  Ax,  y  +  d2  •  Ay).  0  <  02  <  1 

\a  =  y,  Aa=&y,  and  since  y  varies  while  x  and  Ax  remain! 

Lconstant,  we  get  the  partial  derivative  with  respect  to  y.  J 

Since  the  increments  (i?)  and  (C)  must  be  equal, 

(Z>)  [fix  +  A  x,  y  +  Ay)  -fix,  y  +  Ay)]  -  [f(x  +  Ax,  y)  -fix,  y)] 

=  AyAxfJ'  ix  +  0t-  Ax,  y  +  02  ■  Ay). 

In  the  same  manner,  if  we  take  the  increments  in  the  reverse  order, 

iE)  [fix  +  Ax,  y  4-  Ay)  -f(x  +  Ax,  y)]  -  [f(x,  y  +  Ay) -fix,  y)] 

=  Aa;A yff  [x  +  03  ■  Ax,  y  +  <94 .  Ay), 

6S  and  9i  also  lying  between  zero  and  unity. 

The  left-hand  members  of  (Z>)  and  iE)  being  identical,  we  have 

(F)  fvJ'(x  +  ei ■  Axi y  +  e 2 •  Av)  =fj'(x  +  ez-Ax,y  +  oi- Ay). 


Taking  the  limit  of  both  sides  as  Ax  and  Ay  approach  zero  as 
limits,  we  have  * 


(a)  fj'(x,  y)=fj'(v,  y), 

since  these  functions  are  assumed  continuous. 


(6r)  may  be  written 
(58) 


u  =f{x ,  y), 

d2u  _  d2n 

dydx  dxdy 


Placing 


*  Assuming  the  continuity  of  the  first  partial  derivatives  and  the  existence  and  continuity  of 
fxy  and  fyx  . 
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That  is,  the  operations  of  differentiating  with  respect  to  x  and  with 
respect  to  y  are  commutative. 

This  may  be  easily  extended  to  higher  derivatives.  For  instance, 
since  (58)  is  true, 

dzu  _  d  /  d2u  \ _  c'u  _  c1  /bn  \  o1  / 8u\  d3u 

dx2dy  ex  \8xdy )  dxdydx  8x8y\8x)  8y8x\8x )  dycx1 ' 

Similarly  for  functions  of  three  or  more  variables. 


Solution 


Given  u  =  x3y  —  3  a fly 

o  ...  d2u  d2u 

3  ;  verify - = - 

dydx  dxdy 

du  „  „  „ 

d2u 

.  —  =  3x2y  —  6xy3, 

—  3x2  18  xy2, 

dx 

dydx 

du  „  _  _ 

—  =  x3  —  9  x2y2, 

—  3  x2  18  x?y2; 

dy 

dxdy 

EXAMPLES 

^  1.  u  =  cos  (x  +  y) ; 

_  y2  +  x2  . 
y-  —  x 2 

V  3.  u  =  ylog(l  +  xy); 


4.  u  =  arc  tan  - ; 

s 

'  5.  u  =  sin  ((Pep) ; 


verify 

verify 

verify 

verify 

verify 


d2u  d2u 


dydx  dxdy 

d2u  d2u 

dydx  dxdy 

d2u  (flu 

dydx  dxdy 

d3u  _  d3u 
dr2ds  dsdr 2 

d3u  83u 


dddtp2  d<p2c9 
8*u 

dxfldydz 


6.  u  =  6  exy2z  +  3  e»x2z2  +  2  ezx3y  -  xyz ;  show  that 

fx 

d2u  „  du 


=  12  (exy  +  &z  +  ezx). 


d3u 


1 .  7.  u  —  e*t'z  :  show  that - -  =  (1  +  3 xyz  +  x^zfl)  u. 

dxdydz 


xflv2  (~U 

8.  u  —  — —  J  show  that  x  — -  +  V 


=  2  —  • 


x  +  y 


dx 2  dxdy  dx 


i  „  d2u  ,  „  d2u  du 

9.  u  =  (x2  +  y2Y ;  show  that  3  x  +3  y  —  +  —  —  0. 


dxdy 


10.  u  =  y2z2e 2  +  zW  +  xflif-fl  ;  show  that  - 


dy 2  8y 

0% 


=  pfl 


dx2dy28z2 
d^u  d2u  d^u 

11.  u  =  (x2  +  V2  +  z2)-* ;  show  that  —  +  —  +  — 2  =  °- 


e2  +  e2  +  e2. 


CHAPTER  XVIII 


ENVELOPES 


141.  Family  of  curves.  Variable  parameter.  The  equation  of  a 
curve  generally  involves,  besides  the  variables  x  and  y,  certain  con¬ 
stants  upon  which  the  size,  shape,  and  position  of  that  particular 
curve  depend.  For  example,  the  locus  of  the  equation 


{■*) 


(x  —  a)'2  +  y2  —  r2 


is  a  circle  whose  center  lies  on  the  axis  of  X  at  a  distance  of  a  from 

the  origin,  its  size  depending  on  the 
radius  r.  Suppose  a  to  take  on  a 
series  of  values,  then  we  shall  have  a 
corresponding  series  of  circles  differing 
in  their  distances  from  the  origin,  as 
shown  in  the  figure. 

Any  system  of  curves  formed  in  this  way  is  called  a  family  of 
curves ,  and  the  quantity  a,  which  is  constant  for  any  one  curve, 
but  changes  in  passing  from  one  curve  to  another,  is  called  a  vari¬ 
able  parameter. 

As  will  appear  later  on,  problems  occur  which  involve  two  or 
more  parameters.  The  above  series  of  circles  is  said  to  be  &  family 
depending  on  one  parameter.  To  indicate  that  a  enters  as  a  vari¬ 
able  parameter  it  is  usual  to  insert  it  in  the  functional  symbol, 


thus : 


f(x,  y,  a)  =  0. 


142.  Envelope  of  a  family  of  curves  depending  on  one  parameter. 

Any  two  neighboring  curves  of  a  family  will  in  general  intersect.* 
If  the  corresponding  values  of  the  parameter  are  a  and  a  +  A  a,  the 
point  or  points  of  intersection,  if  these  exist,  will  in  general  tend 
to  definite  limiting  positions  (points)  as  A  a  approaches  zero.  The 
locus  of  all  such  limiting  points  is  called  the  envelope  of  the  family 


*  An  exception  to  this  would  be  the  system  of  concentric  circles  we  get  from  (A)  when  a  is 
constant  and  r  varies,  no  two  of  which  would  intersect. 
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of  curves.  Thus,  in  the  last  figure,  the  limiting  positions  of  the 
points  of  intersection  of  the  circles  are  all  on  the  straight  lines  AB 
and  CD,  which  form  therefore  the  envelope  of  the  family  of  circles 
Now  find  the  equation  of  the  envelope  of  a  family 
of  curves  depending  on  one  parameter.  Let 

(B)  f  (D  Ih  a)  =  0  and 

(°)  f(x,y,a  +  Aa)=Q 

be  two  neighboring  curves  of  the  same  family 
intersecting  at  a  point  (x' ,  y ') ;  and  let  us  find  the  limiting  position 
of  this  point  of  intersection  as  A  a  approaches  the  limit  zero. 

We  can  find  the  equation  of  a  third  curve  through  (x',  y')  by 
applying  the  Theorem  of  Mean  Value,  (44),  p.  168,  to  (B)  and  ( C ), 
regarding  a  as  the  variable  and  x  and  y  as  constants.  For  we  have 
iP)  f  (X,  y,a  +  A  a)  -fix,  y,  a)  =  A  affix,  y,  a  +  0  .  Aa).  0  <  6  <  1 

Since  P'  lies  on  both  of  the  curves  ( B )  and  (C),  the  left-hand 
members  of  their  equations  vanish  for  x  =  x '  and  y  =  y' .  Hence 
the  left-hand  member  of  (B)  must  vanish  for  the  same  values,  and 
consequently  the  right-hand  member  also.  Therefore 
(B)  fa'(x,  y,  a  +  6-Aa)=  0 

is  the  equation  of  a  third  curve  passing  through  the  intersection 
of  (B)  and  (C).  If  then  (B)  and  (C)  intersect  in  a  point  which 
approaches  a  fixed  point  as  a  limit  as  A  a  approaches  zero,  we  get 
in  general 

(B)  fa' fry,  a)=0 

as  the  equation  of  a  curve  which  passes  through  the  limit  of  the 
intersection  of  (B)  and  ((7).  In  general  (F)  is  distinct  from  (B) 
and  therefore  has  a  definite  intersection  with  it. 

Since  the  coordinates  of  the  points  on  the  envelope  satisfy  both 
(F)  and  (B),  its  equation  is  found  by  eliminating  a  between  these 
equations.  The  equation  of  the  envelope  is  therefore  a  new  rela¬ 
tion  between  x  and  y  that  is  independent  of  a* 

*  By  definition  we  should  solve  (B)  and  ( C )  simultaneously  for  their  point  of  intersection  and 
then  pass  to  the  limit.  In  practice,  however,  it  is  found  to  be  more  convenient  first  to  pass  to 
the  limit  and  then  solve  for  x  and  y,  just  as  we  do  here.  It  is  not  self-evident  by  any  means  that 
these  two  processes  give  the  same  results  in  all  cases,  hut  it  is  a  fact  that  the  results  are  iden¬ 
tical  in  all  the  applications  made  in  this  hook. 
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On  account  of  the  process  of  elimination  that  is  involved,  no 
detailed  method  of  procedure  can  be  given  for  finding  the  envel¬ 
ope  that  will  apply  in  all  cases.  In  a  large  number  of  problems, 
however,  the  student  may  be  guided  by  the  following 

General  directions  for  finding  the  envelope. 

First  step.  Differentiate  with  respect  to  the  variable  parameter ,  con¬ 
sidering  all  other  quantities  involved  in  the  given  equation  as  constants. 

Second  step.  Solve  the  result  for  the  variable  parameter. 

Third  step.  Substitute  this  value  of  the  variable  parameter  in  the 
given  equation.  This  gives  the  equation  of  the  envelope. 


Ex.  1.  Eind  the  envelope  of  the  straight  line  y  — mx  +  m 
the  variable  parameter. 


— ,  where  the  slope  m  is 


Solution. 

<52 

II 

+ 

§  Its 

First  step. 

P 

o  =  x - -  • 

m2 

Second  step. 

m  =  ±\|' 

Third  step. 

,y  =  ±  Vf 'x±  \f 'p  =  ±2Vpx’ 

and  squaring,  y 2 

—  4  px,  a  parabola,  is  the  equation  of 

the  envelope.  The  family  of  straight  lines  formed  by 

varying  the  slope  m  is  shown  in  the  figure,  each  line  being  tangent  to  the  envelope, 
for  we  know  from  Analytic  Geometry  that  y  —  mx  +  f  is  the  tangent  to  the  parab¬ 
ola  y2  =  4  px  expressed  in  terms  of  its  own  slope  m. 


143.  The  envelope  touches  each  curve  of  the  family  at  the  limiting 
points  on  that  curve. 

G-eometrical  proof  Let  A,  B,  C  be  three  neighboring  curves 
of  the  family,  A  and  B  intersecting  at  P,  and  B  and  C  at  Q. 
Draw  TT'  through  P  and  Q.  Now  let  A  and  C  approach  coin¬ 
cidence  with  B ,  that  is,  let  A,  B ,  C  become  consecutive  curves  * 
of  the  family.  Then  TT'  becomes  a  tangent  to  B,  having  two 


*The  limiting  position  of  any  point  of  intersection  (as  P  in  figure,  p.  211)  is  sometimes  called 
tile  point  of  intersection  of  two  consecutive  curves  of  the  family.  Similarly  the  line  which  TT' 
approaches  as  P  approaches  Q,  i.e.  the  tangent  to  IS  at  Q,  is  said  to  pass  through  two  consecutive 
points  of  the  curve.  Of  course  there  is  no  one  curve  that  is  consecutive  to  another  nor  any  one 
point  that  is  consecutive  to  another  in  the  ordinary  sense,  of  the  word,  hut  geometrical  considera¬ 
tions  have  suggested  the  above  phraseology  and  it  is  understood  to  be  merely  a  brief  way  of 
indicating  the  actual  condition  of  affairs  as  stated  in  the  definitions. 
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consecutive  points  P  and  Q  in  common  with  it.  But  then  P  and 
Q  will  also  become  consecutive  points  of 
the  envelope  by  definition;  hence  TT'  will 
at  the  same  time  become  a  tangent  to  the 
envelope.  Therefore  B  and  the  envelope  have  a  common  tangent ; 
similarly  for  every  curve  of  the  family.  Thus  in  the  example  of 
the  last  section  we  noticed  that  the  parabola  had  the  family  of 
straight  lines  as  tangents. 


Analytical  •proof.  Consider  the  family  of  curves  represented  by 
fit)  fix,  y~  a)  =  0. 

(In/ 

The  slope  at  any  point  on  (A)  is  the  value  of  —  from 

(B)  f  +  ^^  =  0-  (51),  p.  199 

dx  dy  ax 

where,  in  differentiating,  a  must  be  kept  constant. 

From  the  previous  section  we  know  that  the  envelope  of  the  family  of  curves  is 
found  by  eliminating  a  between  (H)  and 

(C)  |-/(*,  V ,  “)  =  0. 

CCL 

If  we  suppose  (C)  solved  for  a  in  terms  of  x  and  y  and  the  result  substituted 
in  (H),  it  is  evident  that  equation  (A)  would  then  be  the  equation  of  the  envelope. 
Hence  the  slope  of  the  envelope  may  be  found  by  taking  the  total  derivative  of  (A), 
(52),  p.  199,  regarding  a  as  a  certain  function  of  x  and  y  determined  by  (C).  This  gives 

df  df  dy  df  da 

(D)  —  +  —  JL  _(_  A - =  o. 

v  '  dx  dy  dx  da  dx 

Suppose  now  that  the  coordinates  of  the  point  (x,  y)  satisfy  both  (H)  and  ( C ) ; 
that  point  is  therefore  on  the  curve  ( A )  and  also  on  the  envelope  ;  and,  by  (C),  the 
last  term  in  ( D )  vanishes,  reducing  (D)  to  the  same  form  as  (B).  Hence  at  the 
point  (x,  y)  the  slope  is  the  same  for  the  curve  (A)  and  the  envelope,  so  that  a 
limiting  point  of  intersection  on  any  member  of  the  family  is  a  point  of  contact  of 
this  curve  with  the  envelope.* 

144.  Parametric  equations  of  the  envelope  of  a  family  depending 
on  one  parameter.  Instead  of  finding  the  equation  of  the  envelope 
in  rectangular  form  by  the  method  of  §  142,  p.  210,  it  is  sometimes 
more  convenient  to  get  the  equations  of  the  envelope  in  paia- 
metric  form  by  solving 

f(x,  y,  a)  =  0  and  —/(a,  y,  a)  =  0 

for  x  and  y  in  terms  of  a.  Thus : 

*  In  the  special  case  when  %  =  0  or  T  =  0  for  a11  points  of  0ur  l0CUS  tMs  reasonin§  fails' 
dx  dy  By 
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Ex.  1.  Find  the  envelope  of  the  family  of  straight  lines  x  cos  a  +  y  sin  a  p,  a 
being  the  variable  parameter. 

Solution.  (A)  x  cos  a  +  y  sin  a  =  p. 

Differentiating  (A)  with  respect  to  a, 

(B)  —  x  sin  a  +  y  cos  a  =  0. 

Multiplying  (A)  by  cos  a  and  ( B )  by  sin  a  and  sub¬ 
tracting,  we  get  x  =  rp  CQS  a 

Similarly,  eliminating  x  between  (A)  and  (B),  we 
Set  y  =  P  sin  a. 

The  parametric  equations  of  the  envelope  are  there¬ 
fore 


(C) 


X  =  P  COS  a, 
y  =  p  sin  a  ; 


a  being  the  parameter.  Squaring  equations  ( C )  and  adding,  we  get 

x2  +  y-  =  p 2, 

the  rectangular  equation  of  the  envelope,  which  is  a  circle. 

Ex.  2.  Find  the  envelope  of  a  line  of  constant  length  a,  whose  extremities  move 
along  two  fixed  rectangular  axes. 

Solution.  Let  AB  =  a  in  length,  and  let 

(A)  x  cos  a  +  y  sin  a  —  p  =  0 

be  its  equation.  Now  as  AB  moves  always  touching 
the  two  axes,  both  a  and  p  will  vary.  But  p  may  be 
found  in  terms  of  a.  For,  AO  =  AB  cos  a  =  a  cos  a, 
and  p  =  A  0  sin  a  =  a  sin  a  cos  a.  Substituting  in  (A), 

(B)  x  cos  a  -f  y  sin  a  —  a  sin  a  cos  a  =  0, 
where  a  is  the  variable  parameter.  Differentiating  (B)  with  respect  to  a, 

(C)  —  x  sin  a  +  y  cos  a  +  a  sin2  a  —  a  cos2  a  =  0. 

Solving  (15)  and  ( C )  for  x  and  y  in  terms  of  a,  we  get 

( x  =  a  sin3  a, 

'  '  [y  =  a  cos8  a, 

the  parametric  equations  of  the  envelope,  a  hypocycloid. 

The  corresponding  rectangular  equation  is  found  from  equations  (D)  by  eliminat¬ 


Y 

L 

a 

Ax    XS — 

X 

a  / 

VH. 

ing  a  as  follows : 


Adding, 


x 3  =  a*  sin2  a. 
=  aJ  cos2  a. 
-f-  y*  —  a%, 


the  rectangular  equation  of  the  hypocycloid. 
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145.  The  evolute  of  a  given  curve  considered  as  the  envelope  of 
its  normals.  Since  the  normals  to  a  curve  are  all  tangent  to  the 
evolute,  §  129,  p.  186,  it  is  evident  that  the 
evolute  of  a  curve  may  also  be  defined  as  the 
envelope  of  its  normals  ;  that  is,  as  the  locus 
of  the  ultimate  intersections  of  neighboring 
normals.  It  is  also  interesting  to  notice 
that  if  we  find  the  parametric  equations  of 
the  envelope  by  the  method  of  the  previous 
section,  we  get  the  coordinates  x  and  y  of 
the  center  of  curvature  ;  so  that  we  have 
here  a  second  method  for  finding  the  coordinates  of  the  center  of 
curvature.  If  we  then  eliminate  the  variable  parameter,  we  have 
a  relation  between  x  and  y  which  is  the  rectangular  equation  of 
the  evolute  (envelope  of  the  normals). 


Ex.  1.  Find  the  evolute  of  the  parabola  iy2  =  ipx  considered  as  the  envelope  of 
its  normals. 

Solution.  The  equation  of  the  normal  at  any  point  ( x ',  y')  is 


V  -.2/  =■ 


yf 

2  p 


(x  —  x') 


from  (2),  p.  90.  As  we  are  considering  the  normals  all  along  the  curve,  both 
x'  and  y'  will  vary.  Eliminating  x'  by  means  of  y'2  =  4  px',  we  get  the  equation 
of  the  normal  to  be 

{A)  y  -y  = 


8  p2 


xy 

2  p 


Considering  y'  as  the  variable  parameter,  we  wish  to  find  the  envelope  of  this 
family  of  normals.  Differentiating  (A)  with  respect  to  y  , 

1  =  3  y'2  x 

8  p2  2  p 


and  solving  for  x, 

(B) 


3  y'2  +  8  p2 
4p 


Substituting  this  value  of  x  in  (A)  and  solving  for  y, 

V'3 

(C)  y  =  -Tf* 

(B)  and  (C)  are  then  the  coordinates  of  the  center  of  curvature  of  the  parabola. 
Taken  together,  (B)  and  (C)  are  the  parametric  equations  of  the  evolute  in  terms  of 
the  parameter  y'.  Eliminating  y'  between  (B)  and  (C)  gives 

27  py~  =  4  (x  —  2  p)3, 

the  rectangular  equation  of  the  evolute  of  the  parabola.  This  is  the  same  result  we 
obtained  in  Ex.  1,  p.  188,  by  the  first  method. 
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146.  Two  parameters  connected  by  one  equation  of  condition. 

Many  problems  occur  where  it  is  convenient  to  use  two  parameters 
connected  by  an  equation  of  condition.  For  instance,  the  example 
given  in  the  last  section  involves  the  two  parameters  x'  and  y' 
which  are  connected  by  the  equation  of  the  curve.  In  this  case 
we  eliminated  x\  leaving  only  the  one  parameter  y' . 

However,  when  the  elimination  is  difficult  to  perform,  both  the 
given  equation  and  the  equation  of  condition  between  the  two 
parameters  may  be  differentiated  with  respect  to  one  of  the  param¬ 
eters,  regarding  either  parameter  as  a  function  of  the  other.  By 
studying  the  solution  of  the  following  problem  the  process  will  be 
made  clear. 

Ex.  1.  Find  the  envelope  of  the  family  of  ellipses  whose  axes  coincide  and 
whose  area  is  constant. 

Solution.  ( A )  —  +  —  =  1 

is  the  equation  of  the  ellipse  where  a  and  b  are  the  variable  parameters  connected  by 


the  equation 


Y 


(B)  irab  =  k, 


irab  =  k. 


irab  being  the  area  of  an  ellipse  whose 
semiaxes  are  a  and  b.  Differentiating 
(A)  and  (B),  regarding  a  and  b  as  vari¬ 
ables  and  x  and  y  as  constants,  we  have, 
using  differentials, 


and  bda  -f  adb  =  0,  from  (B). 

Transposing  one  term  in  each  to  the 
second  member  and  dividing,  we  get 


^  _  y'l 
a2  ¥•' 


Therefore,  from  (A) 


giving 


a  =  ±  x  V2  and  b  =  ±y  V2. 


Substituting  these  values  in  (B),  we  get  the  envelope 


k 


a  pair  of  conjugate  rectangular  hyperbolas  (see  figure). 
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EXAMPLES 

/  1.  Find  the  envelope  of  the  family  of  straight  lines  y  —  2  mx  +  to4,  m  being  the 

variable  parameter.  Ans.  x  =  —  2  to8,  y  =  —  3  m‘l ;  or,  16  yz  +  27  —  0.* 

Z'  2.  Find  the  envelope  of  the  family  of  parabolas  y2  =  a(x  —  a),  a  being  the 

variable  parameter.  Ans.  x  =  2  a,  tf  =  ±  a  ■,  or,  y  —  ±  ^  x. 

3.  Find  the  envelope  of  the  family  of  circles  x2  +  (y  —  p)2  =  r2,  p  being  the 

variable  parameter.  Ans.  x  =  ±  r. 


4.  Find  the  equation  of  the  curve  having  as  tangents  the  family  of  straight  lines 
y  =  mx  ±  V a'2m2  +  b2,  the  slope  m  being  the  variable  parameter. 

A  ns.  The  ellipse  b2x2  +  a2y 2  =  a2b2. 

■  H 

5.  Find  the  envelope  of  the  family  of  circles  whose  diameters  are  double  ordi¬ 
nates  of  the  parabola  y 2  =  ipx.  ,,  Ans.  The  parabola  y2  =  4 p(p  +x). 

A?  ~  S+-*\ 


6.  Find  the  envelope  of  the  family  of 
nates  of  the  ellipse  b-x2  +  a2y 2  =  a2b2. 


circles  whose  diameters  are  double  ordi- 

X2  y2 

Ans.  The  ellipse. - ,+  —  =  1. 

a'2  +  b2  b2 


7.  A  circle  moves  with  its  center  on  the  parabola  y2  =  4  ax,  and  its  circumference 
^  passes  through  the  vertex  of  the  parabola.  Find  the  equation  of  the  locus  of  the 

points  of  ultimate  intersection  of  the  circles. 

Ans.  The  cissoid  y2(x  +  2  a)  +  x3  =  0. 

8.  Find  the  curve  whose  tangents  are  y  —  lx  ±  V al2  +  bl  +  c,  the  slope  l  being 

supposed  to  vary.  Ans.  4  (ay-  +  bxy  +  cx-)  —  4  ac  —  b2. 


9.  Find  the  evolute  of  the  ellipse  b2x2  +  a2y2  =  a2b2,  taking  the  equation  of 
normal  in  the  form  hy  =  ax  tan  0  -  (a2  -  b2)  sin  0, 

the  eccentric  angle  0  being  the  parameter. 

Ans.  x  =  g2  ~  62  cos8  0,  y  =  ^  T  sin3  0;  or,  (ax)2  +  (ay)*  =  (a2-  b2)l 


10.  Find  the  evolute  of  the  hypocycloid  x2  +  y*  =  a?,  the  equation  of  whose 

normal  is  y  cost  —  xsinr  =  a  cos2r, 

r  being  the  parameter.  Ans.  (x  +  2/)J  +  (*  —  y)s  =  2  a\ 

11.  Find  the  envelope  of  the  circles  which  pass  through  the  origin  and  have 

their  centers  on  the  hyperbola  x2  —  y2  =  c2.  'a"~ 

Ans.  The  lemniscate  (x2  +  y2)2  =jtf(x2  —  y2). 


12.  Find  the  envelope  of  a  line  such  that  the 
equals  c. 


sum  of  its  intercepts  on  the  axes 
Ans.  The  parabola  x*  +  y”  =  c5. 


*  When  two  answers  are  given,  the  first  is  in  parametric  form  and  the  second  in  rectangular 
form. 
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V  13.  Find  the  envelope  of  the  family  of  ellipses  b2x2  +  a2y2  =  a2b2,  when  the  sum 
of  its  semiaxes  equals  c.  Ans.  The  hypocycloid  a:*  +  y%  —  c*. 

14.  Find  the  envelope  of  the  ellipses  whose  axes  coincide,  and  such  that  the 

distance  between  the  extremities  of  the  major  and  minor  axes  is  constant  and 
equal  to  l.  Ans.  A  square  whose  sides  are  ( x  ±  y )2  =  l'2. 

1 

15.  Projectiles  are  fired  from  a  gun  with  an  initial  velocity  v0.  Supposing  the  gun 

can  be  given  any  elevation  and  is  kept  always 
in  the  same  vertical  plane,  what  is  the  envelope 
of  all  possible  trajectories,  the  resistance  of  the 
air  being  neglected  ? 

Hint.  The  equation  of  any  trajectory  is 
<jx* 


y=  x  tan  a.-- 


2  v 0 cos2  a 


Ans.  The  parabola  y  =  —  — -*  • 
2  <7  2v0 


CHAPTER  XIX 


SERIES 

147.  Introduction.  A  series  is  a  succession  of  separate  numbers 
which  is  formed  according  to  some  rule  or  law.  Each  number  is 
called  a  term  of  the  series.  Thus, 

1,  2,  4,  8,  2’!_1 

is  a  series  whose  law  of  formation  is  that  each  term  after  the  first 
is  found  by  multiplying  the  preceding  term  by  2 ;  hence  we  may 
write  down  as  many  more  terms  of  the  series  as  we  please,  and 
any  particular  term  of  the  series  may  be  found  by  substituting  the 
number  of  that  term  in  the  series  for  n  in  the  expression  2n~\  which 
is  called  the  general  or  nth.  term  of  the  series. 

EXAMPLES 

In  the  following  six  series  : 

(a)  Discover  by  inspection  the  law  of  formation ; 

(b)  write  down  several  terms  more  in  each ; 

(c)  find  the  nth  or  general  term. 


Series 

nth  term 

1. 

1,  3,  9,  27,  •  ■ 

3"-1. 

2. 

—  a,  +  a'2,  —  a3,  +  a4,  •  •  • . 

(-  a)». 

3. 

1,  4,  9,  16,  .... 

n2. 

4. 

X2  X3  X4 

x ’  ¥’  IT  T’  " 

xn 

n 

5. 

I,  —  2,  +  1,  —  4,  •  •  • . 

4  (  —  DB_1. 

6. 

3  y  5  y2  7  y3 

2  n  +  1 

2  ’  5  ’  10  ’ 

n2  +  1*  ' 

Write  down  the  first  four  terms  of  each 

series  whose  nth  or  general  term  is  given 

below. 

nth  term 

Series 

7. 

n2x". 

x,  4x2,  9x3,  16  x4. 

8. 

xn 

X  X2  X3 

X4 

1  +  Vn 

2  ’  1  +  V2  ’  1+  V3  ’ 

1+ V4 
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9. 


11. 

12. 


nth  term 

n  +  2 

3 

4 

5.  6 

ns  +  1 

2 

9’ 

28  ’  65 

n 

1 

2 

3  4 

2n 

2 

4’ 

8’  16 

(log  a)nxn 

log  a- 

x>  log2  a 

[ n 

1 

2 

1 

X2  X4 

\2n-l 

1 

15’  15’ 

Series 


24 


x6 


148.  Infinite  series.  Consider  the  series  of  n  terms 

1 


(4 


.111 
2’  4’  8’ 


’’  2n_1 

and  let  S  denote  the  sum  of  the  series.  Then 


Sn  =  1  +  l  +  l  +  l  +  ---  +  ^ 


n—  1 


Evidently 

Sn  is  a  function  of  n,  for 

when  n=  1, 

S1  =  l 

=  1, 

when  n  =  2, 

II 

t— 1 

toll-1 

when  n  —  3, 

S°  =  1  +  l  +  \ 

_  1  3 
— 

when  7i  =  4, 

,s*=1  +  ^+i  +  i 

_  1  7 
—  4^, 

. 

•  •  •  ■  •  • 

H  111  1 

when  7i  =  7i, 

^-1  +  2  +  4  +  8  +  "-  +  2„-1 

=  2- 

* 


0?i-l 


Mark  off  points  on  a  straight  line  whose  distances  from  a  fixed 
point  0  correspond  to  these  different  sums.  It  is  seen  that  the 


il 

-±r 


U  U  ? 


-3  ^>4 


X 


H 


^1  $2 

point  corresponding  to  any  sum  bisects  the  distance  between  the 
preceding  point  and  2.  Hence  it  appears  geometrically  that  when 
n  increases  without  limit 

limit  S„  =  2. 


♦Found  by  6,  p.  1,  for  the  sum  of  a  geometric  series. 
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We  also  see  that  this  is  so  from  arithmetical  considerations,  for 

limit  g  _  limit  1 

n  =  oo  *  —  n  =  cc  V  2”-1 

Since  when  n  increases  without  limit,  — —  approaches  zero  as  a  limit. 1 

2«-i  J 

We  have  so  far  discussed  only  a  particular  series  (A)  when  the 
number  of  terms  increases  without  limit.  Let  us  now  consider  the 
general  problem,  using  the  series 

( C  )  11^1  U.^  ^31  ^41  •  •  '  1 

whose  terms  may  be  either  positive  or  negative.  Denoting  by  Sn 
the  sum  of  the  first  n  terms,  we  have 

8n  =  +  u2  4"  US  +  ‘  •  •  +  un'> 

and  Sn  is  a  function  of  n.  If  we  now  let  the  number  of  terms  (=  n) 
increase  without  limit,  one  of  two  things  may  happen :  either 


Case  I.  Sn  approaches  a  limit,  say  u,  indicated  by 

limit  Sn  =  u;  or, 

Case  II.  Sn  approaches  no  limit. 

In  either  case  (C)  is  called  an  infinite  series.  In  Case  I  the  infinite 
series  is  said  to  be  convergent  and  to  converge  to  the  value  u,  or  to 
have  the  value  u,  or  to  have  the  sum  u.  The  infinite  geometric 
series  discussed  at  the  beginning  of  this  section  is  an  example  of 
a  convergent  series,  and  it  converges  to  the  value  2.  In  fact,  the 
simplest  example  of  a  convergent  series  is  the  infinite  geometric 
series 

a,  ar,  ar 2,  ar3,  ar4,  •  •  • , 

where  r  is  numerically  less  than  unity.  The  sum  of  the  first  n 
terms  of  this  series  is,  by  6,  p.  1, 

a  (1  +  rn)  _  a  ar " 

n  Z  -i 

n .  p _ r  j_ _ y  i  —  x 

If  we  now  suppose  n  to  increase  without  limit,  the  first  fraction 


*  Such  a  result  is  sometimes,  for  the  sake  of  br Aity ,  called  the  sum  of  the  series  ;  hut  the 
student  must  not  forget  that  2  is  not  the  sum  but  the  limit  oj  the  sum)  as  the  number  of  terms 
increases  without  limit. 
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on  the  right-hancl  side  remains  unchanged,  while  the  second 
approaches  zero  as  a  limit.  Hence 

limit  c  a 

A,  —  z. - 1 

n  =  oo  1  —  r 

a  perfectly  definite  number  in  any  given  ease. 

In  Case  II  the  infinite  series  is  said  to  be  nonconvergent  *  Series 
under  this  head  may  be  divided  into  two  classes. 

First  class.  Divergent  series ,  in  which  the  sum  of  n  terms 
increases  indefinitely  in  numerical  value  as  n  increases  without 
limit;  for  example,  the  series  from  which  we  get 

Sn  =  1  +  2  -f-  3  +  •  •  •  +  n. 

As  n  increases  without  limit,  Sn  increases  without  limit  and 
therefore  the  series  is  divergent. 

Second  class.  Oscillating  series ,  of  which 

Nn=i-i+i-i+---  +  (-ir1 

is  an  example.  Here  Sn  is  zero  or  unity  according  as  n  is  even 
or  odd,  and  although  Sn  does  not  become  infinite  as  n  increases 
without  limit,  it  does  not  tend  to  a  limit,  but  oscillates.  It  is 
evident  that  if  all  the  terms  of  a  series  have  the  same  sign  the 
series  cannot  oscillate. 

Since  the  sum  of  a  converging  series  is  a  perfectly  definite  num¬ 
ber,  while  such  a  thing  as  the  sum  of  a  nonconvergent  series  does 
not  exist,  it  follows  at  once  that  it  is  absolutely  essential  in  any 
given  problem  involving  infinite  series  to  determine  whether  or 
not  the  series  is  convergent.  This  is  often  a  problem  of  great 
difficulty,  and  we  shall  consider  only  the  simplest  cases. 

149.  Existence  of  a  limit.  When  a  series  is  given  we  cannot  in 
general,  as  in  the  case  of  a  geometric  series,  actually  find  the  num¬ 
ber  which  is  the  limit  of  Sn.  But  although  we  may  not  know 
how  to  compute  the  numerical  value  of  that  limit,  it  is  of  prime 
importance  to  know  that  a  limit  does  exist,  for  otherwise  the  series 
may  be  nonconvergent.  When  examining  a  series  to  determine 
whether  or  not  it  is  convergent,  the  following  theorems,  which  we 
state  without  proofs,  are  found  to  be  of  fundamental  importance.! 

*  Some  writers  use  divergent  as  equivalent  to  nonconvergent. 

t  See  Osgood’s  Introduction  to  Infinite  Series,  pp.  4, 14,  64.  ^  ft  tJA  t'-'k  tm 
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Theorem  I.  If  Sn  is  a  variable  that  always  increases  as  n  increases , 
but  always  remains  less  than  some  definite  fixed  number  A ,  then  as 
n  increases  without  limit ,  Sn  will  approach  a  definite  limit  which  is 
not  greater  titan  A. 

Theorem  II.  If  Sn  is  a  variable  that  always  decreases  as  n  increases , 
but  always  remains  greater  than  some  definite  fixed  number  B,  then 
as  n  increases  without,  limit ,  Sn  will  approach  a  definite  limit  which 
is  not  less  than  B. 

Theorem  III.  The  necessary  and  sufficient  condition  that  Sn  shall 
approach  some  definite  fixed  number  as  a  limit  as  n  increases  without 
limit  is  that 


limit 


(«.„-«.)=  o 


n  —  co 

for  all  values  of  the  integer  p. 

150.  Fundamental  test  for  convergence.  Summing  up  first  n  and 
then  n  +  p  terms  of  a  series,  we  have 

(A)  Sn  —  ux  -(-  u2  -f-  u3  -f-  •  •  •  -f-  un. 


(B) 


S. 


n+p 


U1  +  U2  +  U3  +  '  ’  '  +  Un  +  Un  +  1  +  '  -  ’  +  'M'n+p' 


Subtracting  (.4)  from  (5), 


(0) 


S„+P  —  Sn  =  un  +  l  +  W„  +  21 - 1-  Un+p- 


From  Theorem  III  we  know  that  the  necessary  and  sufficient 
condition  that  the  series  shall  be  convergent  is  that 


for  every  value  of  p.  But  this  is  the  same  as  the  left-hand  member 
of  (C);  therefore  from  the  right-hand  member  the  condition  may 
also  be  written 

( Un  +  1  +  Un  +  2  S - f -Un+p)=®' 


<B) 


limit 
n  —  go  ' 


Since  (B)  is  true  for  every  value  of  p,  then  letting  p  =  1,  'a 
necessary  condition  for  convergence  is  that 


limit  (w„  ,  0; 

71  —  GO  '  w  +  17 

or,  what  amounts  to  the  same  thing, 


(B) 


limit 
n  =  oo 


K)= 
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Hence,  if  the  general  (or  nth)  term  of  a  series  does  not  approach 
zero  as  n  approaches  infinity,  we  know  at  once  that  the  series  is 
nonconvergent  and  we  need  proceed  no  further.  However,  (E)  is 
not  a  sufficient  condition,  that  is,  even  if  the  zith  term  does  approach 
zero  we  cannot  state  positively  that  the  series  is  convergent ;  for, 
consider  the  harmonic  series 


Here 


that  is,  condition  (E)  is  fulfilled.  Yet  we  may  show  that  the  har¬ 
monic  series  is  not  convergent  by  the  following  comparison: 


We  notice  that  every  term  of  ( Cr )  is  equal  to  or  less  than  the 
corresponding  term  of  (F),  so  that  the  sum  of  any  number  of  the 
first  terms  of  (F)  will  be  greater  than  the  sum  of  the  corresponding 
terms  of  (Cr).  But  since  the  sum  of  the  terms  grouped  in  each 
bracket  in  ( Gr )  equals  F,  the  sum  of  (Cr)  may  be  made  as  large 
as  we  please  by  taking  terms  enough.  The  sum  (Cr)  increases 
indefinitely  as  the  number  of  terms  increases  without  limit;  hence 
(Cr),  and  therefore  also  ( F ),  is  divergent. 

We  shall  now  proceed  to  deduce  special  tests  which  as  a  rule 
are  easier  to  apply  than  the  above  theorems. 

151.  Comparison  test  for  convergence.  In  many  cases,  an  example 
of  which  was  given  in  the  last  section,  it  is  easy  to  determine 
whether  or  not  a  given  series  is  convergent  by  comparing  it  term 
by  term  with  another  series  whose  character  is  known.  Let 

(H)  ux  -f-  u2  -f-  ua  4-  •  ■  • 

be  a  series  of  positive  terms  which  it  is  desired  to  test  for  convergence. 
If  a  series  of  positive  terms  already  known  to  be  convergent ,  namely , 


(B) 


a\  4"  ai  +  +  •  •  •  i 


can  be  found  whose  terms  are  never  less  than  the  corresponding  terms 
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in  the  series  (. A )  to  he  tested,  then  ( A )  is  a  convergent  series  and  its 
sum  does  not  exceed  that  of  ( B ). 

Proof.  Let  sn  =  ux  +  u2  +  us-} - \-un, 

and  Sn  —  ax  -f-  a2  -)-  ct3  -f-  ■  •  •  +  un  ; 

and  suppose  that  limit 

»  ='.  8«  =  A- 

Sn<A  and  s<Sn, 


Then,  since 


Jn1 


it  follows  that  sn<A.  Hence,  by  Theorem  I,  p.  221,  sn  approaches 
a  limit ;  therefore  the  series  (A)  is  convergent  and  the  limit  of  its 


sum  is  not  greater  than  A. 


Ex.  1.  Test  the  series 
((7) 


1111 

1+P  +  3B  +  5I  +  ^+---- 


Solution.  Each  term  after  the  first  is  less  than  the  corresponding  term  of  the 
geometric  series 


„  1111 

H - 1 - 1 - - 

2  22  2s  24 


which  is  known  to  be  convergent  (p.  218) ;  hence  (C)  is  also  convergent. 

Following  a  line  of  reasoning  similar  to  that  applied  to  (A)  and 
(. B ),  it  is  evident  that,  if 

{p)  T  1^2  +  H - 

is  a  series  of  positive  terms  to  he  tested  ivhicli  are  never  less  than  the 
corresponding  terms  of  the  series  of  positive  terms,  namely , 

( F )  +  ^2  +  ^3  +  '  ' 

known  to  he  divergent,  then  (E)  is  a  divergent  series. 


Ex.  2.  Test  the  series 


1  4 — H — 4 — ~=  + 

V  2  V3  V  4 


Solution.  This  series  is  divergent  since  its  terms  are  greater  than  the  corre¬ 
sponding  terms  of  the  harmonic  series 

which  is  known  (p.  222)  to  be  divergent. 

Ex.  3.  Test  the  following  series  for  different  values  of  p. 

1  1,1 
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Solution.  Grouping  the  terms,  we  have,  when  p  >  1, 


2p  +  Sp  2  p  2  p  2  p 
1  1  11  1  ,1  ,1  ,  1  _  4 

4f  5?  Qp  7  p  4  v  4  p  4  p  4p 


8? 

and  so  on. 

(II) 


1  1  ,  1 

_|_  - -  _|_  - 

15^  Sp  8p 


1  1  1  h  1  1  _  8 

—  —  -t-  —  -{-  —  -j-  —  —  — 

8h  8^  Up  8^  8h  8p  8^ 


Construct  the  series 


When  p  >  1,  series  (H)  is  a  geometric  series  with  the  common  ratio  less  than 
unity,  and  is  therefore  convergent.  But  the  sum  of  ( G )  is  less  than  the  sum  of 
(II),  as  shown  by  the  above  inequalities  ;  therefore  (G)  is  also  convergent. 

When  p  —  1,  series  ( G )  becomes  the  harmonic  series  which  we  saw  was 
divergent,  and  neither  of  the  above  tests  applies.  44  tt&l'  •<  ;  4 

When  p  <  1,  the  terms  of  series  (G)  will,  after  the  first,  be  greater  than  the 
corresponding  terms  of  the  harmonic  series  ;  hence  (G)  is  divergent. 


152.  Cauchy’s  ratio  test  for  convergence.  Let 

(A)  u1  -f-  u2  -(-  ua  -)-••• 

be  a  series  of  positive  terms  to  be  tested. 

Divide  any  general  term  by  the  one  that  immediately  precedes 

XL 

it,  i.e.  form  the  test  ratio  — ^ 

Un 

It  1  >  •  , 

As  n  increases  without  limit,  let  imi  /,,+1  —  p. 

n  =  co  un 

I.  When  p<  1.  By  the  definition  of  a  limit  (§  29,  p.  19)  we 

can  choose  n  so  large,  say  n  =  m ,  that  when  n>m  the  ratio  U,t  + 1 

un 

shall  differ  from  p  by  as  little  as  we  please,  and  therefore  be  less 
than  a  proper  fraction  r.  Hence 

Um+  1<V;  Um+2  <«»  +  /<«/;  m„1+3<v3; 

and  so  on.  therefore,  after  the  term  um ,  each  term  of  the  series 
(A)  is  less  than  the  corresponding  term  of  the  geometrical  series 

( B )  UmT  +  Wf  +  - 

But  since  r  <  1,  the  series  (A),  and  therefore  also  the  series  (A), 
is  convergent.* 

*  When  examining  a  series  for  convergence  we  are  at  liberty  to  disregard  any  finite  number 
of  terms  ;  the  rejection  of  such  terms  would  affect  the  value  but  not  the  existence  of  the  limit. 
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IT-  When  p>  1  (or  p  =  co).  Following  tha  same  line  of  reason¬ 
ing  as  in  I,  the  series  (A)  may  be  shown  to  be  divergent. 

III.  When  p  =  1,  the  series  may  be  either  convergent  or  diver¬ 
gent;  that  is,  there  is  no  test.  For,  consider  the  series  (G)  on 
p.  223,  namely, 

1-f  —  +  —  +  —  + _ h  — d _ - _ | _ 

^n*^(n  +  ly+  ' 


The  test  ratio  is  =  -(A+I)  =  ( 1  -f  ;  and 
un  np  \  n) 


limit  / w„  +  A 

W  =  COV  Un  ) 


limit  A 
n  =  00 1 


1 

(1  )'  =  !(=/>). 


Hence  p  =  1  no  matter  what  value  p  may  have.  But  on  p.  224 
we  showed  that 

when  jp  >  1,  the  series  converges,  and 
when  p  <  1,  the  series  diverges. 

Thus  it  appears  that  p  can  equal  unity  both  for  convergent  and 
for  divergent  series,  and  the  ratio  test  for  convergence  fails.  There 
are  other  tests  to  apply  in  cases  like  this,  but  the  scope  of  our  book 
does  not  admit  of  their  consideration. 

Our  results  may  then  be  stated  in  compact  form  as  follows: 

Given  the  series  of  positive  terms 


U1  +  U2  +  U3  d - -  d-  Un  +  un  +  1  +  '  •  ■  5 


find  the  limit 


limit  / m„  +  A  _ 
w  =  °°\  ) 


I.  When  p  <  1,*  the  series  is  convergent. 

II.  When  p  >  1,  the  series  is  divergent. 

III.  When  p  =  1,  there  is  no  test. 


Ex.  1.  Test  the  following  series  for  convergence  : 


,  1  1  11 

e-1+i+L2+^  +  li 


d-  ...  + 


7  +  i7i + 


*  It  is  not  enough  that  un+ \/un  becomes  and  remains  less  than  unity  for  all  values  of  n,  but 
this  test  requires  that  the  limit  of  ?£»+i/«n  shall  be  less  than  unity.  For  instance, in  the  case  of 
the  harmonic  series  this  ratio  is  always  less  than  unity  and  yet  the  series  diverges  as  we  have 
seen.  The  limit,  however,  is  not  less  than  unity  but  equals  unity. 
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1 

Solution.  The  nth  term  is  - - 

\n  —  1 


;  therefore 

=  limit 

n  =  co  \  [n,  / 


imit  (-)  =  0(=  p), 

=  co  \  n  / 


limit 
n 


and  by  I,  p.  225,  the  series  is  convergent. 

li  n  n 

Ex.  2.  Test  the  series  —  +  —  +  +  •  •  •  • 

[ft 

Solution.  The  nth  term  is  here  — ;  therefore 

10n 

limit  / un  + 1 \  _  limit  /ln  +  1  x  _  limit  (n  +  1  \  _  ^ 
ft  oo  \  Un  /  ft  —  co  \  1  O'1  + 1  [ft/  ft  =  co  \  10  J 

and  by  II,  p.  225,  the  series  is  divergent. 


Ex.  3.  Test  the  series 

(C) 


J-  +  -L  +  -L  +  .. 

1-23-4  5-6 


Solution.  Here  the  nth  term  is 


1 


(2  ft  —  1)  2  ft  ’ 


therefore 


limit  /  un  + 1  \ 

=  GO  \  u  ) 


limit 

ft  =  GO 


(2  ft  —  11  2  ft 
-  (2  ft  +  1 )  (2  ft  +  2) 


]=, 


This  gives  no  test  (III,  p.  225).  But  if  we  compare  series  (C)  with  (G),  p.  223, 
making  p  =2,  namely, 

CD)  1+  —  +  7^  +  7^  +  ' 


2'2 


42 


we  see  that  ( C )  must  be  convergent  since  its  terms  are  less  than  the  corresponding 
terms  of  (D),  which  was  proven  convergent. 


153.  Alternating  series.  This  is  the  name  given  to  a  series 
whose  terms  are  alternately  positive  and  negative.  Such  series 
occur  frequently  in  practice  and  are  of  considerable  importance. 

If  tq  —  u2  Wg  —  tq  -f-  •  • 

is  an  alternating  series  whose  terms  never  increase^  in  numerical  value , 
and  if  Bh=  *  un  =  0, 

then  the  series  is  convergent. 

Proof.  The  sum  of  2  n  (an  even  number)  terms  may  be  written 
in  the  two  forms 

[A)  S2n  =  (ui  u2)  -f-  (u3  —  uf)  -f-  (u5  —  Mg)  +  •  •  •  +  (U2n~  1  —  u2n)l  01’» 

(B)  s.2n  =  Mj  -  (u2  -  U3)  -  (tt4  -  Mg) - U2n. 
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Since  each  difference  is  positive  (if  it  is  not  zero,  and  the  assump- 
tion  n™»  un  =  0  excludes  equality  of  the  terms  of  the  series), 
series  (A)  shows  that  S2n  is  positive  and  increases  with  n,  while 
series  ( B )  shows  that  S2n  is  always  less  than  up,  therefore  by  Theo¬ 
rem  I,  p.  221,  S2n  must  approach  a  limit  less  than  ur  when  n 
increases,  and  the  series  is  convergent. 

Ex.  1.  Test  the  alternating  series  1 - 1--  —  i  +  ... 

2  3  4 

Solution.  Since  each  term  is  less  in  numerical  value  than  the  preceding  one,  and 
limit  \u„)  =  limit  (~)  =  0, 

the  series  is  convergent. 


154.  Absolute  convergence.  A  series  is  said  to  be  absolutely*  or 
unconditionally  convergent  when  the  series  formed  from  it.  by  mak¬ 
ing  all  its  terms  positive  is  convergent.  Other  convergent  series 
are  said  to  be  not  absolutely  convergent  or  conditionally  convergent. 
To  this  latter  class  belong  some  convergent  alternating  series.  For 
example,  the  series 

1  11  1 

22  +  33  44  +  55 

is  absolutely  convergent  since  the  series  ( C ),  p.  223,  namely, 

,1111 

1  +  23+si+4I  +  6i  +  '" 


is  convergent. 


The  series 


1  - 


1111 

-4 - f-  - 

2  3  4  5 


is  conditionally  convergent  since  the  harmonic  series 


,  1111 

1+2+3+4+5+ 


is  divergent  (p.  222). 

A  series  with  terms  of  different  signs  is  convergent  if  the  series 
deduced  from  it  by  making  all  the  signs  positive  is  convergent. 

The  proofs  of  this  and  the  following  theorem  are  omitted. 


*  The  terms  of  the  new  series  are  the  numerical  (absolute)  values  of  the  terms  of  the  given 
series. 
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Without  placing  any  restriction  on  the  signs  of  the  terms  of 
the  series,  the  tests  given  on  p.  225  may  be  stated,  in  the  following 
more  general  form : 

Given  the  series 

Ml  +  ^2  +  %3  +  "I - H  Un  +  K  +  l  H - > 

calculate  the  limit  hmit  (  ^  )  =  p. 

n  =  CJC  \  Un  ) 

I.  When  |p|<  1,  the  series  is  absolutely  convergent. 

II.  When  \p\  >  1,  the  series  is  divergent. 

III.  When  |p|  =  l,  there  is  no  test. 

155.  Power  series.  A  series  of  ascending  integral  powers  of  a 
variable,  say  x,  of  the  form 

(A)  •  a0  -f-  ape  -f-  apcr  +  vizx  -p  •  •  • , 

where  the  coefficients  a0,  av  a2,  •  •  •  are  independent  of  x,  is  called 
a  power  series  in  x.  Such  series  are  of  prime  importance  in  the 
further  study  of  the  Calculus. 

In  special  cases  a  power  series  in  x  may  converge  for  all  values 
of  x ,  but  in  general  it  will  converge  for  some  values  of  x  and  be 
divergent  for  other  values  of  x.  We  shall  examine  (A)  only  for 
the  case  when  the  coefficients  are  such  that 

limit  / a*+A_ jr 

n  =  00  V  ) 

where  L  is  a  definite  number.  In  (A) 


limit  / ^+i\  _  limit  / +  _  limit  f  ,X:=Lx 

n  =  go  y  un  )  n=  go  y  anxn  )  n  =  co  \  aH  ) 

Referring  to  tests  I,  II,  III,  we  have  in  this  case 


and  hence  the  series  (A)  is 


p  —  Lx, 


I.  Absolutely  convergent  when  \Lx\<\,  or  |.t|< 


lies  between  — 


and  + 


II.  Divergent  when  |  Lx 

1 

L 


;  i.e.  when  x 


than  — 


or  greater  than  + 


>1,  or  |o:|> 

1 


i.e.  when  x  is  less 
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III.  No  test  when  \Lx\  —  1,  or  \x\  = 


;  i.e.  when  £  =  ± 


Note.  When  L  =  0,  it  is  evident  from  I  (p.  228)  that  the  power 
series  is  absolutely  convergent  for  all  finite  values  of  x. 

Ex.  1.  Test  the  series 


(£) 


X2  X3  X 4 


X  —  —  -f- 

22  32 


42 


+ 


Solution.  The  series  formed  hy  the  coefficients  is 

(C) 


i  1  ,  1  1 

1  —  —  -|-  —  —  — f- 
22  32  42 


Here 


limit 
n 


it  / gn  + 1  \  _  limit  n2  _  limit  F _ / _  1  \2~|  _  _  j  /  _ 

cc\  a„  /  n  =  go  L  (n  +  1)2J  n-x>\_  \  n  +  l/J  \  /’ 


\L\  -1 


=  1. 


By  I  the  series  is  absolutely  convergent  when  x  lies  between  —  1  and  +  1. 

By  II  the  series  is  divergent  when  x  is  less  than  —  1  or  greater  than  +  1. 

By  III  there  is  no  test  when  x  =  ±  1.  But  in  either  case  (B)  is  convergent  from 
the  first  theorem  under  §  154,  p.  227,  since  (D),  p.  226,  was  proved  convergent. 

The  series  in  the  above  example  is  said  to  have  [—  1, 1]  as  the  interval  of  conver¬ 
gence.  This  may  he  written  —  1  <  x  <1,  or  indicated  graphically  as  follows : 


-1 


EXAMPLES 


Show  that  the  following  nine  series  are  convergent. 


„  1  1  1 

1. - 1 - 1- - h 

12  22  32 


_  1  1  1 

^  [3  +  [I  +  L7  + 


„  1  2  3  4 

2’  2  +  2"2  +  2^  +  2i  + 


6.  1  +  — -  + 


1  1 

+  — ;=  + 


2V2  3V3  4V4 


P  3‘  i^  +  3L4  +  5L6  + 


7.  1 


1111 

+  ^  ~ 


'W' 


32  52  72  Q2 


d— 


1  1-3  1-3-5  , 

4.  — f- - -f- - ~f" 

3  3-6  3.6-9 


8.  +  + 

2  2  22  3  2*  4  24 


-  I 


a. 


9. 


1  1 

+ . 


_  1 


log  2  log  3  log  4 
Show  that  the  following  three  series  are  divergent. 


10‘  l  +  \  +  l  + 


[2  [3  [4 

11.  —  +  —  +  —  + 

10  102  103 


12.  i  +  l±l  +  I±l  +  I±i  + 


1  4-  22  1  +  32  1  +  42 


/  f-  ^ 


w 


■  /  *  a  >5 


•t-xny  -  I J  (  •?  /V 


a  / 
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For  what  values  of  the  variable  are  the  following 
series  convergent  ? 

■  1/  13.  1  +  x  +  x2  A  x3-  •  ■.  Ans.  -l<x<l. 

-7*2  <7*3  7*4 

14.  X_L  +  E__?_+ ....  Ans.  -1<X<1. 
a  8  4 


15.  x  +  xi  +  x9  +  x16  +  •  •  • .  Ans.  -  l  <  x  <  1. 

16.  x  +  ^i  +  _VL  +  ....  Ans.  -1<X<1. 

V2  V3 

17.  1  +  xH - 1 - (-••  ••  Ans.  All  values  of  x. 

12  L§ 


02  04  06 

18.  1  —  —  H - A 

12  14  0 


Ans.  All  values  of  6. 


19.  <p  —  —  +  - —  —  +  •••.  Ans.  All  values  of  <p. 

v  [8  [6  L 1 


20. 


sin  a  sin  3  a  sin  5  a 


l2 


32 


Ans.  All  values  of  a. 


21  cos  x  cos  2  x  cos  3  x 
e*  e-x  e3* 


A  ns.  x  >  0. 


//inf.  Neither  the  sine  nor  cosine  can  exceed  1  numerically. 

,  ,  .  .  x2log2a  xs log3 a 

22.  1  +  x  log  a  A  -  -g—  A  ■  ■  °  ■  +  •  •  • . 

Ans.  All  values  of  x. 


Graphical  representations  of 
intervals  of  convergence.* 


m 

-1  0 

c  1 

'  +i 

-I  0 

o  1 

At 

-1  ( 

1 

)  A1 

! 

-1  c 

1 

»  At 

+°° 

( 

“5° 

) 

1  T 

( 

-CO 

i 

-foo 

0 

— oo  |  4-oo 

1 

0 

1  +r°° 

t 

0 

—  QO  I  A°0 

-S - 1 - ^ 


0 


23. 


1  +  x 


A 


1 

1  A  x2 


1 

1  A  X3  +  "  '  ■ 


Ans.  x  >  1. 


o 


-©■ 

+l 


+oo 

- 4 


24.  x  +  lA  +  hiA  +  hi_6A  + 

2  3  2-4  &  2  413  7 


-V 


—1 


i 


ir 


Ans.  —  1<x<1. 


*  End  points  that  are  not  included  in  the  interval  of  convergence  have  circles  drawn  about 
them. 
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EXPANSION  OF  FUNCTIONS 

156.  Introduction.  The  student  is  already  familiar  with  some 
methods  of  expanding  certain  functions  into  series.  Thus,  by  the 
Binomial  Theorem, 

{A)  (a  +  x )4  =  a4  +  4  a*x  4-  6  a2x2  4-  4  ax 3  4-  x4, 

giving  a  finite  power  series  from  which  the  exact  value  of  ( a  4-  x)4 
for  any  value  of  x  may  be  calculated.  Also  by  actual  division, 

(B)  — — —  =  1  4-  x  +  x2  4-  xd  4- - 1-  z"-1 4-  (  ~ — 

1  —  X  \l  —  x 

we  get  an  equivalent  series,  all  of  whose  coefficients  except  that 
of  xn  are  constants,  n  being  a  positive  integer. 

Suppose  we  wish  to  calculate  the  value  of  this  function  when 
x  —  .5,  not  by  substituting  directly  in 

1 

1  —  x' 

but  by  substituting  x  =  .5  in  the  equivalent  series 

(C)  (l  +  x  +  232  +  a:3+ - f  xn~ls)+  (  ^  - 

yl  —  x 

Assuming  n  —  8,  (C)  gives  for  x=  .5 

(B)  — — —  =1.9921875  +  .0078125. 

If  we  then  assume  the  value  of  the  function  to  be  the  sum  of 
the  first  eight  terms  of  series  ((7),  the  error  we  make  is  .0078125. 
However,  in  case  we  need  the  value  of  the  function  correct  to  two 
decimal  places  only,  the  number  1.99  is  as  close  an  approximation 
to  the  true  value  as  we  care  for  since  the  error  is  less  than  .01. 
It  is  evident  that  if  a  greater  degree  of  accuracy  is  desired,  all  we 
need  to  do  is  to  use  more  terms  of  the  power  series 

(E)  1  4-  x  4-  x2  4-  x3  q - 
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Since,  however,  we  see  at  once  that 


there  is  no  necessity  for  the  above  discussion,  except  for  purposes 
of  illustration.  As  a  matter  of  fact  the  process  of  computing  the 
value  of  a  function  from  an  equivalent  series  into  which  it  has 
been  expanded  is  of  the  greatest  practical  importance,  the  values 
of  the  elementary  transcendental  functions  such  as  the  sine,  cosine, 
logarithm,  etc.,  being  computed  most  simply  in  this  way. 

So  far  we  have  learned  how  to  expand  only  a  few  special  forms 
into  series ;  we  shall  now  consider  a  method  of  expansion  appli¬ 
cable  to  an  extensive  and  important  class  of  functions  and  called 
Taylor's  Theorem. 

157.  Taylor’s  Theorem*  and  Taylor’s  Series.  Replacing  b  by  x 
in  (A/),  p.  169,  the  extended  theorem  of  the  mean  takes  on  the  form 


(59)  f{pc)  =  f(a)  +  &  a)f(a)  +  a)* f"(a)  +  {,v  a)* f’" {a)  +  ••• 

Li  Lii 


+ 


(sc  —  a)™-1 

\n  —  \ 


fOi-D(a)  + 


(sc  —  a)  “ 
\n 


/W(a?  i). 


where  xx  lies  between  a  and  x.  (59),  which  is  one  of  the  most  far- 
reaching  theorems  in  the  Calculus,  is  called  Taylor  s  Theorem. 
We  see  that  it  expresses  f(x)  as  the  sum  of  a  finite  series  in  ( x  —  a). 


_  (%\n 

The  last  term  in  (59),  namely,  - LfM(x.),  is  sometimes  called 

|  n 

the  remainder  in  Taylor  s  Theorem  after  n  terms.  If  this  remainder 
converges  towards  zero  as  the  number  of  terms  increases  without 
limit,  then  the  right-hand  side  of  (59)  becomes  an  infinite  power 
series  called  Taylor’s  Series. f  In  that  case  we  may  write  (59)  in 
the  form 


(60)  /w  =  /(o)+<^z£ W)+fi^2!V(0)+ 

LL  Li> 

and  we  say  that  the  function  has  been  expanded  into  a  Taylor’s  Series. 
For  all  values  of  x  for  which  the  remainder  approaches  zero  as  n 
increases  without  limit,  this  series  converges  and  its  sum  gives  the 


*  Also  known  as  Taylor’s  Formula. 

t  Published  by  Dr.  Brook  Taylor  (1685-1731)  in  his  Methodus  Incrementorum,  London,  1715. 
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exact  value  oif(x),  because  the  difference  (=  the  remainder)  between 
the  function  and  the  sum  of  n  terms  of  the  series  approaches  the 
limit  zero  (§  30,  p.  21). 

On  the  other  hand,  if  the  series  converges  for  values  of  x  for 
which  the  remainder  does  not  approach  zero  as  n  increases  without 
limit,  then  the  limit  of  the  sum  of  the  series  is  not  equal  to  the 
function  f(x). 

The  infinite  series  (60)  represents  the  function  for  those  values  of  x 
and  those  only  for  which  the  remainder  approaches  zero  as  the  num¬ 
ber  of  terms  increases  without  limit. 

It  is  usually  easier  to  determine  the  interval  of  convergence 
of  the  series  than  that  for  which  the  remainder  approaches  zero ; 
but  in  simple  cases  the  two  intervals  are  identical  (see  footnote, 
p.  236). 

When  the  values  of  a  function  and  its  successive  derivatives  are 
known  for  some  value  of  the  variable,  as  x  =  a,  then  (60)  is  used 
for  finding  the  value  of  the  function  for  values  of  x  near  a,  and  (60) 
is  also  called  the  expansion  of  fix)  in  the  vicinity  of  x—  a. 

Ex.  1.  Expand  log  x  in  powers  of  (x  —  1). 

Solution.  f{x)  =  log  x,  /( 1)  =  0 ; 

/'(*)  =  -.  /'( i)  =  i ; 

X 

=  /"(!)=-!; 

X * 

/'"(*)  =  /'"(l)  =  2. 

Substituting  in  (60),  log  x  =  x  —  1  —  i  (x  —  l)2  +  i  {x  —  l)3  —  •  •  • .  Ans. 

This  converges  for  values  of  x  between  0  and  2  (§  165,  p.  228)  and  is  the  expan¬ 
sion  of  log  x  in  the  vicinity  of  x-  1,  the  remainder  converging  to  zero. 

When  a  function  of  the  sum  of  two  numbers  a  and  x  is  given, 
say  f(a  -\-x),  it  is  frequently  desirable  to  expand  the  function  into 
a  power  series  in  one  of  them,  say  x.  For  this  purpose  we  use 
another  form  of  Taylor’s  Series,  gotten  by  replacing  x  by  a  +  x  in 
(60),  namely, 

(61)  fia  +  sc)  =  f{d)  +  —/'(«)  +  +  | g- /"'(«)  H  .  ' 
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Ex.  1.  Expand  sin  (a  +  x)  in  powers  of  x. 


Solution.  Here 
hence,  placing 


Substituting  in  (61), 


f(a  +  x)  =  sin  (a  +  x) ; 
x  =  0, 

f(a)  —  sin  a, 
f'(a)  =  cos  a, 
f"(a)  =  —  sin,  a, 
f'"(a)  =  —  cos  a, 


CC 

sin  (a  +  x)  =  sin  a  +  -  cos  a - sin  a  —  —  cos  a  + 

v  ’  1  [2  [3 


Ans. 


EXAMPLES* 

e2 

1.  Expand  ex  in  powers  of  x  —  2.  Ans.  ex  =  e2  +  e2  (x  —  2)  +  —  (x  —  2)2  +  •  •  •. 

\1 

2.  Expand  x3  —  2x2  +  5x  —  7  in  powers  of  x  —  1. 

Ans.  -  3  +  4  (x  -  1)  +  (x  -  l)2  +  (x  -  l)3. 


3.  Expand  3  y2  —  14  y  +  7  in  powers  of  y  —  3. 


Ans.  -8  +  4(2,  — 3) +  3(2,- 3)2. 


4.  Expand  5  z2  +  7  z  +  3  in  powers  of  z  —  2. 

5.  Expand  cos  (a  +  x)  in  powers  of  x. 


Ans.  37  +  27  (z  -  2)  +  5  (z  -  2)2. 


A  ns.  cos  (a  +  x)  =  cos  a  —  x  sin  a - cos  a  +  —  sin  a  + 

v  [2  [3 


6.  Expand  log  (x  +  h)  in  powers  of  x. 


x  x 2 


Ans.  log(x  +  7i)  =  log  7i +  --  —  +  —  +•... 

h  2  ti“  3  h3 

7.  Expand  tan  (x  +  7i)  in  powers  of  h. 

Ans.  tan  (x  +  h)  =  tan  x  +  7t  sec2  x  +  7i2  sec2  x  tan  x  +  •  •  • . 

8.  Expand  the  following  in  powers  of  h. 

(a)  (x  +  h)n  =  x"  +  nxn~lh  +  — ^xn-27i2  +  ~~  xn~3h3  +  •  •  ■. 

[2  [3 


(b)  ex+A  =  ex(l  + 


,  fi2  h3 
h  H - 1 - p 

li  11 + 


> 


158.  Maclaurin’s  Theorem  and  Maclaurin’s  Series.  A  particular 
case  of  Taylor’s  Theorem  is  found  by  placing  a  =  0  in  (59),  p.  232, 
giving 

(02)  f{x)  =/(  O)  +  ~  f<(0)  +  ^/"(O)  +  g/'"(0)  +  ••• 

LL 

—  1  /y.M 

+  J  (O)  +  /W  (SBJ), 

*  Ill  these  examples  we  assume  that  the  functions  can  be  developed  into  a  power  series 
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where  xx  lies  between  0  and  x.  (62)  is  called  Maclauriris  Theorem. 

The  right-hand  member  is  evidently  a  series  in  x  in  the  same  sense 
that  (59),  p.  232,  is  a  series  in  x  —  a. 

Placing  a  =  0  in  (60),  p.  232,  we  get  Maclauriris  Series* 

(63)  f(x)  =/( O)  +  £/r(0)  +  O)  +  O)  +  •••,  ^  t U 

Li 

a  special  case  of  Taylor’s  Series  that  is  very  useful.  The  state¬ 
ments  made  concerning  the  remainder  and  the  convergence  of 
Taylor’s  Series  apply  with  equal  force  to  Maclaurin’s  Series,  the 
latter  being  merely  a  special  case  of  the  former. 

The  student  should  not  fail  to  note  the  importance  of  such  an 
expansion  as  (63).  In  all  practical  computations  results  correct 
to  a  certain  number  of  decimal  places  are  sought,  and  since  the 
process  in  question  replaces  a  function  perhaps  difficult  to  calcu¬ 
late  by  an  ordinary  polynomial  with  constant  coefficients ,  it  is  very 
useful  in  simplifying  such  computations.  Of  course  we  must  use 
terms  enough  to  give  the  desired  degree  of  accuracy. 

In  the  case  of  an  alternating  series  (§  153,  p.  226)  the  error 
made  by  stopping  at  any  term  is  numerically  less  than  that  term, 
since  the  sum  of  the  series  after  that  term  is  numerically  less  than 
that  term. 

Ex.  1.  Expand  cos  x  into  an  infinite  power  series  and  determine  for  what  values 
of  x  it  converges. 

Solution.  Differentiating  first  and  then  placing  x  =  0,  we  get 


f(x)  =  cos  x, 


/( 0)  =  1, 
f'(  0)  =  0, 
f"(  0)  =  —  1, 
f'"(  0)  =  0, 
fiv(  0)  =  1, 
/v(0)=0, 
/vi(°)=-b 


f'  (x)  —  —  sin  x, 
f"  (x)  =  —  cos  x, 
f"  (x)  =  sin  x, 


fir(x)  =  cos  X, 


/v  ( x )  —  —  sin  x, 
/vi  (x)  =  —  cos  x, 


etc., 


etc. 


Substituting  in  (63), 


*  Named  after  Colin  Maclaurin  (1698-1746),  being  first  published  in  his  Treatise  of  Fluxions, 
Edinburgh,  1742.  The  Series  is  really  due  to  Stirling  (1692-1770). 
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Comparing  with  Ex.  18,  p.  230,  we  see  that  the  series  converges  for  all  values 
of  x. 

In  the  same  way  for  sin  x. 


(B) 


X 6  x° 


X1 


y  3ii1a=  =  x--  +  ---  + 


which  converges  for  all  values  of  x  (Ex.  19,  p.  2,30).* 


Ex.  2.  Using  the  series  (B)  found  in  the  last  example,  calculate  sin  1  correct  to 
four  decimal  places. 

Solution.  Here  x  =  1 ;  that  is,  the  angle  is  expressed  in  circular  measure  (see 
second  footnote,  p.  17).  Therefore,  substituting  x  =  1  in  (B)  of  the  last  example, 


sin  1  =  1  — 


11  1  , 

-  _j_  — - -f-  •  •  • 

18  [6  [7 


Summing  up  the  positive  and  negative  terms  separately, 


1  =  1.00000-  •• 


-  =  0.16667  ••• 

I® 


-  =  0.00833-  •• 

15 


1.00833-  •  • 


0.00019-  •• 


0.16686 


"7 


Hence  sinl  =  1.00833  -  0.16686  =  0.84147-  •  -, 

which  is  correct  to  four  decimal  places  since  the  error  made  must  he  less  than 
— ,  i.e.  less  than  .000003.  Obviously  the  value  of  sinl  may  he  calculated  to  any 

L§ 

desired  degree  of  accuracy  by  simply  including  a  sufficient  number  of  additional 
terms. 


EXAMPLES 


Verify  the  following  expansions  of  functions  into  power  series  by  Maclaurin’s 
Series  and  determine  for  what  values  of  the  variable  they  are  convergent. 


,  ,  x2  x3  x4 

/  1.  ex  =  1  +  x  -j - 1 - 1 - 

1_2  [3  [4 

„  ,  xf  X*  X6  Xs 

2.  cos  x  =  1  —  — - ) - 

[2  [4  [6  L§ 


Convergent  for  all  values  of  x. 
Convergent  for  all  values  of  x. 


*  Since  here  f(n)(x)—  sin  (x  +  — )  and  /(’l)(x,)  =  sin  (xj-f  — )  >  we  have,  by  substituting  in  the 
last  term  of  (62),  p.  234,  *  '  '  *  ' 


.  ,  Xn  .  (  rnr\ 

remainder  =  —  sm  ( x,  H - )• 

L»  V  2/ 


0<x,<x 


But  sin  can  never  exceed  unity,  and  from  Ex.  17,  p.  230,  limit  — =0  for  all  values 

'  *  '  n=  co  |  n 

of  x.  Hence  xn  .  (  nir\  „ 

\  nmn  smfrj - \_o 

n=x\n,  \  2  / 

for  all  values  of  x ;  that  is,  in  this  case  the  limit  of  the  remainder  is  0  for  all  values  of  x  for 
which  the  series  converges.  This  is  also  the  case  for  all  the  functions  considered  in  this  book! 


''7- 


ft) 


YHJ 
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0  ,  ,  ,  ,  a;2  log 2  a  x3log3a 

3.  ax  =  1  +  x  log  a  -\ - - ^ - h  • 


[2 


L§ 


A- 


.  .  7  7  k*xs  A:5x5  k7x 7 

4.  sin  kx  =  kx - - h 

|3  [6  17 

c  i  •  ,  k2x2  kzxs  Ox4 

5.  e-fa  =  l  —  kx-\ - 1 - 

12  [8  |4 

6.  log  (1  +  x)  =  x  -  —  +  —  -  —  +  —  ■ 

2  3  4  5 


7.  log  (1  —  x)  =  —  x 


x^  x“  x*  x° 


4  5 


0  .  1  •  x3  1  •  3  x5 

8.  arc  sin  x  =  x  H - 1 - h 

2-3  2-4-5 

_  X3  X5  X7  X9 

9.  arc  tan  x  =  x - - - 

3  5  7  9 

10. 

12  15 

-  J  d>2  d>4 

11.  eein<t>  =  1  +  <f>  +  —  -  —  4 - . 

2  8 


12.  e«  sin  d  =  9  +  62  + 


03  4  fl5  8  tf5 

3  [5  [7T 


Convergent  for  all  values  of  x. 


Convergent  for  all  values  of  x, 
k  being  any  constant. 

Convergent  for  all  values  of  x, 
lc  being  any  constant. 

Convergent  if  —  1  <  x  ^  1. 


Convergent  if  —  1  <  x  <  1. 


Convergent  if  —  1  <x  ^.1.  .  (■ -;r 

y/b.-  -/V*/  0  I  j 

Convergent  if  —  1  <  x  <  1.  “ 


Convergent  for  all  values  of  x. 


Convergent  for  all  values  of  <p. 


Convergent  for  all  values  of  6. 


/ 


13.  Show  that  log  x  cannot  be  expanded  by  Maclaurin’s  Theorem. 

Compute  the  values  of  the  following  functions  by  substituting  directly  in  the 
equivalent  power  series,  taking  terms  enough  until  the  results  agree  with  those 
given  below. 


14.  e-  2.7182  -•-. 


Solution.  Let  x  =  1  in  series  of  Ex.  1 ;  then 


e-1  +  1  +  l2  +  [3  +  ^  +  ^  + 


First  term  =  1.00000 


Second  term  =  1.00000 
Third  term  =  0.50000 
Fourth  term  =  0.16667- •• 

Fifth  term  =  0.04167  •  •  • 

Sixth  term  =  0.00833  •  •  • 
Seventh  term  =  0.00139  •  •  • 

Eighth  term  =  0.00019  •  •  • ,  etc. 

Adding,  e  =  2.71825- ••  Ans. 


[Dividing  third  term  by  3.] 
[Dividing  fourth  term  by  4.] 
[Dividing  fifth  term  by  5.] 
[Dividing  sixth  term  by  6.] 
[Dividing  seventh  term  by  7.] 


15.  arc  tan  (|)  =  0.1973  ■  •  • ;  use  series  in  Ex.  9. 


16.  cos  1  =  0.5403  •  •  • ;  use  series  in  Ex.  2. 

17.  cos  10°  =  0.9848  •  •  • ;  use  series  in  Ex.  2. 


Q.  ^  **  J  JT 

k  *  •  I  -+  Jr  -f  n  — 

&  ?  /<5? 

^  ?>  )  '  \  To"  -*  " 


t  >.  / 
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18.  sin  -  =  0.7071  •  ■  • ;  use  series  (B),  p.  236. 

4 

19.  sin  .5  =  0.4794  •  •  • ;  use  series  (B),  p.  236. 

22  23 

20.  e2  =  1  +  2  H - 1 - !-•■•  =  7.3891. 

|2  [3 

21.  Ve  =  l  +  -  +  —  +  — +  .-.  =  1.6487. 

2  22[2  23  [3 

159.  Computation  by  series. 

I.  The  computation  of  i r  by  series. 

From  Ex.  8,  p.  237,  we  have 

1-2?3  l-3a^  1  •  3  •  5  f 

arc  sm  x  =  x  +  — - h  — — - — -  -) - \- . . . . 

2.3  2.4-5  2. 4. 6. 7 

Since  this  series  converges  *  for  values  of  x  between  —  1  and  +  1, 
we  may  let  x  =  i ,  giving 

7r _ i  i  i/i y  1.3  l/iy 

6“2  +  2'3V2j+2.4'5^2j+'"’ 
or,  7 r  =  3.1415 

Evidently  we  might  have  used  the  series  of  Ex.  9,  p.  237,  instead. 
Both  of  these  series  converge  rather  slowly,  but  there  are  other 
series,  found  by  more  elaborate  methods,  by  means  of  which  the 
correct  value  of  7 r  to  a  large  number  of  decimal  places  may  be 
easily  calculated. 

II.  The  computation  of  logarithms  by  series. 

Series  play  a  very  important  lole  in  making  the  necessary  calcu¬ 
lations  for  the  construction  of  logarithmic  tables. 

From  Ex.  6,  p.  237,  we  have 

(A)  log  (l+z)  =  x  —  ^ +  —  —  —  +  — - 

V/  T  ;  2  3  4  5 

This  series  converges  for  x=l,  and  we  can  find  log  2  by  placing 
x=z\  in  (^4),  giving 

log2  =  l—  ^  +  1  —  l  +  l  —  1  +  ....  • 

But  this  series  is  not  well  adapted  to  numerical  computation, 
because  it  converges  so  slowly  that  it  would  be  necessary  to  take 


*  We  assume  that  it  converges  to  the  correct  value. 
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1000  terms  in  order  to  get  the  value  of  log  2  correct  to  three  deci¬ 
mal  places.  A  rapidly  converging  series  for  computing  logarithms 
will  now  be  deduced. 

By  the  theory  of  logarithms, 

(s)  log  =  l°g  (1  +  *)  -  log  (1  -  x).  8,  p.  2 

1  —  2/ 


Substituting  in  (B)  the  equivalent  series  for  log(l  +  ®)  and 
log(l  —  x)  found  in  Exs.  6  and  7  on  p.  237,  we  get* 

1  4-  x 


(0) 


log-, 

\  —  X 


-  9 


[ 


Xs  xb  X 7 

*+3+5+7+ 


which  is  convergent  when  x  is  numerically  less  than  unity.  Let 

iP) 


1  +  x  M  ,  M-N 

- - =  — ,  whence  x  = - 

1  —  2 :  N  M  +  N 


and  we  see  that  x  will  always  be  numerically  less  than  unity  for 
all  positive  values  of  M  and  N.  Substituting  from  (_Z))  into  (C7), 
we  get 


{E) 


log 


M 

N 


=  log  M  —  log  N 


' M-N  1 
M  +  AT+3 


/Jf-A\3  1 

+  NJ  +  5 


(M-N  \‘ 
\df-f  NJ  + 


a  sei'ies  which  is  convergent  for  all  positive  values  of  M  and  N ; 
and  it  is  always  possible  to  choose  M  and  N  so  as  to  make  it  con¬ 
verge  rapidly. 

Placing  M  —  2  and  N  =  1  in  ( E ).  we  get 


II  II  II, 

+  3 ' 3a  +  5 ' 35  +  7 ' 37  + 


0.69314718  .... 


Since  log  N=  log  1  =  0,  and 


M  -  K 
7l/  +  V“  3 


11 


Placing  M  =3  and  N  =  2  in  (E),  we  get 


log  3  =  log  2  +  2 


ri  liii, 

—  —1—  —  ,  —  —1—  —  .  —  -4- 

5  3  5s  5  56 


1.09861229  .... 


*  The  student  should  notice  that  we  have  treated  the  series  as  if  they  were  ordinary 
sums,  hut  they  are  not ;  they  are  limits  of  sums.  To  justify  this  step  is  beyond  the  scope  of 
this  book. 
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It  is  only  necessary  to  compute  the  logarithms  of  prime  numbers 
in  this  way,  the  logarithms  of  composite  numbers  being  then  found 
by  using  theorems  7-10,  p.  2.  Thus, 

log  8  =  log  23  =  3  log  2  =  2.07944154 
log  6  =  log  3  +  log  2i=  1.79175947 


All  the  above  are  Naperian  or  natural  logarithms ,  i.e.  the  base  is 
e  —  2.7182818.  If  we  wish  to  find  Briggs'  or  common  logarithms , 
where  the  base  10  is  employed,  all  we  need  to  do  is  to  change  the 
base  by  means  of  the  formula  .  ..  , 


/o 


i, 


Thus,  log10  2  = 


lo  fcen 

lo  ge  10 

0.693  ... 
loge  10  2.302... 


1°£V  2 


=  0.301 


In  the  actual  computation  of  a  table  of  logarithms  only  a  few  of 
the  tabulated  values  are  calculated  from  series,  all  the  rest  beincr 

O 

found  by  employing  theorems  in  the  theory  of  logarithms  and 
A  various  ingenious  devices  designed  for  the  purpose  of  saving 
work. 


EXAMPLES 


Calculate  by  the  methods  of  this  article  the  following  logarithms. 

1.  loge  5  =  1.0094-...  3.  loge  24  =  3.1781  • . 


2.  loge  10  =  2.3025  •  • 


4.  logio 5  =  0.6990  ••  •. 


160.  Approximate  formulas  derived  from  series.  In  the  two  pre¬ 
ceding  sections  we  evaluated  a  function  from  its  equivalent  power 
series  by  substituting  the  given  value  of  x  in  a  certain  number  of 
the  first  terms  of  that  series,  the  number  of  terms  taken  depend¬ 
ing  on  the  degree  of  accuracy  required.  It  is  of  great  practical 
importance  to  note  that  this  really  means  that  ive  are  considering 
the  function  as  approximately  equal  to  an  ordinary  polynomial  ivith 
constant  coefficients.  For  example,  consider  the  series 


iA) 


x6  xb  X 7 

Sill  X  =  X - 1 - - - L 

l3  +  [5  [7  + 


This  is  an  alternating  series  for  both  positive  and  negative  values 
of  x.  Hence  the  error  made  if  we  assume  sin  x  to  be  approximately 
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equal  to  the  sum  of  the  first  n  terms  is  numerically  less  than  the 
(n  q-  l)th  term,  §  153,  p.  227.  For  example,  assume 

(F)  sin  x  =  x , 


and  let  us  find  for  what  values  of  x  this  is  correct  to  three  places 
of  decimals.  To  do  this,  set 


(0) 


is 


<  .001. 


This  gives  x  numerically  less  than  v/.OOG  (=  .1817);  that  is,  (B) 
is  correct  to  three  decimal  places  when  x  lies  between  + 10°.4  and 
— 10°. 4. 


The  error  made  in  neglecting  all  terms  in  (yi)  after  the  one  in 
xn~l  is  given  by  the  remainder,  (62),  p.  234, 


(-»>  S=f^«(x1); 

\n 

hence  we  can  find  for  what  values  of  a;  a  polynomial  represents  the 
function  to  any  desired  degree  of  accuracy  by  writing  the  inequality 


(F)  | R  |  <  limit  of  error , 

and  solving  for  x,  provided  we  know  the  maximum  value  oif(n\x1). 
Thus,  if  we  wish  to  find  for  what  values  of  x  the  formula 

x3 

(. F )  sin  x  =  x  —  — 

is  correct  to  two  decimal  places  (i.e.  error  <  .01),  knowing  that 
|/(v)(-ri)|=  1’  we  llave  from  (I))  and  ( F ), 

<  .01;  that  is,  \x\  <  VT2  ;  or,  [z|<  1. 

x3 

Therefore  x  —  —  gives  the  correct  value  of  sin  x  to  two  decimal 

places  if  \x\<  1,  i.e.  if  x  lies  between  +  57°  and  —  57°.  This  agrees 
with  the  discussion  of  (A)  as  an  alternating  series. 

Since  in  a  great  many  practical  problems  accuracy  to  two  or  three 
decimal  places  only  is  required,  the  usefulness  of  such  approximate 
formulas  as  ( B )  and  ( F )  is  apparent. 
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Huygens’  approximation  to  the  length  of  a  circular  arc. 

Let  S  denote  the  length  of  the  required  arc,  C  its  chord,  c  the 
chord  of  half  the  arc,  and  It  the  radius  of  the  circle.  The  circular 
measure  of  the  whole  angle  being 


we  have 


Developing  the  right-hand  members  of  the  last  two  equations 
into  power  series  in  S  by  (63),  p.  235,  we  get 

css 3  s5 


(G-) 


2 22  2R  1-2 -3 -2 3Il3 
c  S  S3 


1  •  2  •  •  •  5  •  25  it5 
/S'5 


2  R  4i£  1-2 -3 -2“  it3  1  •  2  •  •  •  5  •  210JR5 


Multiplying  (H)  by  8  and  then  subtracting  (G)  from  (H)  in  order 
to  eliminate  the  term  containing  S3,  we  have  approximately 

8c-C  _SS  3  S5 

2R 


or, 


2  It 

8  c-C 


=  S 


4  1  •  2  •  ■  •  5  •  26_R6 
N5 


3  ~  7680  It* 

Hence,  for  an  arc  equal  in  length  to  the^  radius,  the  error  in 
taking 

i1)  S 


8  c-C 


is  less  than  of  the  whole  arc.  For  an  arc  of  half  the  length  of 
the  radius  the  proportionate  error  is  one  sixteenth  less,  and  so  on.* 

In  practice  Huygens’  approximation  is  generally  used  in  the 
form 

(J)  S=2c  +  ^(2c-  C). 


*  For  an  angle  of  30°  the  error  is  less  than  1 
less  than  1  in  0000 


in  100,000,  for  45°  less  than  1  in  20,000,  and  for  60 
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This  simple  method  of  finding  approximately  the  length  of  an 
arc  of  a  circle  is  much  employed.  To  find  the  approximate  length 
of  a  portion  of  any  continuous  curve,  divide  it  into  an  even  number 
of  suitable  arcs,  regarding  the  arcs  as  approximately  circular. 

Ex.  1.  Find  by  Ilnygens’  approximation  the  length  of  an  arc  of  30°  in  a  circle 
whose  radius  is  100,000  ft. 

Solution.  Here  c  =  2  R  sin  7°  30',  C  =  2  R  sin  15° ;  but  from  tables  of  natural 
sines  we  get  sin  7°  30'  =  .1305268,  sin  15°  =  .2588190. 

Substituting  in  (J),  s  =  52359.71.  The  true  value,  assuming  ir  —  3.1415926,  is 
52359.88  ;  hence  the  error  is  but  .17  ft.,  or  about  2  inches. 

EXAMPLES 

1.  Draw  the  graphs  of  the  functions  x,  x - ,  x - 1 - respectively,  and 

compare  them  with  the  graph  of  sin  x.  L§  L§  L5 

2.  If  d  is  the  distance  between  the  middle  points  of  the  chord  c  and  the  circular 
arc  s,  show  that  the  error  in  taking 

_  8  <P 

is  less  than  B*.  °~S  3  s 

3  S3 

161.  Taylor’s  Theorem  for  functions  of  two  or  more  variables. 

The  scope  of  this  book  will  allow  only  an  elementary  treatment 
of  the  expansion  of  functions  involving  more  than  one  variable 
by  Taylor’s  Theorem.  The  expressions  for  the  remainder  are 
complicated  and  will  not  be  written  down. 

Having  given  the  function  i 

(A)  /(u  y), 

it  is  required  to  expand  the  function 

( B )  f(x  +  h,y  +  Jc ) 

in  powers  of  h  and  1c. 

Consider  the  function 

(C)  f(x  +  ht,y  +  M). 

Evidently  ( B )  is  the  value  of  (C)  when  t=  1.  Considering  (C) 
as  a  function  of  t,  we  may  write 

(D)  f{x  +  ht,  y  +  Jet)  =  F(t), 
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which  may  then  be  expanded  in  powers  of  t  by  Maclaurin’s  Theo¬ 
rem,  (62),  p.  234,  giving 


(F)  F(t)  =  F{ 0)  +  tF'  (0)  +  F"( 0)  + 1  F’"( 0)  +  •  •  • . 


Let  us  now  express  the  successive  derivatives  of  F(t)  with  respect 
to  t  in  terms  of  the  partial  derivatives  of  F(t)  with  respect  to  x  and 
y.  Let 


(F) 

then  by  (49),  p.  199, 

<G) 


a  =  x  +  ht,  /3  =  y  +fct; 


da  dt  df3  dt 


But  from  ( F ), 

(H)  ^  =  A  and  ^  = 

v  ’  dt  dt 


and  since  F(t)  is  a  function  of  x  and  y  through  a  and  /3, 
FF_dFda  and  dF_8FdJ3' 

8x  da  dx  dy  g/3  dy ’ 


or,  since  from  ( F ),  —  =  1  and  —  =  1, 
v  ’  dx  dy 


& 


dF  dF  ,  dF  dF 
—  =  —  and  —  =  — -  • 
dx  da  dy  d/3 


Substituting  in  (6r)  from  (J)  and  [H], 

(J) 


F’(t)  =  li  —  +  k  —  • 
w  dx  dy 


Replacing  F(t)  by  F’(t)  in  ( J ),  we  get 


Fn(t)=h^  +  k^ 

w  dx  dy 


h\hd^+k^-\ 

dx  cxdy  J 


cxdy 

d2F 


dxdy  dy 


F''U)  =  F—0  +  2hk 

dx  dxdy 


+ ie% 

df 


In  the  same  way  the  third  derivative  is 


td3F 


(L)  F"’(t)  =  Fk  +  3  FF  +  ks- — -, 

W  dx8  dFdy  dxdy 2  dy 8 

and  so  on  for  higher  derivatives. 
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When  t  =  0,  we  have  from  (D),  ( Gr ),  (■/),  (if),  (L), 

F(^)=f(xi  y)i  i-e-  Ff)  is  replaced  b yf(x,  y ), 

^(0)=/rg+2A^  +  ^|, 

^  ■ +  ' 3  Vk  Ik  +  8  “*  iS  +  *  & 


and  so  on. 

Substituting  these  results  in  (E),  we  get 


dxdy 


dyA 


(64)  fix  +  Jit,  y  +  Jet)  =  fix,  y)  4-  t (/*,  4-  Je  —  ) 

+  «*/  ,  0,7.  W  ,  M  «’/ 


*0^  +  a**_2^  +  *|St)  +  .... 


5a?2 


dxdy 


To  get  /(a;  4-  A,  y  4-  A),  replace  t  by  1  in  (64),  giving  Taylor  s 
Theorem  for  a  function  of  two  independent  variables , 


(65)  fix  +  h,  y  4-  Je)  =  fix,  y)  4-  Ji  ^  4-  A  ~ 

+  —(ji2  —  +  2  JiJe  4-  Je2  —  )  -\ - , 

T  [2  V  5.»2  T  5x5//  T  5//2/  ’ 

which  is  the  required  expansion  in  powers  of  A  and  A.  Evidently 
(65)  is  also  adapted  to  the  expansion  of  f(x  4-  A,  «/  4-  A)  in  powers 
of  x  and  y  by  simply  interchanging  x  with  h  and  y  with  A.  Thus, 

(65  ft)  f(X  +  h,  <f  +  /.  I  =  /(ft,  ft)  +  ((  +  .'/  4 

Similarly  for  three  variables  we  shall  find 

1  4-  Je  4-  ? 

5a?  5//  5s 

+  iCft»  w  +  *,w  +  „2/  +  aM!  a,/ 

+  I2V  <te>T  <1,./ 

)  +  •  •  •» 


(66)  /(a?  4-  A,  V  4-  A,  s  4-  J)  =  /(as,  ^  »)  4-  A  4-  *  +  *  fr. 


4-  2ZA 


dy 2 

«’/  ,  O  7.7 


dxdy 


dzdx 


+  2Jel 


dydz  > 


and  so  on  for  any  number  of  variables. 
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EXAMPLES 


1.  Given  f(x,  y)  =  Ax'2  +  Bxy  +  Cy'2 ;  expand  f(x  +  li,  y  +  k)  in  powers  of  h 
and  k. 

Solution.  —  =  2  Ax  -f  By, ,  —  =  Bx  +  2  Cy ; 

ex  cy 


dff_ 
dx 2 


=  24, 


=  B, 

dxdy 


d*f 
dy 2 


=  2  C. 


The  third  and  higher  partial  derivatives  are  all  zero.  Substituting  in  (65), 
f(x  +  h,  y  +  k)  =  Ax2  +  Bxy  +  Cy 2  +  (2  Ax  +  By)  h  +  (Bx  +  2  Cy)  k 
+  Ah 2  +  Bhk  +  Ck2.  Ans. 


2.  Given  /(x,  y,  z)  =  Ax 2  +  By'2  +  Cz 2 ;  expand  /(x  +  I,  y  +  m,  z  +  n)  in  powers 
of  l,  m,  n. 

Solution.  —  =  2  Ax,  —  =  2  By,  —  —  2  Cz: 

dx  dy  dz 


'  -  o  -  2  B,  g2/  -  2  C  g2/  =  52/  _  g2/  _  Q, 

ox2  ’  c>2/2  ’  Sz2  ’  dxdy  dydz  dzdx 

The  third  and  higher  partial  derivatives  are  all  zero.  Substituting  in  (66), 

f(x  +  l,  y  +  m,  z  +  n)  =  Ax 2  +  By2  +  Cz2  +  2  Axl  +  2  Bym  +  2  Czn 

+  Al2  Bm 2  +  Cm.2.  Ans. 

3.  Given  / (x,  y)  =  Vx  tan  y  ;  expand  /(x  +  h,  y  +  k)  in  powers  of  h  and  k. 

4.  Given  / (x,  y,  z)  =  Ax'2  +  R?/2  +  Cz2  -f  Bxy  +  Eyz  +  Fzx ;  expand  f(x  +  h, 
y  +  k,  z  +  l)  in  powers  of  h,  k,  l. 


162.  Maxima  and  minima  of  functions  of  two  independent  vari¬ 
ables.  Ihe  function  f(x,  y)  is  said  to  be  a  maximum  at  x=  a,  y  =  b 
when  / (a,  b)  is  greater  than  f  (x,  y)  for  all  values  of  x  and  y  in  the 
neighborhood  of  a  and  b.  Similarly /(a,  b)  is  said  to  be  a  minimum 
at  x=a,y  =  b  when  f(a,  b)  is  less  than  f(x,  y)  for  all  values  of  x 
and  y  in  the  neighborhood  of  a  and  b. 

These  definitions  may  be  stated  in  analytical  form  as  follows: 

If,  for  all  values  of  h  and  k  numerically  less  than  some  small 
positive  quantity, 

(A)  f(a  +  h,  b  +  k)  — / (a,  b)  =  a  negative  number ,  then  f(a ,  b)  is 
a  maximum  value  oif(x,  y).  If 

(B)  /(«  +  *,&  +  k)  -f  (a,  b)  =  a  positive  number ,  then  ft  a,  b)  is 
a  minimum  value  of  f(x,  y). 
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These  statements  may  be  interpreted  geometrically  as  follows: 
a  point  P  on  the  surface  „ 

z  =/ \xi  y) 

is  a  maximum  point  when  it  is  “higher”  than  all  other  points  on 
the  surface  in  its  neighborhood,  the  coordinate  plane  XOY  being 
assumed  horizontal.  Similarly  P'  is  a  minimum  point  on  the 
surface  when  it  is 
“  lower  ”  than  all 
other  points  on  the 
surface  in  its  neigh¬ 
borhood.  It  is  there¬ 
fore  evident  that 
all  vertical  planes 
through  P  cut  the 
surface  in  curves  (as 
APB  or  DPB  in  the 
figure),  each  of  which 
has  a  maximum  ordinate  z  ( [=MP )  at  P.  In  the  same  manner 
all  vertical  planes  through  P'  cut  the  surface  in  curves  (as  BP'C 
or  PP'G),  each  of  which  has  a  minimum  ordinate  z  ( =NP ')  at  P’. 
Also,  any  contour  (as  HIJK)  cut  out  of  the  surface  by  a  horizontal 
plane  in  the  immediate  neighborhood  of  P  must  be  a  small  closed 
curve.  Similarly  we  have  the  contour  LSBT  near  the  minimum 
point  P'. 

It  was  shown  in  §§  98,  94,  pp.  117-121,  that  a  necessary  con¬ 
dition  that  a  function  of  one  variable  should  have  a  maximum 
or  a  minimum  for  a  given  value  of  the  variable  was  that  its  first 
derivative  should  be  zero  for  the  given  value  of  the  variable. 
Similarly  for  a  function  f(x ,  y )  of  two  independent  variables,  a 
necessary  condition  that /(a,  b)  should  be  a  maximum  or  a  minimum 
(i.e.  a  turning  value)  is  that  for  x  —  a,  y  =  b, 


(0) 


^  =  0,^  =  0. 

dx  cy 


Proof.  Evidently  (A)  and  ( B )  must  hold  when  k  =  0 ;  that  is, 

f(a  +  A,  b)-f(a ,  b) 

is  always  negative  or  always  positive  for  all  values  of  h  sufficiently 
small  numerically.  By  §§  93,  94,  a  necessary  condition  for  this  is 
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tiling,  —f(x,  y)  shall  vanish  for  x—a,  y=b.  Similarly  (A)  and 


(B)  must  hold  when  li  =  0,  giving  as  a  second  necessary  condition 
that  —f{x,  y)  shall  vanish  for  x=  a,  y  =  b. 

y 

In  order  to  determine  sufficient  conditions  that  /(a,  b)  shall  be 
a  maximum  or  a  minimum  it  is  necessary  to  proceed  to  higher 
derivatives.  To  derive  sufficient  conditions  for  all  cases  is  beyond 
the  scope  of  this  book.*  The  following  discussion,  however,  will 
suffice  for  all  the  problems  given  here. 


Expanding  f(a  +  h,  b  +  k)  by  Taylor’s  Theorem,  (65),  p.  245, 
replacing  x  by  a  and  y  by  b,  we  get 


(B)  f(a  +  h,b  +  k)  =f(a,  b)+h^-  +  k— 


dx  dy 


where  the  partial  derivatives  are  evaluated  for  x  =  a,  y  =  b,  and  B 
denotes  the  sum  of  all  the  terms  not  written  down.  All  such 
terms  are  of  a  degree  higher  than  the  second  in  h  and  k. 

^nce  =  ^  ail<^  fy  =  0’  from  {(]),  p.  247,  we  get,  after  transpos¬ 
ing  f(a,  b). 


(B)  f(a-\-h,b  +  k)—f(a,b)  —  i 


If  /(«,  h)  is  a  turning  value,  the  expression  on  the  left-hand 
side  of  (B)  must  retain  the  same  sign  for  all  values  of  h  and  k  suffi¬ 
ciently  small  in  numerical  value,  the  negative  sign  for  a  maximum 
value  [(A),  p.  246]  and  the  positive  sign  for  a  minimum  value 
[(5),  p.  246],  i.e.  f(a,  b)  will  be  a  maximum  or  a  minimum  accord¬ 
ing  as  the  right-hand  side  of  (B)  is  negative  or  positive.  Now  Ji 
is  of  a  degree  higher  than  the  second  in  h  and  k.  Hence  as  h  and  k 
dimmish  m  numerical  value  it  seems  plausible  to  conclude  that  the 
numerical  value  of  li  will  eventually  become  and  remain  less  than 


*  See  Cours  d’ Analyse,  Vol.  I,  by  C.  Jordan. 
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the  numerical  value  of  the  sum  of  the  three  terms  of  the  second  degree 
written  down  on  the  right-hand  side  of  (If.*  Then  the  sign  of  the 
right-hand  side  (and  therefore  also  of  the  left-hand  side)  will  be 
the  same  as  the  sign  of  the  expression 

(F)  hk  +  k2  —• 

dx 2  cxdy  dy 

But  from  Algebra  we  know  that  the  quadratic  expression 

Id  A  -f  2  hk  C  -f-  k2B 

always  has  the  same  sign  as  A  (or  B)  when  AB  —  C2>  0. 


Applying  this  to  (F),  A=C~,  B 


82f  d2f 

C  —  — — ,  and  we  see  that 


cy1 ’  ’  cxdy 

(F),  and  therefore  also  the  left-hand  member  of  (F),  has  the  same 

a2//  df\  , 

sign  as  —A  or  — 1 —  ]  when 

*  cy) 

gyay  (  dj  \2 

ex1  dy2  \dxdy  ) 

Hence  the  following  rule  for  finding  maximum  and  minimum 
values  of  a  function  f(x,  y). 

First  step.  Solve  the  simultaneous  equations 

^=0,^  =  0. 

dx  dy 

Second  step.  Calculate  for  these  values  of  x  and  y  the  value  of 

A_djdf  (dj y 

dx2  dy 2  \dxdy ) 

Third  step.  The  function  will  have  a 


maximum 


if  A  >  0  and  ^  ^or  <0; 


minimum  if  A  >  0  and  ^  (  or  ^  >  0 ; 


w) 

df  (  8T 

dx 1  \  dy 2 

neither  a  maximum  nor  a  minimum  if  A  <  0. 

The  question  is  undecided  if  A  =  O.f 

*  Peano  lias  shown  that  this  conclusion  does  not  always  hold.  See  the  article  on  “  Maxima 
and  Minima  of  Functions  of  Several  Variables,”  by  Professor  James  Pierpont  in  the  Bulletin 
of  the  American  Mathematical  Society,  Vol.  IV. 

t  The  discussion  of  the  text  merely  renders  the  given  rule  plausible.  The  student  should 
observe  that  the  case  A  =  0  is  omitted  in  the  discussion. 
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The  student  should  notice  that  this  rule  does  not  necessarily 
give  all  maximum  and  minimum  values.  For  a  pair  of  values 
of  x  and  y  determined  by  the  first  step  may  cause  A  to  vanish, 
and  may  lead  to  a  maximum  or  a  minimum  or  neither.  Further 
investigation  is  therefore  necessary  for  such  values.  The  rule  is, 
however,  sufficient  for  solving  many  important  examples. 

The  question  of  maxima  and  minima  of  functions  of  three 
or  more  independent  variables  must  be  left  to  more  advanced 
treatises. 


Ex.  1.  Examine  the  function  3  axy  —  x3  —  y3  for  maximum  and  minimum 
values. 

Solution.  f(x,  y)  =  3  axy  —  x3  —  y3. 

cf  cf 

First  step.  —  =  3  ay  —  3  x2  =  0,  —  =  3  ax  —  3  y2  —  0. 

dx  dy 

Solving  these  two  equations  simultaneously,  we  get 

x  =  0,  x  =  a, 

y  =  o  ;  y  =  a. 

d2f  d2f  d2f 

Second  step.  —  =  —  Qx,  — —  =  3  a,  —  =  —  6  y  ; 

dx 2  dxdy  dy 2 


A  =  d^fdV_ 

dx 2  cy 2 


\dxdy/ 


36  xy  —  9  a3. 


Third  step.  When  x  =  0  and  y  =  0,  A  =  -  9  a2,  and  there  can  be  neither  a 
maximum  nor  a  minimum  at  (0,  0). 

When  x  =  a  and  y  =  a,  A  =  -f  27  a2 ;  and  since  =  —  6  a,  we  have  the  condi- 

dx'z 

tions  for  a  maximum  value  of  the  function  fulfilled  at  (a,  a).  Substituting  x  =  a, 
y  =  a  in  the  given  function,  we  get  its  maximum  value  equal  to  a3. 


Ex.  2.  Divide  a  into  three  parts  such  that  their  product  shall  be  a  maximum. 

Solution.  Let  x  =  first  part,  y  =  second  part ;  then  a  —  (x  +  y)  =  a  —  x  —  y  — 
third  part,  and  the  function  to  be  examined  is 


/  (z,  V)  =  xy  (a -x-  y). 

First  step.  ^  =  ay  -  2xy  -  y2  =  0,  ^  =  ax  -  2 xy  -  x2  =  0. 

CX  gy 

Solving  simultaneously,  we  get  as  one  pair  of  values  *  =  - ,  ?/  =  “.* 

3  y  3 

Secondstep.  ^  =  -2 y,  ~f-  =  a-2x-2y,  ^=:-2r 

dxdy  dy 2  ’ 

A  =  ixy  -  (a  -  2x  ~  2  y)2. 


dx2 


*  x-  0,  y-  0  are  not  considered,  since  from  the  nature  of  the  problem 
minimum. 


we  would  then  have  a 
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Third  step.  When  *  =  -  and  y  —  - ,  A  =  —  :  and  since  — —  =  —  — ,  it  is  seen 

1  3  3  3’  3x2  3 

that  our  product  is  a  maximum  when  x~-i  y  =  -•  Therefore  the  third  part  is 

3  3 


a 


a 6 


also  -  ,  and  the  maximum  value  of  the  product  is 
3  2t 


EXAMPLES 


1.  Find  the  maximum  value  of  x2  +  xy  +  y2  —  ax  —  by.  Ans.  ( ab  —  a2  —  b2). 

3  7T 

2.  Show  that  sm  x  +  sm  y  +  cos  (x  +  y)  is  a  minimum  when  x  —  y  =  —  >  and 

a  maximum  when  x  =  y  =  —• 

ti 

3.  Show  that  xey+x&inv  has  neither  a  maximum  nor  a  minimum. 

,  (ax  +  by  +  c)2 


4.  Show  that  the  maximum  value  of 


x2  +  y2  +  1 


is  a2  +  b2  +  c2. 


5.  Find  the  greatest  rectangular  parallelopiped  that  can  be  inscribed  in  an 
ellipsoid.  That  is,  find  the  maximum  value  of  8  xyz  (=  volume)  subject  to  the 


condition 


r2  y2  z2 
+  —  +  —  =  !• 
a*  b 2  c2 


Ans. 


8  abc 


i2  b2  '  c2  3  V3 

Hint.  Let  u=xyz,  and  substitute  the  value  of  2  from  the  equation  of  the  ellipsoid.  This  gives 

„  „  „  /  .r2  y2\ 

.  J'  U  Vo2-^)’ 

where  u  is  a  function  of  only  two  variables. 

6.  Show  that  the  surface  of  a  rectangular  parallelopiped  of  given  volume  is 
least  when  the  solid  is  a  cube. 


7.  Examine  x4  +  ?/4  —  x2  +  xy  —  y2  for  maximum  and  minimum  values. 

Ans.  Maximum  when  x  =  0,  y  =  0  ; 

minimum  when  x  =  y  =  ±  l,  and  when  x  =  —  y  =  ±  %  Vs. 

8.  Show  that  when  the  radius  of  the  base  equals  the  depth,  a  steel  cylin¬ 
drical  standpipe  of  a  given  capacity  requires  the  least  amount  of  material  in  its 
construction. 

9.  Show  that  the  most  economical  dimensions  for  a  rectangular  tank  to  hold  a 
given  volume  are  a  square  base  and  a  depth  equal  to  one  half  the  side  of  the  base. 

10.  The  electric  time  constant  of  a  cylindrical  coil  of  wire  is 

mxyz 

u  — - - - ) 

ax  +  by  +  cz 

where  x  is  the  mean  radius,  y  is  the  difference  between  the  internal  and  external 

radii,  z  is  the  axial  length,  and  m,  a,  b ,  c  are  known  constants.  The  volume  of 

the  coil  is  nxyz  =  g.  Find  the  values  of  x,  y,  z  which  make  u  a  minimum  if  the 

volume  of  the  coil  is  fixed.  jjabcg , 

Ans.  ax  =  by  —  cz  = 
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ASYMPTOTES.  SINGULAR  POINTS.  CURVE  TRACING 


163.  Rectilinear  asymptotes.  An  asymptote  to  a  curve  is  the 
limiting  position*  of  a  tangent  whose  point  of  contact  moves  off 
to  an  infinite  distance  from  the  origin. j- 

Thus,  in  the  hyperbola,  the  asymptote  AB  is  the  limiting 
position  of  the  tangent  PT  as  the  point  of  contact  P  moves  off 

to  the  right  to  an  infinite  distance.  In 
the  case  of  algebraic  curves  the  follow¬ 
ing  definition  is  useful:  an  asymptote  is 
the  limiting  position  of  a  secant  as  two 
points  of  intersection  of  the  secant  with  a 
branch  of  the  curve  move  off  in  the  same 
direction  along  that  branch  to  an  infinite 
distance.  For  example,  the  asymptote 
AB  is  the  limiting  position  of  the  secant 
PQ  as  P  and  Q  move  upwards  to  an  infinite  distance. 

164.  Asymptotes  found  by  method  of  limiting  intercepts, 
equation  of  the  tangent  to  a  curve  at  (xv  yx)  is  by  (1),  p.  89, 

_dyx 


The 


y-y  i 


First  placing  y—  0  and  solving  for  x,  and  then  placing  x=  0 
and  solving  for  y,  and  denoting  the  intercepts  by  x{  and  y. 
respectively,  we  get 

dx 

xi  —  xi~  ]Ji  ~  =  intercept  on  OX; 
ayx 

dy, 

&  =  Ui  ~  xi  =  intercept  on  0  Y. 

infinify^henJea'Tollo  ♦  ***  Straight  Hne  aS  a  IimitinS  Position  cannot  *>e  wholly  at 
ius  evident that „  .  ,  r  aay,nPtote  nlust  P^s  within  a  finite  distance  of  the  origin 

.  '  ‘  that  a  C.UrVe  whlch  has  no  *nhnite  branch  can  have  no  real  asymptote. 

“  “ ou"" "  ”"“mes “  *  ,“^eD•  po,M  »■ 
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Since  an  asymptote  must  pass  within  a  finite  distance  of  the 
origin,  one  or  both  of  these  intercepts  must  approach  finite  values 
as  limits  when  the  point  of  contact  (xv  yx)  moves  off  to  an  infinite 
distance.  If 

limit  (xt)  =  a  and  limit  {y)  =  b, 

then  the  equation  of  the  asymptote  is  found  by  substituting  the 
limiting  values  a  and  b  in  the  equation 


If  only  one  of  these  limits  exists,  but 

=  m, 

then  we  have  one  intercept  and  the  slope  given,  so  that  the 
equation  of  the  asymptote  is 

7  V 

y  =  mx  +o  or  x  =  —  +  a. 

*  m 


limit 


fd]h 

\dx1 


Ex.  1. 


Find  the  asymptotes  to  the  hyperbola 


x 2 
a 2 


V1 


1. 


Solution. 


dy 

dx 


b-x 

dhy 


and  m  — 


limit  /  (ty  \ 
x  =  <x>\dx ) 


„ 2  f)2 

Also,  Xj  —  —  and  yi  = - ;  hence  these  intercepts  are  zero  when  x  =  y  =  oo. 

Therefore  the  asymptotes  pass  through  the  origin  (see  figure  on  p.  252)  and  their 
equations  are 

y  —  0  =  ±  -  (x  -  0),  or,  ay  =  ±  bx.'  Ans. 


This  method  is  frequently  too  complicated  to  be  of  practical 
use.  The  most  convenient  method  of  determining  the  asymptotes 
to  algebraic  curves  is  given  in  the  next  section. 

165.  Method  for  determining  asymptotes  to  algebraic  curves. 

Given  the  algebraic  equation  in  two  variables, 

(A)  f  (xi  y)  =  °- 

If  this  equation  when  cleared  of  fractions  and  radicals  is  of 
degree  n,  then  it  may  be  arranged  according  to  descending  powers 
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of  one  of  the  variables,  say  y,  in  the  form 

(B)  ayn  +  (bx  +  c)yn~l  +  ( dx 2  -f-  ex  -\-f)yn~2  -| - =  0.* 

For  a  given  value  of  x,  this  equation  determines  in  general  n 
values  of  y. 

Case  I.  To  determine  the  asymptotes  to  the  curve  (B)  which  are 
parallel  to  the  coordinate  axis.  Let  us  first  investigate  for  asymp¬ 
totes  parallel  to  OF.  The  equation  of  any  such  asymptote  is  of 
the  form 


(0) 


x  =  k. 


and  it  must  have  two  points  of  intersection  with  having  infinite 
ordinates. 

First.  Suppose  a  is  not  zero  in  ( B ),  that  is,  the  term  in  yn  is 
present.  Then  for  any  finite  value  of  x,  (B)  gives  n  values  of  y, 
all  finite.  Hence  all  such  lines  as  (C)  will  intersect  (B)  in  points 
having  finite  ordinates,  and  there  are  no  asymptotes  parallel  to  OY. 

Second.  Next  suppose  a  =  0  but  b  and  c  are  not  zero.  Then  we 
know  from  Algebra  that  one  root  (=  y)  of  (B)  is  infinite  for  every 
finite  value  of  x;  that  is,  any  arbitrary  line  ((7)  intersects  (B)  at 
only  one  point  having  an  infinite  ordinate.  If  now  in  addition 


bx  +  c  =  0,  or, 


c 


(B) 


then  the  first  two  terms  in  (B)  will  drop  out,  and  hence  two  of  its 
roots  are  infinite.  That  is,  (2?)  and  (B)  intersect  in  two  points 
having  infinite  ordinates,  and  therefore  (I>)  is  the  equation  of  an 
asymptote  to  (B)  which  is  parallel  to  OY. 

.  TJ^rcl  If  «  =  b  =  c  =  0,  there  are  two  values  of  x  that  make  y 
m  (B)  infinite,  namely,  those  satisfying  the  equation 

(B)  dx2  -f  ex  +f=  0. 

Solmng  (E)  for  x,  we  yet  two  asymptotes  parallel  to  OY,  and  so 


on  in  general. 


is  called  to  the  following  theorem  from 
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In  the  same  way,  by  arranging  f(x,  y)  according  to  descending 
powers  of  x,  we  may  find  the  asymptotes  parallel  to  OX.  Hence 
the  following  rule  for  finding  the  asymptotes  parallel  to  the  coor¬ 
dinate  axes : 

First  step.  Equate  to  zero  the  coefficient  of  the  highest  power  of  x 
in  the  equation.  This  gives  all  asymptotes  parallel  to  OX. 

Second  step.  Equate  to  zero  the  coefficient  of  the  highest  power  of 
y  in  the  equation.  This  gives  all  asymptotes  parallel  to  0  Y. 

Note.  Of  course  if  one  or  both  of  these  coefficients  do  not 
involve  x  (or  y),  they  cannot  be  zero,  and  there  will  be  no  corre¬ 
sponding  asymptote. 

Ex.  1.  Eind  tlie  asymptotes  of  tlie  curve  a-x  =  y  (x  —  a)2. 

Solution.  Arranging  the  terms  according  to  powers  of  x, 
yx 2  —  (2  ay  +  a'2)  x  +  a2y  =  0. 

Equating  to  zero  the  coefficient  of  the  highest  power  of  x,  we  get  ,y  =  0  as  the 
asymptote  parallel  to  OX.  In  fact  the 
asymptote  coincides  with  the  axis  of  x. 

Arranging  the  terms  according  to  powers 

y'  (x  —  a)'2y  —  a2x  =  0. 

Placing  the  coefficient  of  y  equal  to 
zero,  we  get  x  =  a  twice,  showing  that 
AH  is  a  double  asymptote  parallel  to  OY. 

If  this  curve  is  examined  for  asymptotes 
oblique  to  the  axes  by  the  method  explained 
below,  it  will  he  seen  that  there  are  none.  Hence  y  =  0  and  x  =  a  are  the  only 
asymptotes  of  the  given  curve. 

Case  II.  To  determine  asymptotes  oblique  to  the  coordinate  axes. 

Given  the  algebraic  equation 

(F)  f(x,y)=0. 

Consider  the  straight  line 

( G)  y  —  mx  +  fe¬ 

lt  is  required  to  determine  m  and  k  so  that  the  line  ( Cr )  shall  be 

an  asymptote  to  the  curve  ( F ). 

Since  an  asymptote  is  the  limiting  position  of  a  secant  as  two 
points  of  intersection  on  the  same  branch  of  the  curve  move  off  to 
an  infinite  distance,  if  we  eliminate  y  between  (F)  and  (Cr),  the 
resulting  equation  in  x,  namely, 

(H)  f(x,  mx  +  k)=  0, 
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must  have  two  infinite  roots.  But  this  requires  that  the  coeffi¬ 
cients  of  the  two  highest  powers  of  x  shall  vanish.  Equating  these 
coefficients  to  zero,  we  get  two  equations  from  which  the  required 
values  of  m  and  k  may  be  determined.  Substituting  these  values 
in  (6r)  gives  the  equation  of  an  asymptote.  Hence  the  following 
rule  for  finding  asymptotes  oblique  to  the  coordinate  axes : 

First  step.  Replace  y  by  mx-\-k  in  the  given  equation  and  expand. 

Second  step.  Arrange  the  terms  according  to  descending  powers 
of  x. 

Third  step.  Equate  to  zero  the  coefficients  of  the  two  highest 
powers*  of  x,  and  solve  for  m  and  k. 

Fourth  step.  Substitute  these  values  of  m  and  k  in 

y  =  mx  +  k. 

This  gives  the  required  asymptotes. 


Ex.  2.  Examine  y3  =  2  ax 2  -  x3  for  asymptotes. 

Solution.  Since  none  of  the  terms  involve  both  x  and  y ,  it  is  evident  that  there 
are  no  asymptotes  parallel  to  the  coordinate  axes.  To  find  the  oblique  asymptotes, 

eliminate  y  between  the  given  equation  and 
y  =  mx  +  k.  This  gives 

(mx  +  k)3  =  2  ax 2  —  x3 ; 
and  arranging  the  terms  in  powers  of  x, 

(1  -f  m3)x3  +  (3  m-k  —  2  a)  x2  +  3  k2mx  +  k3  =  0. 
Placing  the  first  two  coefficients  equal  to  zero, 
1  +  m3  =  0  and  3  m2k  —  2  a  =  0. 

Solving,  we  get  m  =  —  \,k=~-  Substituting 

°  2  a 

in  y  =  mx  -f  k,  we  have  y  =  —  x  d - ,  the  equa¬ 
tion  of  asymptote  AB.  ^ 


EXAMPLES 

Examine  the  first  eight  curves  for  asymptotes  by  the  method  of  §  164,  and  the 
remaining  ones  by  the  method  of  §  165. 

1.  y  =  ex.  Ans.  y  =  0.  2.  y  =  er* *.  Ans.  y  =  0. 

A  d  ij  '-o  ,  -f  fkMr.  qo 

*  If  tlie  term  involving  xn~  1  is  missing,  or  if  the  value  of  m  obtained  by  placing  the  first 
coefficient  equal  to  zero  causes  the  second  coefficient  to  vanish,  then  by  placing  the  coefficients  '?0 
of  xn  and  xn~  2  equal  to  zero  we  obtain  two  equations  from  which  the  values  of  m  and  lc  may  be 
found.  In  this  case  we  shall  in  general  obtain  two  Jc’s  for  each  m,  that  is,  pairs  of  parallel  oblique 
asymptotes.  Similarly,  if  the  term  in  xn~ 2  is  also  missing,  each  value  of  m  furnishes  three 
parallel  oblique  asymptotes,  and  so  on. 
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3.  y  =  log*.  w  OcT  a 

4-  *0  %  ~ 

5.  y  =  tan  x. 

6.  y-eS-1.  :>;V  ,,, 

7.  y3  =  6  x2  +  xs. 

8.  Show  that  the 

9.  ys  =  as  —  Xs. 

10.  The  cissoid  y 2  =  — — — 

2  r  —  x 

11.  y-a  =  y2*  +  *3. 

12.  y2(x2  +  l)  =  x2(x2-l). 

13.  j/2(x-2a)  =  x3-  a3. 

^  14.  x'2?/2  =  a2(x2  +  y'2). 


Ans.  x  =  0. 

<  .  •  y  =  e. 

n  being  any  odd  integer,  x  =  — 

2 

x  =  0,  2/  =  0. 

2/  =  x  +  2. 


x  =  a. 

y  =  ±*. 

x  —  2  a,  2/  “  i  (x  -f-  cp. 
x  =±  a,  2/  =  ±  a. 


parabola  has  no  asymptotes. 


2/  +  x  =  0. 
x  =  2r. 


15. 

16. 

17. 

18. 

19. 

20. 


?/(x2  —  3  6x  +  2  62)  =  x3  —  3  ax 2  +  a3. 


The  folium  x3  +  y3  —  3  axy  =  0. 

The  witch  xP-y  =  4  a2  (2  a  —  2/)- 
X2/2  +  x22/  =  a3. 

x3  +  2  x-y  —  X2/2  —  2  ?/3  +  4  2/2  +  2  X2/ 


x  =  b,  x  =  2 6,  2/  +  3a  =  x  +  3  6. 
y  =  c,  x  —  b. 

y  +  x  +  a  =  0. 
y  =  0. 

x  =  0,  2/  =  0,  x  +  2/  =  0. 

V  -  1- 

x  +  2  2/  =  0,  x  +  2/  =  l,  x  —  2/  =  —  1. 


166.  Asymptotes  in  polar  coordinates.  Let  f(p,  6)=  0  be  the 
equation  of  the  curve  PQ  having  the  asymptote  CD.  As  the 
asymptote  must  pass  within  a  finite 
distance  (as  OP)  of  the  origin,  and  the 
point  of  contact  is  at  an  infinite  dis¬ 
tance,  it  is  evident  that  the  radius 
vector  OP  drawn  to  the  point  of  contact 
is  parallel  to  the  asymptote,  and  the 
subtangent  OP  is  perpendicular  to  it.  Or,  more  precisely,  the 
distance  of  the  asymptote  from  the  origin  is  the  limiting  value  of 
the  polar  subtangent  as  the  point  of  contact  moves  off  an  infinite 
distance. 
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To  determine  the  asymptotes  to  a  polar  curve,  proceed  as  follows  : 
First  step.  Find  from  the  equation  of  the  curve  the  values  of  6 
which  make  g  =  oo.*  These  values  of  0  (jive  the  directions  of  the 
asymptotes. 

Second  step.  Find  the  limit  of  the  polar  subtangent 


,d9 

dp' 


(7),  p.  99 


as  9  approaches  each  such  value,  remembering  that  p  approaches  oo 
at  the  same  time. 

Third  step.  If  the  limiting  value  of  the  polar  subtangent  is  finite , 
there  is  a  corresponding  asymptote  at  that  distance  from  the  origin 
and  parallel  to  the  radius  vector  drawn  to  the  point  of  contact. 
When  this  limit  is  positive  the  asymptote  is  to  the  right,  and  when 
negative ,  to  (he  left  of  the  origin,  looking  in  the  direction  of  the  infinite 
radius  vector. 


EXAMPLES 


1.  Examine  the  hyperbolic  spiral  p  —  -  for  asymptotes. 

0 


Solution.  When  8  =  0,  p  =  co.  Also  —  =  ■ 

dd 


8 2 


hence 
,  dd 


Sub  tan  gent  =  p1 —  =  — 
dp  6* 


6)2 

- =  -  a. 

a 


“  [^2  =  ~  ai  which  is  finite. 


It  happens  in  this  case  that  the  subtangent  is  the 
same  for  all  values  of  0.  The  curve  has  therefore  an 
asymptote  BC  parallel  to  the  initial  line  OA  and  at  a  distance  a  above  it. 

Examine  the  following  curves  for  asymptotes. 

2.  p  cos  8  —  a  cos  2  8. 

Ans.  There  is  an  asymptote  perpendicular  to  the  initial  line  at  a  distance  a 


to  the  left  of  the  origin. 
3.  p  =  a  tan  8. 


Ans.  There  are  two  asymptotes  perpendicular  to  the  initial  line  and  at  a  dis¬ 
tance  a  from  the  origin,  on  either  side  of  it. 


tju>  \f)  <f  fijWa 


!T»' 


4.  The  lituus  pd-  =  a. 


Ans.  The  initial  line. 


*  If  tile  equation  can  "be  written  as  a  polynomial  in  p,  these  values  of  6  may  be  found  b 
equating  to  zero  tbe  coefficient  of  the  highest  power  of  p  (see  footnote,  p.  254). 
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5.  p  =  a  sec  2  6. 


y 


Ans.  There  are  four  asymptotes  at  the  same  distance  -  from  the  origin,  and 
inclined  45°  to  the  initial  line.  2 


6.  (p  —  a)  sin  d  =  b.  f  -  ■  ■  *  %  y.  5  •<  > 

Ans.  There  is  an  asymptote  parallel  to  the  initial  line  at  the  distance  b 
above  it. 


7.  p  =  a  (sec  2  6  +  tan  2  0).  •  tKn'  ( 


” 1  ( ~  J 


Ans.  There  are  two  asymptotes  parallel  to  0  =  at  the  distance  a  on  each 
side  of  the  origin.  ^ 

■i  -<  •  A  s-  o 


Ar- 

0C-  2- 


„*»  /  ^ 


•& 

C-uti. 


8.  Show  that  the  initial  line  is  an  asymptote  to  two  branches  of  the  curve 

i  s  S’  -s.  0  u  A  -v.  A1 


p2  sin  6  =  a2  cos  2  0. 
9.  Parabola  p  = 


a 


1  —  cos  0 


fi  ~J\sK4  (L,  AJUtuf  *-»"  « 

Ans.  There  is  no  asymptote. 


167.  Singular  points.  Given  a  curve  whose  equation  is 

fix,  y)  =  0. 

Any  point  on  the  curve  for  which 


"Ts  ^ 


o  L  LTL 
3  , 

-fir  Lt>  l  rr 


of  „  -j  of  p. 

—  —  0  and  —  =  0 


/r/.^  U 


dy 


is  called  a  singular  point  of  the  curve.  All  other  points  are  called 
ordinary  points  of  the  curve.  Since  by  (55  a),  p.  202,  we  have 


dl 

dy  _  dx 
dx  df 
dy 

it  is  evident  that  at  a  singular  point  the  direction  of  the  curve 
(or  tangent)  is  indeterminate,  for  the  slope  takes  the  form  —  ■  In 

the  next  section  it  will  be  shown  how  tangents  at  such  points  may 
be  found. 

168.  Determination  of  the  tangent  to  an  algebraic  curve  at  a  given 
point  by  inspection.  If  we  transform  the  given  equation  to  a  new 
set  of  parallel  coordinate  axes  having  as  origin  the  point  in  ques¬ 
tion  on  the  curve,  we  know  that  the  new  equation  will  have  no 
constant  term.  Hence  it  may  be  written  in  the  form 


(A)  fix,  y)  =  ax  +  by  +  (cx2  +  dxy  +  eif) 

+  (fx3  +  gx-y  +hxy1  +  if  )  H - -  0. 


260 


DIFFERENTIAL  CALCULUS 


The  equation  of  a  tangent  to  the  curve  at 
the  origin)  will  be 


(B) 


the  given  point  (now 


By  (1),  p.  89 


Let  y  =  mx  (by  54  (c),  p.  3)  be  the  equation  of  a  line  through 
the  origin  0  and  a  second  point  P  on  the  locus  of  (A).  If  then  1 
approaches  0  along  the  curve,  we  have  from  (B) 


(0) 


.  dy 
limit  m  —  —• 

dx 


Let  0  be  an  ordinary  point.  Then,  by  §  167,  a  and  b  do  not 
both  vanish  since  at  (0,  0),  from  (A), 


=  % 
dx  dy 


b. 


Replace  y  in  (.4)  by  mx ,  divide  out  the  factor  x,  and  let  x 
approach  zero  as  a  limit.  Then  (A)  will  become  * 

a  -p  bm  —  0. 


Hence  we  have  from  (B)  and  (C) 

ax  -f  by  =  0, 


the  equation  of  the  tangent.  The  left-hand  member  is  seen  to 
consist  of  the  terms  of  the  first  degree  in  (A). 

When  O  is  not  an  ordinary  point  we  have  a  =  b  =  0.  Assume 
that  c,  d,  e  do  not  all  vanish.  Then  proceeding  as  before  (except 
that  we  divide  out  the  factor  sr),  we  find,  after  letting  x  approach 
the  limit  zero,  that  (A)  becomes 


or,  from  ((7), 

(B) 


c  +  don  +  em2  =  0, 


+  e 


■2 


=  0. 


*  After  dividing  by  x  an  algebraic  equation  in  m  remains  whose  coefficients  are  functions  of  x. 
If  now  x  approaches  zero  as  a  limit,  the  theorem  holds  that  one  root  of  this  equation  in  m  will 
approach  the  limit  —  a-h  b. 
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Substituting  from  (B),  we  see  that 

(E)  ear  4-  dxy  -(-  ey2  =  0 

is  the  equation  of  the  pair  of  tangents  at  the  origin.  The  left- 
hand  member  is  seen  to  consist  of  the  terms  of  the  second  degree 
in  (A).  Such  a  singular  point  of  the  curve  is  called  a  double  point 
from  the  fact  that  there  are  two  tangents  to  the  curve  at  that 
point. 

Since  at  (0,  0),  from  (A), 


e= I* 

dxr  dxdy 


d , 


d2f_  „ 


it  is  evident  that  (T))  may  be  written  in  the  form 


(F) 


v+z_%L(Ji\+ v(±y=0 

ex2  dxdy  \dx  J  dy2  \dx ) 


In  the  same  manner,  if 

a  —  b  =  c  =  d  =  e  =  0, 

there  is  a  triple  point  at  the  origin,  the  equation  of  the  three  tan¬ 
gents  being 

fx%  +  gx2y  +  hxy 2  +  iyz  =  0. 

And  so  on  in  general. 

If  we  wish  to  investigate  the  appearance  of  a  curve  at  a  given 
point,  it  is  of  fundamental  importance  to  solve  the  tangent  prob¬ 
lem  for  that  point.  The  above  results  indicate  that  this  can  be 
done  by  simple  inspection  after  we  have  transformed  the  origin  to 
that  point. 

Hence  we  have  the  following  rule  for  finding  the  tangents  at  a 
given  point. 

First  step.  Transform  the  origin  to  the  point  in  question. 

Second  step.  Arrange  the  terms  of  the  resulting  equation  accord¬ 
ing  to  ascending  powers  of  x  and  y. 

Third  step.  Set  the  group  of  terms  of  lowest  degree  equal  to  zero. 
This  gives  the  equation  of  the  tangents  at  the  point  (origin). 
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Ex.  1.  Find  the  equation  of  the  tangent  to  the 
eUipSe  5  x2  +  5  ?/2  +  2  xy  —  12  x  —  12  y  =  0 
at  the  origin. 

Solution.  Placing  the  terms  of  lowest  (first)  degree 
equal  to  zero,  we  get 

—  12  x  —  12  y  =  0, 
or,  x  +  y  =  0, 

which  is  then  the  equation  of  the  tangent  PT  at  the 
origin. 

Ex.  2.  Examine  the  curve  3  x2  —  xy  —  2  y2  +  x3  —  8  y3  =  0  for  tangents  at  the 
origin. 

Solution.  Placing  the  terms  of  lowest  (second) 
degree  equal  to  zero, 

3  x2  —  xy  —  2  y2  =  0, 
or,  (x  -  y)(3x  +  2y)  =  0, 

x  —  y  =  0  being  the  equation  of  the  tangent  AB, 
and  3  x  +  2  y  =  0  the  equation  of  the  tangent  CD. 

The  origin  is,  then,  a  double  point  of  the  curve. 


Since  the  roots  of  the  quadratic  equation  (F),  p.  261,  namely, 

may 

dy2\dx  J  dxdy\dx)  dx1 

may  be  real  and  unequal,  real  and  equal,  or  imaginary,  there  are 
three  cases  of  double  points  to  be  considered,  according  as 


G  /jyvayay 

\dxdy )  ox1  djf 

is  positive,  zero,  or  negative  (see  3,  p.  1). 


169.  Nodes. 


/  ay  \2 

V  dxdy ) 


c >2/  d2f 


>0. 


d  x 2  dij 2 ' 

In  this  case  there  are  two  real  and  unequal  values  of  the  slope 
=  found  from  (F),  so  that  we  have  two  distinct  real  tangents 


to  the  curve  at  the  singular  point  in  question.  This  means  that 
the  curve  passes  through  the  point  in  two  different  directions,  or, 
in  other  words,  two  branches  of  the  curve  cross  at  this  point. 
Such  a  singular  point  we  call  a  real  double  point  of  the  curve,  or  a 
node.  Hence  the  conditions  to  be  satisfied  at  a  node  are 


■pint*  —  A 


df 


df  -n.  (  d2f  \ 2  d2/  d2/ 
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Ex.  1.  Examine  the  lemniscate  y2  =  x2  —  a;4  for  singular  points. 
Solution.  Here  f(x,  y)  =  y2  —  x2  +  a:4  =  0. 

Also,  —  =  —  2  x  +  4  x3  =  0,  —  =  2y  =  0. 

dx  cy 


The  point  (0,  0)  is  a  singular  point  since  its  coordinates  satisfy  the  above  three 
equations.  We  have  at  (0,  0), 


two  branches  of  the  curve  pass  in  different  directions.  By  placing  the  terms  of  the 
lowest  (second)  degree  equal  to  zero  we  get 

y2  _  xi  —  o,  or  y  =  x  and  y  —  —  x, 

the  equations  of  the  two  tangents  AB  and  CD  at  the  singular  point  or  node  (0,  0). 


170.  Cusps. 


/  y  d*f  d*f  _  0 
\dxdy)  t)a;2  dy2 


In  this  case  there  are  two  real  and  equal  values  of  the  slope 
found  from  ( F ),  hence  there  are  two  coincident  tangents.  This 
means  that  the  two  branches  of  the  curve  which  pass  through  the 
point  are  tangent.  When  the  curve  recedes  from  the  tangent  in 
both  directions  from  the  point  of  tangency,  the  singular  point  is 
called  a  point  of  osculation  ;  if  it  recedes  from  the  point  of  tangency 
in  one  direction  only,  it  is  called  a  cusp.  There  are  two  kinds 
of  cusps. 

First  kind.  When  the  two  branches  lie  on  opposite  sides  of 
the  common  tangent. 

Second  kind.  When  the  two  branches  lie  on  the  same  side  of 
the  common  tangent.* 

The  following  examples  illustrate  how  we  may  determine  the 
nature  of  singular  points  coming  under  this  head. 


Ex.  1.  Examine  aSy2  =  a2x4  -  x6  for  singular  points. 

Solution.  Here  / (x,  y)  =  ohj1  —  a'2x4  +  x6  =  0, 

^  =  -  4  a2x3  +  6  x5  =  0,  —  =  2  a*y  =  0, 
dx  dy 


*  Meaning  in  the  neighborhood  of  the  singular  point. 
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and  (0,  0)  is  a  singular  point  since  it  satisfies  the  above  three  equations.  Also,  at 

(0,  0)  we  have 


d2/ 

dx2 


-0, 


d2f 
dxdy 

'  e2/  \2 

s  dxdy  ) 


=  0, 


c2f 


dy2 
cvsv 
dx2  dy2 


-  2  a4. 


=  0; 


and  since  the  curve  is  symmetrical  with  respect  to  OF, 
the  origin  is  a  point  of  osculation.  Placing  the  terms  of 
lowest  (second)  degree  equal  to  zero,  we  get  y 2  =  0,  showing  that  the  two  common 
tangents  coincide  with  OAT. 


Ex.  2.  Examine  y 2  =  x3  for  singular  points. 


Solution.  Here 

/(x,  y)  -  y2 

df  _ 

—  3  X2  =  0,  —  : 

dx 

dy 

showing  that  (0,  0)  is  a  singular  point.  Also,  at  (0,  0)  we  have 

d2f  =  0  _  Q  =  .. Y-— —  =  0. 

cx2  ’  dxdy  ’  By2  '  dxdy )  cx2  cy 2 

This  is  not  a  point  of  osculation,  however,  for  if  we  solve  the 
given  equation  for  y,  we  get 

y  =  ±Vx!, 


which  shows  that  the  curve  extends  to  the  right  only  of  OF,  for  negative  values  of 
x  make  y  imaginary.  The  origin  is  therefore  a  cusp,  and  since  the  branches  lie 
on  opposite  sides  of  the  common  tangent  it  is  a  cusp  of  the  first  kind.  Placing  the 
terms  of  lowest  (second)  degree  equal  to  zero,  we  get  y2  =  0,  showing  that  the  two 
common  tangents  coincide  with  OX. 


Ex.  3.  Examine  (y  —  x2)2  =  x5  for  singular  points. 


Solution.  Proceeding  as  in  the  last  example,  we 
find  a  cusp  at  (0,  0),  the  common  tangents  to  the  two 
branches  coinciding  with  OX.  Solving  for  y, 

y  —  x2  ±  x-. 

If  we  let  x  take  on  any  value  between  0  and  1, 
y  takes  on  two  different  positive  values,  showing  that 
in  the  vicinity  of  the  origin  both  branches  lie  above 
the  common  tangent.  Hence  the  singular  point  (0,  0) 
is  a  cusp  of  the  second  kind. 


171.  Conjugate  or  isolated  points.  (  d2/  \2_  d*f  ^/<0> 

V dxdy /  dx2  dy2 

In  this  case  the  values  of  the  slope  found  from  ( 7?)  are  imagi¬ 
nary.  Hence  there  are  no  real  tangents ;  the  singular  point  is 
the  real  intersection  of  imaginary  branches  of  the  curve,  and  the 


SINGULAR  POINTS 


265 


coordinates  of  no  other  real  point  in  the  immediate  vicinity  satisfy 
the  equation  of  the  curve.  Such  an  isolated  point  is  called  a 
conjugate  point. 

Ex.  1.  Examine  the  curve  y2  =  x3  —  x2  for  singular  points. 

Solution.  Here  (0,  0)  is  found  to  he  a  singular  point  of  the  curve 

ar  which  —  =  ±  V—  1.  Hence  the  origin  is  a  conjugate  point.  Solv- 
dx 

ing  the  equation  for  y, 


V 


=  ±  x  V&  —  1. 


This  shows  clearly  that  the  origin  is  an  isolated  point  of  the  curve, 
for  no  values  of  x  between  0  and  1  give  real  values  of  y. 


172.  Transcendental  singularities.  A  curve  whose  equation  in¬ 
volves  transcendental  functions  is  called  a  transcendental  curve. 
Such  a  curve  may  have  an  end  point ,  at  which  it  terminates  abruptly, 
caused  by  a  discontinuity  in  the  function ;  or  a  salient  point  at 
which  two  branches  of  the  curve  terminate  without  having  a 
common  tangent,  caused  by  a  discontinuity  in  the  derivative. 


Ex.  1.  Show  that  y  =  x  log  x  has  an  end  point  at 
the  origin. 

Solution,  x  cannot  he  negative  since  negative  num¬ 
bers  have  no  logarithms ;  hence  the  curve  extends  only 
to  the  right  of  OY.  When  x  =  0,  y  =  0.  There  being 
only  one  value  of  y  for  each  positive  value  of  x,  the  curve 
consists  of  a  single  branch  terminating  at  the  origin, 
which  is  therefore  an  end  point. 


£C 

Ex.  2.  Show  that  y  = - j-  has  a  salient  point  at  the  origin. 

1  +  e* 

dy  1  ,  ex 

Solution.  Here  —  = - r  H - , — 

(XX  —  — 

1  +  ex  x  (1  +  ex)2 

If  x  is  positive  and  approaches  zero  as  a  limit, 
we  have  ultimately 

y  —  0  and  —  =  0. 
y  dx 

If  x  is  negative  and  approaches  zero  as  a  limit,  we  get  ultimately 

y  —  0  and  =  1. 

J  dx 

Hence  at  the  origin  two  branches  meet,  one  having  OX  as  its  tangent  and  the 
other,  AB,  making  an  angle  of  45°  with  OX. 
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EXAMPLES 


1.  Show  that  y2  =  2  x2  +  x3  has  a  node  at  the  origin,  the  slopes  of  the  tangents 
being  ±  V2. 

2.  Show  that  the  origin  is  a  node  of  y2(a 2  +  x2)  —  x2(a2  —  x2),  and  that  the 
tangents  bisect  the  angles  between  the  axes.  '  u]  ' 


3.  Prove  that  (a,  0)  is  a  node  of  y2  =  x(x-  a)2,  and  that  the  slopes  of  the 


tangents  are  ± 


V5. 


r 


a- 


tf  ^ 


4.  Prove  that  ahy2  —  2  abx2y  —  x5  =  0  has  a  point  of  osculation  at  the  origin. 

5.  Show  that  the  curve  y2  =  x5  +  x4  has  a  point  of  osculation  at  the  origin. 

X3  H  '  ()  Lu  -  f  ' 

6.  Show  that  the  cissoid  y2  = -  has  a  cusp  of  the  first  kind  at  the  origin. 


2a  —  x 


1.  Show  that  ys  =  2  ax2  —  x%  has  a  cusp  of  the  first  kind  at  the  origin. 

8.  In  the  curve  (y  —  x2)2  =  xn  show  that  the  origin  is  a  cusp  of  the  first  or 

second  kind  according  as  n  is  <  or  >  4.  m  % y  A?  , 

9.  Prove  that  the  curve  x4  —  2  ax2y  —  axy 2  +  a2y2  =  0  has  a  cusp  of  the  second 
kind  at  the  origin. 


10.  Show  that  the  origin  is  a  conjugate  point  on  the  curve  y2  (x2  —  a2)  =  x4. 

11.  Show  that  the  curve  y2  =  x(a  +  x)2  has  a  conjugate  point  at  (—  a,  0). 

12.  Show  that  the  origin  is  a  conjugate  point  on  the  curve  ay2  —  x3  +  bx2  =  0 
when  a  and  b  have  the  same  sign,  and  a  node  when  they  have  opposite  signs. 


1 


13.  Show  that  the  curve  x4  +  2  ax2y  -  ay 3  =  0  has  a  triple  point  at  the  origin, 
and  that  the  slopes  of  the  tangents  are  0,  -f  V2,  and  —  V2. 

§  § 

14.  Show  that  the  points  of  intersection  of  the  curve  (X-  \  +  (-')  =1  with  the 

axes  are  cusps  of  the  first  kind.  ' a  ’  '  ^  ' 


\  ,  ,,  15.  Show  that  no  curve  of  the  second  or  third  degree  in  x  and  y  can  have  a  cusp 

or  the  second  kind. 


16.  Show  that  y  =  ex  has  an  end  point  at  the  origin. 

17.  Show  that  y  =  x  arc  tan  —  has  a  salient  point  at  the  origin,  the  slopes  of  the 


tangents  being  ± 


A/  173,  Curve  tracing.  The  elementary  method  of  tracing  (or 
plotting)  a  curve  whose  equation  is  given  in  rectangular  coordi¬ 
nates,  and  one  with  which  the  student  is  already  familiar,  is  to 
solve  its  equation  for  y  (or  x),  assume  arbitrary  values  of  x  (or  y), 
calculate  the  corresponding  values  of  y  (or  x),  plot  the  respective 
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points,  and  draw  a  smooth  curve  through  them,  the  result  being 
an  approximation  to  the  required  curve.  This  process  is  laborious 
at  best,  and  in  case  the  equation  of  the  curve  is  of  a  degree  higher 
than  the  second,  the  solved  form  of  such  an  equation  may  be  unsuit¬ 
able  for  the  purpose  of  computation,  or  else  it  may  fail  altogether, 
since  it  is  not  always  possible  to  solve  the  equation  for  y  or  x. 

The  general  form  of  a  curve  is  usually  all  that  is  desired,  and 
very  often  we  care  to  examine  the  curve  in  the  neighborhood  of  a 
certain  point  only.  To  attain  this  object  it  is  as  a  rule  only  neces¬ 
sary  to  determine  some  of  the  important  points,  lines,  and  proper¬ 
ties  of  the  curve  as  enumerated  below. 

No  rules  for  tracing  a  curve  can  be  given  that  will  apply  in  all 
cases,  but  the  student  will  find  it  to  his  advantage  to  use  the  fol¬ 
lowing  general  directions  as  a  guide  and  to  study  carefully  the 
examples  that  are  worked  out  in  detail. 

174.  General  directions  for  tracing  a  curve  whose  equation  is  given 
in  rectangular  coordinates. 

1.  Examine  the  curve  for  symmetry. 

(a)  If  the  equation  is  unchanged  when  y  is  replaced  by  —  y, 
the  curve  is  symmetrical  with  respect  to  OX. 

(b)  If  the  equation  is  unchanged  when  x  is  replaced  by  —  x, 
the  curve  is  symmetrical  with  respect  to  OY. 

(c)  If  the  equation  is  unchanged  when  x  is  replaced  by  —  x, 
and  y  by  —  «/,  the  curve  is  symmetrical  with  respect  to  the  origin 
which  is  also  the  center  of  the  curve. 

2.  Examine  the  curve  for  important  points. 

(d)  If  the  equation  is  satisfied  by  z=0,  «/=  0,  the  curve 
passes  through  the  origin. 

(e)  Placing  x  =  0  and  solving  for  y  gives  the  intercepts  on 
OY.  Placing  y=  0  and  solving  for  x  gives  the  intercepts  on  OX. 

(f)  Find  this  gives  the  direction  of  the  curve  at  any  point 

'  '  dx 

and  serves  to  locate  maximum  and  minimum  points  (§  94,  p.  120). 

(g)  Find  — ;  this  gives  the  direction  of  curvature  at  any 

vs/  dx 2 

point  and  serves  to  find  the  points  of  inflection  (§  98,  p.  137). 

(h)  Examine  the  curve  for  singular  points  (p.  259). 
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3.  (i)  Examine  the  curve  for  asymptotes  (§§  164,  165,  p.  252). 
Determine  on  which  side  of  each  asymptote  the  corresponding 

infinite  branch  lies. 

4.  (j)  Locate  additional  points  on  the  curve.  If  possible,  com¬ 
pute  a  sufficient  number  of  points  on  the  curve  by  the  elementary 
method  (§  173,  p.  266)  to  give  a  fair  idea  of  the  locus,  and  sketch 
the  curve  through  the  points. 


Ex.  1.  Trace  the  curve  y2  =  Xs. 

Solution.  Let  us  examine  the  curve  in  the  above  order. 

(a)  The  curve  is  symmetrical  with  respect  to  OX. 

(b)  The  curve  is  not  symmetrical  with  respect  to  OY. 

(c)  The  curve  is  not  symmetrical  with  respect  to  the  origin. 

(d)  It  passes  through  the  origin. 

(e)  Its  intercepts  on  the  axes  are  both  zero. 

(fa/  3 

(f)  —  =  — — ;  showing  that  above  OX  the  curve  always  has  a 
dx  2  y 

positive  slope,  and  below  OX  a  negative  slope. 

It  has  no  maximum  or  minimum  points. 

3 

hence  above  OX  the  curve  is  concave  up- 


,  ,  d°-y 

(S)  ^ - A  ’ 

dx  4 


There  are  no  points 


wards  and  below  OX  concave  downwards, 
of  inflection. 

(h)  The  curve  has  a  cusp  of  the  first  kind  at  the  origin,  the 
common  tangent  coinciding  with  OX. 

_  (i)  There  are  no  asymptotes. 

(j)  y  =  ±  Yrx?-,  hence  the  curve  does  not  extend  to  the  left  of  OF,  since  nega¬ 
tive  values  of  x  make  y  imaginary.  When  x  =  oo,  y  =  ±  oo,  showing  that  there  are 
two  infinite  branches,  one  on  each  side  of  OX.  Plotting  a  number  of  points  and 
sketching  in  the  curve,  we  get  the  semicubical  parabola  shown  in  the  figure. 


r.3 


3 _ 

2  aVT\ 


Ex.  2.  Trace  the  curve  y3  =  2  ax 2  —  xa 

Solution.  This  curve  is  found  to  be  not  symmetrical  with  respect  to  either  axis 

or  the  origin,  but  it  passes  through  the  origin  and  in  addition  has  the  intercept  2  a 

on  OX.  .  ,  „„ 

dy  _  4  ax  —  3  x2  K\  A 

4  a  v  o  -  ,  - 

hence  when  x  —  the  curve  has  the  maximum 

, .  3  r~  “  ~r  •>  a  '• 1  { P 

ordinate  fa  V4. 

(Py  _  __  8  a2 

dz'2  9  ad  (2  a—  X)S’ 

hence  x  =  2  a  gives  a  point  of  inflection  on  OX, 
to  the  left  of  which  the  curve  is  concave  down¬ 
wards  and  to  the  right  concave  upwards.  The 
curve  has  a  cusp  of  the  first  kind  at  the  origin, 
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the  common  tangent  coinciding  with  OT.  The  only  asymptote  is  (AB  in  figure) 

x  +  y  =  ?sa, 

which  lies  to  the  right  of  the  infinite  branch  in  the  second  quadrant  and  to  the  left 

of  the  infinite  branch  in  the  fourth  quadrant.  From  y  =  V2  ax 2  —  x 3  we  plot  addi¬ 
tional  points  and  draw  the  curve  shown  in  the  figure. 


175.  Tracing  of  curves  given  by  equations  in  polar  coordinates. 

^VoTtfe  rudimentary  method  is  to  solve  the  equation  for  p  when  pos¬ 
sible,  assume  values  for  6,  calculate  the  corresponding  values  of  p, 
plot  the  points  thus  found,  and  draw  a  curve  through  them.* 
This  work  may  be  facilitated  by  examining  the  curve  for  asymp¬ 
totes  and  by  noting  the  values  of  0  which  make  p  a  maximum  or 


a  minimum. 


Ex.  1.  Trace  the  curve  p  =  10  sin  2  0. 


Solution.  Tabulating  the  corresponding 
p.  4),  we  have 


value  of  0  and  p  for  every  15°  (see  table, 
p  =  10  sin  2  6. 


p  is  a  maximum  when  sin  2  6  is  a  maximum,  and 
this  occurs  when  sin  2  0=1,  or  9  =  45°,  225°,  etc. 
This  maximum  value  of  p  is  then  10. 

p  is  a  minimum  when  sin  2  0  is  a  minimum,  i.e. 
when  sin  2  0  =  —  1  or  0  =  135°,  315°,  etc.  Hence  the 


minimum  value  of  p  is  —  10.  When  0  —  0,  180°, 
etc.,  p  —  0.  If  we  in  addition  remember  that  sin  2  0 
is  a  periodic  continuous  function  of  0,  it  is  not  neces¬ 
sary  to  tabulate  many  values  of  0  and  p.  The  curve 
consists  of  four  loops,  as  shown  in  the  figure,  and 
it  is  for  this  reason  sometimes  called  a  four-leaved 
rose. 


*  The  author  has  designed  plotting  paper  for  polar  coordinates  on  which  concentric  circles 
and  radial  lines  are  drawn  in  faint  blue  ink.  This  paper  is  desirable  for  the  rapid  and  accurate 
plotting  of  polar  curves.  Published  by  the  Yale  Cooperative  Corporation,  New  Haven,  Conn. 
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EXAMPLES 


Trace  the  following  curves. 

1.  y2  (2  a  —  x)  =  x3. 

2.  (x2  +  4  a2)  y  =  8  a8. 

3.  a?/2  =  x3  —  bx2. 

4.  (y  —  x)2  =  x3. 

5.  x^  +'yS  — 

6.  x2?/2  =  (62  —  y2)  (a  +  y)2. 

7.  y  =  log  x. 

8.  y  =  e-3*. 

9.  2/  =  +  e  “)' 

10.  y  =  (x2-  l)2. 


11.  y  =  sin  x. 

12.  2/  =  tan  x. 

13.  x2  (y  -  a)  =  as-  xy2. 

14.  x4  —  2  ax2y  —  axy 2  +  a2y2  =  0 

15.  (x2  +  y2)2  =  a2  (x2  -  y2).  £ 

16.  p  =  a  cos  2  0. 

17.  p  =  a  sin  3  6. 

18.  p  =  a(  1  —  cos  8). 

19.  p  —  a  sin3  -• 

3 

Q 

20.  p  =  asec2-. 

H  3 


6,  we< 


u 
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APPLICATIONS  TO  GEOMETRY  OF  SPACE 


176.  Tangent  line  and  normal  plane  to  a  skew  curve  whose  equa¬ 
tions  are  given  in  parametric  form.  The  student  is  already  familiar 
with  the  parametric  representation  of  a  plane  curve.  To  extend 
this  notion  to  curves  in  space,  let  the  coordinates  of  any  point 
(x,  y ,  z)  on  a  skew  curve  be  given  as  functions  of  some  fourth 
variable  t,  thus, 


\ 


H’/ 

I  Ax 


x 


'0 


\xiAx,y+Ay,z+Az ) 
A  z 

Ay 


(A)  x=4>(t),  y  =  z  =  x(t)- 

The  elimination  of  the  parameter  t  between  these  equations  two 
by  two  gives  the  projecting  cylinders 
of  the  curve  on  the  coordinate  planes. 

Let  the  point  P  ( x ,  y,  z)  correspond 
to  the  value  t  of  the  parameter,  and 
the  point  P'  (x  4-  Ax,  y  -f  Ay,  z  +  Az) 
correspond  to  the  value  t  +  At ;  Ax, 

Ay,  Az  being  the  increments  of  x,  y,  z 
due  to  the  increment  A£  as  found 
from  equations  [A).  From  Analytic  Y' 

Geometry  we  know  that  the  direction 
cosines  of  the  secant  (diagonal)  PP'  are  proportional  to 

Ax,  Ay,  Az; 

or,  dividing  through  by  At  and  denoting  the  direction  angles  of 
the  secant  by  a',  {3 ',  7', 

,  Ax  Ay  Az 
cosa':cos£:eosT  — 


Now  let  P}  approach  P  along  the  curve.  Then  At,  and  therefore 
also  Ax,  Ay,  Az,  will  approach  zero  as  a  limit,  the  secant  PP'  will 
approach  the  tangent  line  to  the  curve  at  P  as  a  limiting  position, 

and  we  shall  have  _  7  7 

ax  ay  az 

cos«:eos/3:cos7::-^:S:Tt> 
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where  a,  /3,  7  are  the  direction  angles  of  the  tangent  (or  curve) 
at  P.  Hence  the  equations  of  the  tangent  line  to  the  curve 


x  =  4>(t),  y  =  f(t),  z  =  x(t ) 
at  the  point  ( x ,  y ,  z)  are  given  by 


(67) 


X  —  oc  _  Y  —  ?/  _  Z  —  z ' 
dx  dy  dz 

dt  dt  dt 


and  the  equation  of  the  normal  plane ,  i.e.  the  p>lane  passing  through 
(x,  y ,  z)  perpendicular  to  the  tangent ,  is 

(08)  fcx-« )  +  g^-S')  +  S<z-s)=°- 


X,  D,  ^  being  the  variable  coordinates. 


Ex.  1.  Find  the  equations  of  the  tangent  and  the  equation  of  the  normal  plane 
-  to  the  helix*  ( 0  being  the  parameter), 


'  x  =  a  cos  0, 
y  =  a  sin  6, 
^z=be, 


(a)  at  any  point ;  (b)  when  9  =  2  ir. 


Solution. 


dx, 

dd 


a  sin  0  =  —  y, 


—  =  a  cos  0  = 
dd 


x, 


dz 

dd 


b. 


Substituting  in  (67)  and  (68),  we  get  at  (x,  y,  z), 
X  —x  T  —  y  Z  —  z 


-  y 


tangent  line ; 


and  —  y  {X  —  x)  +  x  (F  -  y)  +  b  (Z  —  z)  =  0, 
normal  plane. 

When  0=2  7r,  the  point  of  contact  is  (a,  0,  2  bw), 
SivinS  X  —  a  =  r-0  =  Z  —  2bir 

0  a  6  ’ 

or,  X  =  a,  bY  =  aZ  -  2  a6?r, 

the  equations  of  the  tangent  line  ;  and 
aY  +  bZ  -  2  6%  =  0, 
the  equation  of  the  normal  plane. 


*The  helix  may  be  defined  as  a  curve  traced  on  a  right  circular  cylinder  so  as  to  cut  all  the 
elements  at  the  same  angle. 

■  Take  OZ  as  the  axis  of  the  cylinder  and  the  point  of  starting  in  OX  at  PQ.  Let  a=radius  of 
base  of  cylinder  and  8= angle  of  rotation.  By  definition, 

pn  risr  z 

■yrr= - rrrz=— =«  (const.),  or,  z=ak6. 

SN  arc  P„ Ar  a9 

Let  ak=b)  then  z=  b0.  Also,  y  =  MX=  a  sin  0,  x=  0,1/  =  a  cos  0. 
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177.  Tangent  plane  to  a  surface.  A  straight  line  is  said  to  be 
tangent  to  a  surface  at  a  point  P  if  it  is  the  limiting  position  of  a 
Secant  through  P  and  a  neighboring  point  P'  on  the  surface,  when 
P'  is  made  to  approach  P  along  the  surface.  We  now  proceed  to 
establish  a  theorem  of  fundamental  importance. 

Theorem.  All  tangent  lines  to  a  surface  at  a  given  point  *  lie  in 
general  in  a  plane  called  the  tangent  plane  at  that  point. 

Proof.  Let 

(A)  F(x,  y,z)  =  0 

be  the  equation  of  the  given  surface,  and  let  P  (x,  y,  z)  be  the  given 
point  on  the  surface.  If  now  P'  be  made  to  approach  P  along  a 
curve  C  lying  on  the  surface  and  passing  through  P  and  P',  then 
evidently  the  secant  PP'  approaches  the  position  of  a  tangent  to 
the  curve  C  at  P.  Now  let  the  equations  of  the  curve  C  be 

(B)  x=4>(t),  y  =  f(t),  z  =  x(t). 


Then  the  equation  (A)  must  be  satisfied  identically  by  these 
values,  and  since  the  total  differential  of  (A)  when  x,  y ,  z  are 
defined  by  (B)  must  vanish,  we  have 


(O 


dF  dx  dF  dy  dF  dz 
8x  dt  +  dy  dt^  dz  dt 


(50),  p.  199 


This  equation  shows  that  the  tangent  line  to  C ,  whose  direction 
cosines  are  proportional  to 

dx  dy  dz 

— i  PA  — ,  p.  271 

dt  dt  dt 

is  perpendicular  f  to  a  line  whose  direction  cosines  are  determined 
by  the  ratios 

dfF  d_F  djf' 
dx  dy  dz  7 

and  since  C  is  any  curve  on  the  surface  through  P,  it  follows  at 


*  The  point  in  question  is  assumed  to  be  an  ordinary  (non-singular)  point  of  the  surface,  i.e. 
dF  dF  dF 

— ,  _,  —  are  not  all  zero  at  the  point. 
dx  dy  dz 

t  From  Solid  Analytic  Geometry  we  know  that  if  two  lines  having  the  direction  cosines 
cos  a„  cos  0„  cos  and  cos  a2,  cos  02,  cos  y2  are  perpendicular,  then 

cos  a,  cos  a2  +  cos  0,  cos  02  +  cos  y,  cos  y2=0. 
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once,  if  we  replace  the  point  P  (x,  y ,  z)  by  Pr  {xv  yv  zx),  that  all 
tangent  lines  to  the  surface  at  P1  lie  in  the  plane  * 


(69) 


(sc  —  xi)  +  (y  —  yi)  +  (*  —  ~  0,t 

dsci  dy  i  ozi 

which  is  then  the  formula  for  finding'  the  equation  of  a  plane  tangent 
at  (xv  yv  z1)  to  a  surface  whose  equation  is  given  in  the  form 

F(x,  y,  z)  =  0. 

In  case  the  equation  of  the  surface  is  given  in  the  form  z  =f(x,  y),  let 

(D)  F(x,  y,  z)  =/(®,  y)-*  =  0. 

dF  d_F_df_dz  ?F  =  _1 

611  dy~  dy~  dy  dz 

If  we  evaluate  these  at  (xv  yv  z,)  and  substitute  in  (69),  we  get 


dFi 


(70) 


(x  —  a?i)  +  ^  (y  —  yi)  —  {z  —  zi)  =  O, 
3sci  cy  i 


which  is  then  the  formula  for  finding  the  equation  of  a  plane  tangent 
at  (xv  yv  zj  to  a  surface  whose  equation  is  given  in  the  form  z=f(x ,  y). 

In  §  137,  p.  200,  we  found  (53),  the  total  differential  of  a  function  u  (or  z)  of  » 
and  y,  namely, 

.  ,  8z  dZ  , 

(E)  dz  =  —  ax  H - dy. 

dx  dy 

We  have  now  a  means  of  interpreting  this  result  geometrically.  For  the  tangent 
plane  to  the  surface  z=f(x,  y)  at  ( x ,  y ,  z)  is,  from  (70), 


(F) 


z-z  =  fx{F-x)  +  ^{Y-y), 


„  dz  dz  , 

Z  —  z  —  —  ax  -\ - dy. 

8x  dy 


X ,  Y,  Z  denoting  the  variable  coordinates  of  any  point  on  the  plane.  If  we 

substitute  -p-  ,  ,  ,  ^  ,  , 

X  =  x  +  dx  and  Y  =  y  +  dy 

in  ( F ),  there  results 
(G) 

Comparing  (E)  and  (G),  we  get 

(tl)  dz  —  Z  —  z.  Hence 

*  The  direction  cosines  of  the  normal  to  the  plane  (69)  are  proportional  to  L5- ,  ^ ^ . 

Hence  from  Analytic  Geometry  we  see  that  ( C)  is  the  condition  that  the  tangents  whose  direc¬ 
tion  cosines  are  cos  a,  cos/3,  cosy  are  perpendicular  to  the  normal;  i.e.  the  tangents  must  lie  in 
the  plane. 

t  In  agreement  with  our  former  practice, 

dF,  dF,  dF,  dz,  dz, 
dx,  dy,  dz,  dx,  dy, 

denote  the  values  of  the  partial  derivatives  at  the  point  (x„  y„  z,). 
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Theorem.  The  total  differential  of  a  function  /( x,  y)  corresponding  to  the  incre¬ 
ments  dx  and  dy  equals  the  corresponding  increment  of  the  z  coordinate  of  the  tangent 
plane  to  the  surface  z—f(x,  y). 


Thus,  in  the  figure,  PP'  is  the  plane  tangent  to  surface  PQ  at  P(x,  y,  z). 
Let  AB  =  dx  and  CD  =  dy ; 

then  dz  —  Z  —  z  =  DP'  —  DE  =  EP'. 


178.  Normal  line  to  a  surface.  The  normal  line  to  a  surface  at 
a  given  point  is  the  line  passing  through  the  point  perpendicular 
to  the  tangent  plane  to  the  surface  at  that  point. 

The  direction  cosines  of  any  line  perpendicular  to  the  tangent 
plane  (69)  are  proportional  to 

cf\  dj\  dT\ 
dxx  dyx  dzx 

X  —  OCI  _  y  —  1/1  _  2  —  Si 

(71)  dF\  OFi  OFi 

dxi  d)Ji  dZi 

are  the  equations  of  the  normal  line  *  to  the  surface  F(x,  y,  z)=  0  at 
iff  11  Vv  Zl)‘ 

Similarly,  from  (70), 

dzi  dzi  -  1 

dyi 

are  the  equations  of  the  normal  line*  to  the  surface  z—f(x ,  y)  at 

(XV  V\i  Zl)’ 


*  See  footnote,  p.  274. 


276 


DIFFERENTIAL  CALCULUS 


EXAMPLES 

1.  Find  the  equation  of  the  tangent  plane  and  the  equations  of  the  normal  line 
to  the  sphere  x2  +  y2  +  z2  =  14  at  the  point  (1,  2,  o). 

Solution.  Let  F(x,  y,  z)  =  x2  +  y2  +  z2  -  14 ; 

then  —  =  2*,  —  =  2 y,  ^  =  2 z ;  W  =  1,  2/i  =s 2,  Zi  =  3. 

0x  02/  oz 

.,!*>  =  2,  ®  =  4,  Sh  =  0. 

0&i  02/i  Szj 

Substituting  in  (09),  2  (x  —  1)  +  4  (y  —  2)  -f  6  (z  —  3)  =  0,  x  +  2  y  +  3  z  =  14,  the 
tangent  plane. 

^  ^ _ 2  2 _ 3 

Substituting  in  (71),  — —  =  — - —  =  — z — ’ 

A  4  O 

givihg  z  =  3  x  and  2  z  =  3  y,  equations  of  the  normal  line. 

2.  Find  the  equation  of  the  tangent  plane  and  the  equations  of  the  normal  line  to 
the  ellipsoid  4x2  +  9y2  +  36  z2  =  36,  at  point  of  contact  where  x  =  2,  y  =  l^and  z 
is  positive.  Ans.  Tangent  plane,  8  (x  -  2)  +  9  (y  —  1)  +  6  Vll  (z  —  j  Vl  1)  =  0, 

x  —  2  x/  —  1 _ 21  —  w  nTT 


normal  line, 


6  Vll 


3.  Find  the  equation  of  the  tangent  plane  to  the  elliptic  paraboloid  z  =  2  x2  +  4  y2 

at  the  point  (2,  1,  12).  Ans.  8x  +  8y-z  =  12. 

4.  Find  the  equations  of  the  normal  line  to  the  hyperboloid  of  one  sheet 

x2  _  4^  +  2z2  =  6  at  (2,  2,  3).  Ans.  y  +  4®  =  10,  3x-z  =  3. 

5.  Find  the  equation  of  the  tangent  plane  to  the  hyperboloid  of  two  sheets 


x2  y 


-  —  --r  =  l  at  (®ii  2/i,  zi)- 


Ans.  = 

a2  b2  c2 


6.  Find  the  equation  of  the  tangent  plane  at  the  point  (xi,  2/1,  Zi)  on  the  surface 

ax 2  +  by2  +  cz2  +  d  =  0.  Ans.  ax\%  +  by\y  +  cziz  +  d  =  0, 

7.  Show  that  the  equation  of  the  plane  tangent  to  the  sphere 

x2  +  y2  +  z2  +  2  Lx  +  2  My  +  2  Nz  +  D  -  0 
at  the  point  (xi,  2/1,  Zi)  is 

XiX  +  2/12/  +  Ziz  +  L  (x  +  X!)  +  M  ( y  +  ?/i)  +  N  (z  +  z{)  +  D  =  0. 

8.  Find  the  equation  of  the  tangent  plane  at  any  point  of  the  surface 

x%  +  y§  +  z*  =  V, 

and  show  that  the  sum  of  the  squares  of  the  intercepts  on  the  axes  made  by  the 
tangent  plane  is  constant. 

9.  Prove  that  the  tetrahedron  formed  by  the  coordinate  planes  and  any  tangent 
plane  to  the  surface  xyz  —  as  is  of  constant  volume. 
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179.  Another  form  of  the  equations  of  the  tangent  line  to  a  skew 
curve.  If  the  curve  in  question  be  the  curve  of  intersection  AB 
of  the  two  surfaces  F(x,  y,  z)  =  0 
and  G(x ,  y,  z)  =  0,  the  tangent  line 
FT  at  P(xv  yv  z j)  is  the  intersection 
of  the  tangent  planes  CD  and  CE  at 
that  point,  for  it  is  also  tangent  to 
both  surfaces  and  hence  must  lie  in 
both  tangent  planes.  The  equations 
of  the  two  tangent  planes  at  P  are, 
from  (69), 


f  OF: 


(73) 


dxi 

dGi 

-  dxi 


-  (X  —  Xi)  + 


dFi 


DFi 


-  (V  ~  V i)  +  -r—  (z  -  Zi)  —  O, 
dy  i  Ozi 


(x  —  xi)  +  ^~{y  -  2/i)  + 

dyi  ozi 


i)  =  O. 


Taken  simultaneously,  the  equations  (73)  are  the  equations  of 
the  tangent  line  PT  to  the  skew  curve  AB.  Equations  (73)  in  more 
compact  form  are 


(74) 


_ x  —  Xi _ 

dFidGi  (IFidGi 
dyi  dzi  dzi  dyi 


or,  using  determinants, 


v  —  ?/i 

dFidGi  DFidGi 
dzi  dxi  dxi  dzi 


dFidGi  dFidGi * 

dx i  dyi  dyi  dxi 


(75) 


X  —  XI 

v  —  ?/i 

z  —  Zi 

dFi  dFi 

dFi  dFi 

dFi  dFi 

dyi  dzi 
dGi  d Gi 

dzi  dxi 

dGi  dGi 

dx i  dyi 
dGi  dGi 

dyi  dzi 

dzi  dx i 

dx  i  dyi 

180.  Another  form  of  the  equation  of  the  normal  plane  to  a  skew 
curve.  The  normal  plane  to  a  skew  curve  at  a  given  point  has 
already  been  defined  as  the  plane  passing  through  that  point  per¬ 
pendicular  to  the  tangent  line  to  the  curve  at  that  point.  Thus, 
in  the  above  figure,  PHI  is  the  normal  plane  to  the  curve  AB  at  P. 
Since  this  plane  is  perpendicular  to  (75),  we  have  at  once, 


(76) 

dFi  dFi 
dyi  dzi 
dGi  dGi 

(X  —  Xi)  + 

dFi  dFi 
dzi  dx  i 
dGi  dGi 

(: V  -  2/i)  + 

dFi  dFi 
dx  i  dyi 
dGi  dGi 

dyi  dzi 

dzi  dx i 

dx i  dyi 

the  equation  of  the  normal  plane  to  a  skew  curve. 


(z  —  si)  =  O, 
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EXAMPLES 

1.  Find  the  equations  of  the  tangent  line  and  the  equation  of  the  normal  plane 
at  (r,  r,  r  V 2)  to  the  curve  of  intersection  of  the  sphere  and  cylinder  whose  equa¬ 
tions  are  respectively  x2  +  y2  +  z2  =  r2,  x2  +  y2.—  2  rx. 


Solution. 


Let  F  —  x2  -f  y2  +  z2  —  r2  and  G  =  x2  +  y2  —  2  rx. 

=  2 r,  — L  =  2r,  ^  =  2^r; 
cx\  dyx  dzi 


2^  =  0,  — x  =  2r,  = 

8x  i  0?/i  Szi 

x  —  r  v  —  r  z  —  r  Vi 

Substituting  in  (75), - = - = - ; 

—  v2  0  1 

or,  7/  =  r,  x  +  Vi  z  =  3  r, 

the  equations  of  the  tangent  PT  at  P  to  the  curve  of  intersection. 
Substituting  in  (76),  we  get  the  equation  of  the  normal  plane, 

—  Vi  (x  —  r)  +  0  (y  —  r)  +  (z  —  r  Vi)  —  0, 
or,  Vi  x  —  z  —  0. 


2.  Find  the  equations  of  the  tangent  line  to  the  circle 

x2  +  y2  +  z2  =  25, 
x  +  z  =  5, 

at  the  point  (2,  2  V3,  3). 


Ans.  2  x  +  2  V3  7/  +  3  z  =  25,  x  +  z  =  5. 


3.  Find  the  equation  of  normal  plane  to  the  curve 

x2  +  y2  A  z2  —  r2, 
x2  —  rx  +  y2  =  0, 

Ans.  2  y\Z\X  -  (2  xx  -  r)  zxy  -  ryxz  =  0. 


at  (xi,  7/i,  zi). 
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4.  The  equations  of  a  helix  (spiral)  are 

x2  -\-  y2  =  r2, 

*  z 
y  =  x  tan  -  • 

c 

Show  that  at  the  point  (xh  y i,  Zi)  the  equations  of  the  tangent  line  are 

c(x-  xi)  +  2/1  (z  -  zi)  =  0, 

C  (y  -  yi)  -  Xi  (z  -  Zi)  =  0 ; 
and  the  equation  of  the  normal  plane  is 

y-ix  —  X\y  —  c  (z  —  Zi)  =  0. 

5.  A  skew  curve  is  formed  hv  the  intersection  of  the  cone  — I-  - =  0 

a2  b2  c 2 

and  the  sphere  x2  +  y2  +  z2  =  r2.  Show  that  at  the  point  (xi,  2/1,  Zi)  the  equations 
of  the  tangent  line  to  the  curve  are 

e2  (a2  —  b2)  x\  (x  —  xx)  =•—  a2  ( b 2  +  c2)  Zi  (z  —  Zi), 
c2  (a2  -  b2)  2/1  (y  -y{)—+  b2  (c2  +  a2)  zi  (z  -  Zi) ; 
and  the  equation  of  the  normal  plane  is 

a2  (b2  +  c2)  y\Z\X  —  b2  (c2  +  a2)  zixiy  —  c2  (a2  —  b2)  aqj/iZ  =  0. 


CHAPTER  XXIII 


CURVES  FOR  REFERENCE 

For  the  convenience  of  the  student  a  number  of  the  more 
common  curves  employed  in  the  text  are  collected  here. 


Semicubical  Parabola 


y  =  ax 


y2  =  ax%. 


The  Witch  of  Agnesi 


x2y  =  ±  a\2  a  -  y). 
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The  Cissoid  of  Diocles 


y2  (2  <2  —  #)  =  x8. 
P  —  2  a  sinO  tan  9. 
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The  Lemniscate  of  Bernoulli  The  Conchoid  of  Nicomedes, 


(x2  -f-  y2)2  =  a2  ( x 2  —  y2). 
p2  =  a2  cos  2  6. 


* V  =  (g  +  aY(p2  -  y 2). 
p  =  a  sec  6  ±  b. 

'  A 


$ 

Cycloid,  Ordinary  Case 


Cycloid,  Vertex  at  Origin 


Y 

\ 

a 

■  C i 

3A 

V 

a 

0 

X 

x  =  a  arc  vers  —  —  V2  ay 
a 

f  x  =  a  (6  —  sin  6), 
yy  =  a (1  —  cos  0). 


r 


y 


x  —  a  arc  vers  -  +  V2  ay 
a 


y 


x  =  a  (0  +  sin  0), 
y  —  a(l  —  cos  0). 


Catenary 


Parabola 
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Hypocycloid  op  Four  Cusps  Evolute  of  Ellipse 


x  —  a  cos3  9, 
y  =  a  sin3  9. 


Cardioid 


x2  -\-  y2  +  ax  =  a  Vx2  +  y2. 
p  —  a(l  —  cos9). 


Folium  op  Descartes 


xs  +  ya  —  3  axy  —  0. 
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LlMA^ON 


p  =  b  —  a  cos  6. 


Hyperbolic  or  Reciprocal 
Spiral 


y 2  =  x 2 


a  +  x 


M  \  V*  ^  ..U 


a  —  x 


& 


t-  -v 


v-i. ; , 


Logarithmic  or  Equiangular 
Spiral 


Lituus 


rQ  =  a2. 


pO  —  a. 
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Parabolic  Spiral 


Sine  Curve 


Y 

ij  \ 

rr\. 

+2  TT 

— 27r  — tt\— 1;  J 

o  ;  Ij- 

y  jt 

y  = 

sin  x. 

•> 

Logarithmic  Curve 


y  =  log  x. 


Probability  Curve 


Tangent  Curve 


y  —  tan  x. 
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Three-Leaved  Rose 


Four-Leaved  Rose 

i 


p  =  a  sin  2  6. 


Three-Leaved  Rose 


p  =  a  cos  3  6. 


A 


i 
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CHAPTER  XXIV 

INTEGRATION.  RULES  FOR  INTEGRATING  STANDARD 
ELEMENTARY  FORMS 

181.  Integration.  The  student  is  already  familiar  with  the 
mutually  inverse  operations  of  addition  and  subtraction,  multipli¬ 
cation  and  division,  involution  and  evolution.  In  the  examples 
which  follow  the  second  members  of  one  column  are  respectively 
the  inverse  of  the  second  members  of  the  other  column. 

y  =  x?-\-  1,  x  —  ±  V?/  —  1 ; 

y  =  ax,  x  =  loga  y ; 

y  sin  x,  x  =  arc  sin  y. 

From  the  Differential  Calculus  we  have  learned  how  to  calcu¬ 
late  the  derivative  f  (x)  of  a  given  function  f(x),  an  operation 
indicated  by  ■, 

or,  if  we  are  using  differentials,  by 

df(x)  =f  (x)  dx. 

The  problems  of  the  Integral  Calculus  depend  on  the  inverse 
operation ,  namely : 

To  find  a  function  f  (x)  ivhose  derivative 

(A)  f(x)  =  <i>(x) 

is  given. 

Or,  since  it  is  customary  to  use  differentials  in  the  Integral 
Calculus,  we  may  write 

( B )  df(x)  =  f  ( x )  dx=cf>  (x)  dx , 

and  state  the  problem  as  follows  : 

Having  given  the  diff  erential  of  a  function ,  find  the  function  itself. 
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The  function /(a;)  thus  found  is  called  an  integral*  of  the  given 
differential  expression,  the  process  of  finding  it  is  called  integration , 

and  the  operation  is  indicated  by  writing  the  integral  sign  1  /  in 
front  of  the  given  differential  expression.  Thus, 


(0) 


j‘f(x)dxt=f(x), 


read,  an  integral  off'(x)dx  equals  f(x).  The  differential  dx  indi¬ 
cates  that  x  is  the  variable  of  integration.  For  example, 

(a)  If  f(x)  =  a;3,  then  f  (x)  dx  —  3  x*dx,  and 


C  3  x2dx  =  x3. 

(b)  If  f(x)  =  sin  x,  then  f  (x)  dx  =  cos  xdx,  and 


/ 


cos  xdx  =  sin  x. 


(c)  If  f(x)  =  arc  tan  x,  then  f  (x)  dx 


dx 


1+x2 


and 


/ 


dx 


1  +  x‘ 


=  arc  tan  x. 


Let  us  now  emphasize  what  is  apparent  from  the  preceding 
explanations,  namely,  that 

Differentiation  and  integration  are  inverse  operations. 
Differentiating  ((7)  gives 

(D)  dj‘f'(x)dx=f'(x)dx. 

Substituting  the  value  of  f'(x)  dx[=  df(x)]  from  (B)  in  ((7),  we  get 


(D) 


f  df(x)  =f(x). 


d  /* 

Therefore,  considered  as  symbols  of  operation,  —  and  j  ■■■  dx 

dxJ 

are  inverse  to  each  other ;  or,  if  we  are  using  differentials,  d  and  J 
are  inverse  to  each  other. 


*  Called  anti-differential  !>y  some  writers. 

t  Historically  this  sign  is  a  distorted  S,  the  initial  letter  of  the  word  sum.  Instead  of  defining 
integration  as  the  inverse  of  differentiation  we  may  define  it  as  a  process  of  summation,  a  very 
important  notion  which  we  will  consider  in  Chapter  XXX. 

f  Some  authors  write  this  D~  when  they  wish  to  emphasize  the  fact  that  it  is  an  inverse 
operation. 
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When  d  is  followed  by  they  annul  each  other,  as  in  (Z>),  but 
when  /  is  followed  by  d,  as  in  (A),  that  will  not  in  general  be  the 
case  unless  we  ignore  the  constant  of  integration.  The  reason  for 
this  will  appear  at  once  from  the  definition  of  the  constant  of 
integration  given  in  the  next  section. 

182.  Constant  of  integration.  Indefinite  integral.  From  the  pre¬ 
ceding  section  it  follows  that 

since  d  (a;3)  =  3  x*dx,  we  have  3  x2dx  =  xs ; 

since  d(xs  +  2)  =  3  x2dx,  we  have  J* 3  x~dx  =  x3  +  2  ; 

since  d (xs  —  7)  =  3  ot?dx,  we  have  J' 3  x2dx  =  x3  —  7. 

In  fact,  since 

d(x3  +  C)  =  S  x2dx, 

where  C  is  any  arbitrary  constant,  we  have 

J*  3  xldx  =  x?  -f  C. 

A  constant  C  arising  in  this  way  is  called  a  constant  of  integration  * 
Since  we  can  give  C  as  many  values  as  we  please,  it  follows  that 
if  a  given  differential  expression  has  one  integral,  it  has  infinitely 
many  differing  only  by  constants.  Hence 

j'f(x)dx=f(x)+  C; 

and  since  C  is  unknown  and  indefinite ,  the  expression 

/(*)  +  c 

is  called  the  indefinite  integral  of  f  (x)  dx. 

It  is  evident  that  if  cj>(x)  is  a  function  the  derivative  of  which  is 
f(x),  then  cj)  (x)  +  C ,  where  C  is  any  constant  whatever,  is  likewise 
a  function  the  derivative  of  which  is  f(x).  Hence  the 

Theorem.  If  two  functions  differ  by  a  constant ,  they  have  the 
same  derivative. 


*  Constant  here  means  that  it  is  independent  of  the  variable  of  integration. 
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It  is,  however,  not  obvious  that  if  <f>  (x)  is  a  function  the  deriva¬ 
tive  of  which  is  f{x),  then  all  functions  having  the  same  derivative 
fix)  are  of  the  form 

<f>(x)+C, 

where  C  is  any  constant.  In  other  words,  there  remains  to  be 
proven  the 

Converse  Theorem.  If  two  functions  have  the  same  derivative , 
their  difference  is  a  constant. 

Proof.  Let  <j>  (x)  and  ( x )  be  two  functions  having  the  common 

derivative/^).  Place 

F  (x)  =  (f>  (x)  —  (x) ;  then 

(A)  F'(x)  =  -f  [fi  (x)  -  ir  (x)]  =f(x)  -f(x)  =  0.  By  hypothesis 

CttP 

But  from  the  Theorem  of  Mean  Value,  (44),  p.  168,  we  have 

F(x  +  Ax)  —  F(x)  =  A xF'  (x  +  6  ■  Ax).  0  <  8  <  1 

.-.  F(x  +  Ax)  —  F(x)  =  0, 

[Since  by  (A)  the  derivative  of  F(x)  is  zero  for  all  values  of  «.] 

and  Fix  +  Ax)  =  F(x). 

This  means  that  the  function 

F(x)  =  cf>(x)  —  \}r  (x) 

does  not  change  in  value  at  all  when  x  takes  on  the  increment  Ax, 
i.e.  cf>(x)  and  yjr(x)  differ  only  by  a  constant. 

In  any  given  case  the  value  of  C  can  be  found  when  we  know 
the  value  of  the  integral  for  some  value  of  the  variable,  and  this 
will  be  illustrated  by  numerous  examples  in  the  next  chapter. 
For  the  present  we  shall  content  ourselves  with  first  learning  how 
to  find  the  indefinite  integrals  of  given  differential  expressions. 
In  what  follows  we  shall  assume  that  every  continuous  function 
has  an  indefinite  integral,  a  statement  the  rigorous  proof  of  which 
is  beyond  the  scope  of  this  book.  For  all  elementary  functions, 
however,  the  truth  of  the  statement  will  appear  in  the  chapters 
which  follow. 

In  all  cases  of  indefinite  integration  the  test  to  be  applied  in 
verifying  the  results  is  that  the  differential  of  tie  integral  must  be 
equal  to  the  given  differential  expression. 
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183.  Rules  for  integrating  standard  elementary  forms.  The 

Differential  Calculus  furnished  us  with  a  General  Rule  for  differ¬ 
entiation  (p.  42).  The  Integral  Calculus  gives  us  no  corresponding 
general  rule  that  can  be  readily  applied  in  practice  for  performing 
the  inverse  operation  of  integration.*  Each  case  requires  special 
treatment  and  we  arrive  at  the  integral  of  a  given  differential 
expression  through  our  previous  knowledge  of  the  known  results 
of  differentiation.  That  is,  we  must  be  able  to  answer  the  question, 

What  function ,  when  differentiated ,  will  yield  the  given  differential 
expression  ? 

Integration  then  is  essentially  a  tentative  process,  and  to  • 
expedite  the  work,  tables  of  known  integrals  are  formed  called 
standard  forms.  To  effect  any  integration  we  compare  the  given 
differential  expression  with  these  forms,  and  if  it  is  found  to  be 
identical  with  one  of  them,  the  integral  is  known.  If  it  is  not  iden¬ 
tical  with  one  of  them,  we  strive  to  reduce  it  to  one  of  the  standard 
forms  by  various  methods,  many  of  which  employ  artifices  which 
can  be  suggested  by  practice  only.  Accordingly  a  large  portion 
of  our  treatise  on  the  Integral  Calculus  will  be  devoted  to  the 
explanation  of  methods  for  integrating  those  functions  which  fre¬ 
quently  appear  in  the  process  of  solving  practical  problems. 

From  any  result  of  differentiation  may  always  be  derived  a 
formula  for  integration. 

The  following  two  rules  are  useful  in  reducing  differential 
expressions  to  standard  forms. 

(a)  The  integral  of  any  algebraic  sum  of  differential  expressions 
equals  the  same  algebraic  sum  of  the  integrals  of  these  expressions 
taken  separately. 

Proof.  Differentiating  the  expression 


J1 du  -}- ^ '  dv  — J'  dw , 

u,  v,  w  being  functions  of  a  single  variable,  we  get 

du  +  dv  —  dw.  Ill,  p.  144 

J* (du  +  dv  —  dw)  —  ij  'du  ^dv  —  j' dw. 


[1] 


*  Even  though  the  integral  of  a  given  differential  expression  may  he  known  to  exist,  yet  it 
may  not  he  possible  for  us  actually  to  find  it  in  terms  of  known  functions,  because  there  are 
functions  other  than  the  elementary  functions  whose  derivatives  are  elementary  functions. 
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(b)  A  constant  factor  may  be  written  either  before  or  after  the 
integral  sign. 

Proof.  Differentiating  the  expression 


"f 


dv 

adv. 


IV,  p.  144 


gives 
[2] 

On  account  of  their  importance  we  shall  write  the  above  two 
rules  as  formulas  at  the  head  of  the  following  list  of 


J' adv  =  a  j' dv. 


STANDARD  ELEMENTARY  FORMS 

™  J 

(d/ii  +  dv  —  dw)  =J*(iw  dv  —  ^div, 

™  J 

• 

* 

II 

'e 

e® 

M  J 

dx  =  x  +  C. 

141  J 

qjtl  +  1 

vndv  =  ,  ■  -f  C. 

n  +  1 

[5]  J 

f  —  =  log  v  +  C 

1  V 

=  log1  V  +  log  c  =  log  cv. 

[Placing  C=logc.] 

/  [6]  j 

[avdv  =  a>  +  C. 

’  log  a 

m  j 

ferdv  =  ev  +  C. 

M  j 

f  sin  v  dv  =  —  cos  v  +  C. 

[9] 

cos  v  dv  =  sin  v  +  C. 

[10] 

sec2  v  dv  =  tan  v  +  C. 

[11] 

j~cosec  zvdv  =  —  cotv  +  C. 

n  P  —  1 
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[13] 

[14] 

[15] 

[16] 

[17] 

[18] 

[19] 

[20] 
[21] 
[22] 
[23] 


^ esc  v  cot  v  dv  =  —  esc  v  +  C. 
J~tan  v  dv  =  log-  sec  v  C. 

J' cot  v  dv  =  log  sin  v  -f  C. 

J' sec  v  dv  =  log  tan  (7;  +  j)  +  C. 

J~csc  v  dv  =  log  tan  (7)  +  C. 

/dv  1  .  v  ,  _ 

- =  —  arc  tan  — \-  C. 

v 2  +  a 2  a  a 

/dv  1  ,  v  —  a  ,  „ 

^7=77  “  27.1o8'7T7  + 

C  ■  ■  - =  arc  sin  ^  +  C. 

J  V..2  —  v2 

f  dv 


■y/v2  +  a2 

/dv  _ 
■yj(2av  —  v2 
dv 


=  log  (v  -f  V.’2  ±  a2)  +  C 


v  ,  n 
—  arc  vers  — VC. 
a 


f 


1  v  1  n 

_ :  =  —  arc  sec  — \-  C. 

v  ~fv2  —  tt2  a  a 


Proof  of  [3].  Since 
we  get 

Proof  of  [4].  Since 


d(x+  C)  —  dx, 

J  dx  =  x  4-  C. 


d 


„M  +  1 


n  4-  1 


+  C  ]  =  vndv, 


we  get 


f 


Jtn  + 1 


v"dv 


n  4- 1 


+  C. 


This  holds  true  for  all  values  of  n  except  n  =  —  1. 
n  —  —  1,  [4]  gives 


/v~ 1+1  1 

v-'dv=-^ - -  +  C  =  -  +  C=cx>  +  C, 

—  1  4- 1  0 


which  has  no  meaning. 

The  case  when  n  =  —  1  comes  under  [5]. 


/- 


* 


II,  p.  144 


VII,  p.  144 


For,  when 
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Proof  of  [5].  Since 


d  (log  v  +  C)  — 
'dv 


dv 


IX,  p.  145 


f —  =  log  v  +  c. 

J  v 


we  get 

The  results  we  get  from  [5]  may  be  put  in  more  compact  form 
if  we  denote  the  constant  of  integration  by  log  c.  Thus, 

f —  =  log  V  +  log  c  =  log  cv. 

J  V 

Formula  [5]  states  that  if  the  expression  under  the  integral  sign  is 
a  fraction  whose  numerator  is  the  diff 'erential  of  the  denominator,  then 
the  integral  is  the  natural  logarithm  of  the  denominator. 


EXAMPLES 

For  formulas  [1]— [6]. 

Verify  the  following  integrations. 

1.  j xHx  =  y  +  C,  by  [4],  where  v  =  x  and  n  =  6. 


i.  J  axsdx 

=  aj 

x3dx 

by 

[2] 

axi 

~  T 

+  c. 

By 

[4] 

!.  f(2x*~ 

-5x2- 

■  3  x  +  4  )dx 

=  j~2  x3dx  — j"  5  xMx  —  J 3  xdx  +  J~4  dx 

fey 

[i] 

=  2  J~ xJ'dx  —  5  J'  xAlx  —  3  J"  xdx  +  4  J'  dx 

by 

[2] 

x 4  5  x3  3x2  .  „ 

= - (-  4  x  +  C. 

Note.  Although  each  separate  integration  requires  an  arbitrary  constant,  we  write  down 
only  a  single  constant  denoting  their  algebraic  sum. 


& 

X2 

+  3c  Vx^dx 

-/* 

ax 

Ux 

—  Jbx~2dx  + 

j"  3  cx?,dx 

by 

[1] 

=  2  a 

)*" 

idx 

—  frj~x“2dx  + 

3  cj~  x-'dx 

by 

[2] 

1 

X2 

x~l  3  c  •  x® 

+  c 

by 

[4] 

- 

=  2  a 

1 

-  b 

_  1  '  5 

X  3 

=  4a 

Vx 

+  b- 
X 

+  f  cx®  -f  C. 

5.  J* 2  ax6- 

ldx 

_  2  ax6 
“  6  +C- 

6.  J'  3  mz6dz 

=  3mz\c. 

7 

IUJ 
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7  ff  bs3  +  —  ^  ds  =  — - %l  +  G.  8.  f  V2  pxdx  =  §xVapx  +  G. 

J  \  si/  4  Vs  J 

9.  J" (a*  -  x^)3  dx  =  a%  +  f  —  f  aM  -  ^  +  C. 

Hint.  First  expand. 

10.  JV - y'Y 'Tydv _  „.(f  -»<«!  +  !£!  -*)  +  c. 

11.  J(VS-Vt)MI  =  <*-2  '■  3“iiS  2‘' 


erf*  + 


■+Cf. 


12.  f  dx-  =  (nx)»  +  C. 

J  n-l 

(nx)  M 

(a2  +  b2x2)2 


13.  J* (a2  +  62x2)®  xdx  = 


3  b2 


+  C. 


3-71 

.ti  ft; 


ffiiit.  This  may  be  brought  to  form  [4],  For  let  v  =  a?  +  b’2xt  and  n  =  i;  then  dv=2b2xdx. 

If  we  now  insert  the  constant  factor  2  ft2  before  xdx,  and  its  reciprocal  — —  before  the  integral 

2  w2 

sign  (so  as  not  to  change  the  value  of  the  expression),  the  expression  may  be  integrated,  using 
[4],  namely, 

1)71  + 1 

vndv  =  — - +  C. 


/• 


n  + 1 


Thus,  J* (a2  +  b2x2fixdx  =  ^  J~ (a2  +  b2x2)22  b2xdx=-^i  J' (a2  + b2x2)2d(a2  + b2x2) 

1  (a2+b2x2)2  ,  „  (a2  +  b2x2)$  ,  „ 

— •  i  C  —  i  • 

262  |  3  b2 

ATofe.  The  student  is  warned  against  transferring  any  function  of  the  variable  from  one  side 
of  the  integral  sign  to  the  other,  since  that  would  change  the  value  of  the  integral. 


14.  j'Va2  —  x2  xdx  =  —  }  (a2  —  x2)2  +  C. 

15.  /(  3  ax 2  +  4  bx3)^  (2  ax  +  4  bx2)  dx  =  \  (3  ax2  +  4  bx3)3  +  (7. 

J7m£.  Use  [4],  making  v  =  3ax2  +  ibx3  and  n—%. 

16.  J' 6  (6  ax2  +  8 bx3)5  (2  ax  +  4  bx2)  dx  =  ^ (6  ax2  +  8 bx3)3  +  C. 

17.  f  Mx  =2{a2  + xrf  +  C. 

J  (a2  +  x3)* 

Hint.  Write  this  J' (a2  +  x3)~ix2dx  and  apply  [4]. 

18.  f  dX—  =  -  2  VT^X  +  C. 
j  Vl  —  X 

19.  J~2  Try  +  1  dy  =  (y2  +  p2)f  +  c. 


(7 
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20. 


/ 


2  asds 


(b2  —  c2s2)2  c2  ( b 2  —  c2s2) 
3  axcix  3  a 


+  0. 


__  r  3  axdx  6  a  ,  „ 

21-  JVt^  =  ^1ob(*  +  <w>  +  c- 


Solution. 


f  3axdx.  =3aC 
J  b 2  +  e2x2  J 


xdx 


b 2  +  e2x2 


By  [2] 


This  resembles  [5],  For  let  v  =  b2  +  e*z iz;  then  dv=2e*xdx.  If  we  introduce  the  factor  2e2 

after  the  integral  sign,  and  —  before  it,  we  have  not  changed  the  value  of  the  expression,  but 
2e2 

tlie  numerator  is  now  seen  to  he  the  differential  of  the  denominator.  Therefore 

r  xdx  _  3  a  r  2  e2xdx  _  3  a  rd(b2  +  e2x 2)  _  3a  1  ,&2  +  e2x2\  +  By  [5] 

J  b2  +  e2x2  2e2J  b2  +  e2x2  2e2J  b2  +  e2x2  2e2 

22.  f =  -Hog(x2  -  1)  +  log  C  =  log  C  Vx2  -  1. 

J  x2  —  1 

23.  f (X  ■■■ ~  f : =  log  c  (x3  —  3  a2x)‘. 

J  x3  —  3  a2x 

24.  f  A5jf  ^  -  =  log  c  (10  x3  +  15)1 
*1  1A  ! 


25 

26, 


10  x3  +  15 

/5  6xdx  _ 

8  a  —  6  bx2  ^  i 


8 a-6bx2  '  (8 a  -  6 6x2)f2 
x3dx  x2  x3  , ,  ^ 

^TT  =  x“¥+3  og(x  +  1)  +  a 

Hint.  First  divide  the  numerator  by  the  denominator. 

27.  f  — - -  dx  =  x  —  log  (2  x  +  3)2  -f  C. 

J  2  x  -}~  3 

/xn~  f 1  1 

- dx  =  -  log  (x“  —  nx)  +  C. 

x'1  —  nx  n  ' 

29.  / 


2  <,+?* 

9/4  9/2  2 


r  r 


//n  —  1  /7/  1 

^  =  4  log  (Cl  +  W»)  +  C. 

31.  f  (log a)3— =  i  (log  a)*  +  <7. 

CL 

/y2  i  ^  r2 

- —  dr  =  —  +  r  +  2  log  (r  —  1)  -f-  C. 

v  —  1  2 


33 


•  / 


un~ldu  __  (a  + 

(a  +  ira")™  (1  —  m) 


+  C. 


1  ^ 


Proofs  of  [6]  and  [7].  These  follow  at  once  from  the  corre¬ 
sponding  formula  for  differentiation,  X  and  X  a,  p.  145. 
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EXAMPLES 


For  formulas  [6]  and  [7]. 

Verify  the  following  integrations. 
ba2x 


f 


ba2xdx  — 


+  C. 


2  log  a 

Solution.  J  ba2xdx  =  b  J  a2xdx. 


By  [2] 


This  resembles  [6].  Let  v  =  1x ;  then  dv=2dx.  If  we  then  insert  the  factor  2  before  dx  and 
the  factor  l  before  the  integral  sign,  we  have 


b  j a2xdx  =  ^  J~ a2x2  dx  =  -J" a2xd( 2x)  =  "  - 1-  G. 

2.  j 3 exdx  =  3ex  +  C. 

3.  J* (e5*  +  a5x)  dx  =  £^e5x  +  +  C. 

X  X 

4.  I  endx  —  nen  +  G. 

5.  J'ex2+ix+s(x  +  2)  dx  =  iex2  +  4x  +  3  +  G. 


By  [6] 


anx 


Jymx 


+  G. 


6.  f  (anx  -  bmx)  dx  — 

J  v  nloga  mlogo 

r  ax&  „ 

7.  I  axexdx  —  - - - - h  G. 

J  1  +  log  a 

XX  X  _x 

8.  J* (e«  +  e~a)  dx  =  a ( e°  —  e  a)  +  C. 

9.  J"  (eV  +  erv)2dy  =  \{o2y  —  er2y)  +  2y  +  C. 

10.  J* (3 e2 *  -  1  )ie2ldt  =  |(3e2t  -  l)4  +  C. 

11.  C ?'**..  -  e—  +  e8  +  log  (e8  -  1)  +  c. 

J  es—  1  2 

12.  f  =  log(er  +  l)2  -  r  +  C. 

J  er  +  1 

J  a x&®  log  a  —  log  b 


I  -  ^  A 


<£as 


- 


-  L  is 

-t-  I 


Proofs  of  [8]— [13].  These  follow  at  once  from  the  corresponding 
formulas  for  differentiation,  XII,  etc.,  p.  145. 


298 


INTEGRAL  CALCULUS 


•—  sin  vdv 
cos  v 


/,  csm  vdv  C 

tanwfo=J 

/d  (cos  v ) 
cos  v 

=  —  log  cos  v  +  C 
=  log  sec  v  C. 

[Since  -  log  cos  v  =  -  log  — —  =  -  log  1  +  log  sec  v  =  log  sec  v.] 
secv 

„  „  r  ,  reos  vdv  r  d( sin  w) 

Proof  of  15  .  {  cot  vdv  —  (  — ; - ■=  (  — : - 

J  J  L  J  J  J  sin  v  J  sin  v 

=  log  sin  v  +  C. 

„  „  „  r  CSC  v  —  cot  V 

Proof  of  [17].  Since  esc  v  =  esc 


^ esc  vdv  J* 


CSC  V  —  cot  V 
—  CSC  V  cot  V  +  csc2v 


CSC  V  —  cot  V 


dv 


d  (csc  v  —  cot  v) 

J  CSC  V  —  cot  V 

=  log  (csc  v  —  cot  v)  +  C 

-log  (1~°mv\+c 

\  sm  v  J 

%  if 

2  sin2- 

tJ-  — ' — ' 

—  log - +  C 

o  •  v  v 

2  sm  -  cos  - 
2  2 

2.  ^ 

^  +  c. 

=  log  tan  ~  +  C. 

A 

Proof  of  [16].  Substituting  v  +  —  for  v  in  [17]  gives 
j  csc  +  | ^dv=  log  tan  ^  ^  +  c. 


But 


7T 


csc  (  v  +  —  ]  =  sec  v ;  therefore 


by  [s] 


By  [s] 


by  [5] 


;  39,  p.  3 


/  0 
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EXAMPLES 


For  formulas  [8]-[17]. 

Verify  the  following  integrations. 

,  -  .  „  ,  cos  2  ax  _ 

1.  1  sin  2  axdx  = - - - 1-  C. 


S' 


2  a 


Solution.  This  resembles  [8].  For  let  v=2ax ;  then  dv  =  2adx.  If  we  now  insert  the  factor 

2  a  before  dx  and  the  factor  —  before  the  Integral  sign ,  we  get 
2  ct 

sin  2  axdx  =  —  I  sin  2  ax  ■  2  adx 


/sin  2  axdx  =  — —  f 
2  aJ 


1  r  1 

—  —  sin  2  ax  ■  d  (2  ax)  = - —  cos  2  ax  +  C  by 

2aJ  v  2 a 


[8] 


cos  2  ax 


2  a 


+  C. 


2.  f  cos  mxdx  =  —  sin  mx  +  C.  3.  f  5  sec2  frcdx  =  -  tan  bx  +  G. 

dm  J  b 

4.  j~  ^  cos  H  —  sin  3  6  ^  dd  —  3  sin  ^  ^  cos  3  9  +  C. 

5.  J"  7  sec  3  a  tan  3  ada  =  \  sec  3  a  +  C. 

/lc 

Jc  cos  (a  +  fry)  dy  =  ^  sin  (a  +  fa/)  +  C. 

7.  J'  cosec2  x3  •  x-dx  =  —  |  cot  x3  +  C. 

/4  # 

4  esc  ax  cot  axdx  = - esc  ax  +  G. 

a 

„  r  sin  xdx  .  c 

9.  - - - =  log- 

J  c  ' 


a  +  6cosx 

(a  +  b  cos  x)6 

10.  J~  ecosx  sin  xdx  =  —  ecmx  +  C. 

11.  f - — - =  —  -  tan  (a  —  bx)  +  C. 

J  cos2  (a  —  bx)  b 

r  dx  .  ,  „  „  C  (1  +  cos  x)  dx 

12.  j  cos  (log  x)  —  =  sm  log  x  +  C.  14.  I 

«/  X 


13.  (  —  ncot-  +  C.  15.  f 

J  .  „x  n  J 

sm2  — 
n 

16.  (tan  a  +  cot  a)2(fa  =  tan  a  —  cot  a  +  G. 


x  +  sm  x 
sin  <pd</> 


=  log  (x  +  sin  x)  c. 


COS  20 


=  sec  0.  +  0. 


*.  ,  1  V 
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17.  J (sec  p  -  tan  p)2dp  =  2  (tan  p  -  sec  p)  -  +  C. 

a\  +  sin  9 


18 


sin0cos  Odd  = 


log  a 


C. 


.  J^a1  + si 

19.  J" (tan  2u  —  \)2du  =  \  tan  2 u  +  log  cos 2  u  +  C. 

r  ,  ,  log  (1  —  tan  a  tan  y) 

20.  I  tan  ?/  tan  (y  +  a)  dy  =  —  y  —  - 

Proof  of  [18].  Since 


tan  a 


d  (  -  arc  tan  -  -f-  <7^  =  - 
a  a  j  a 


d 


dv 


1+  - 

a 


v\ 2  v2  -)-  tt2 


by  XIV,  p.  145 


we  get  r  -  =  -  arc  tan  -  +  C.* 

J  vl  +  a-1  a  a 

Proof  of  [19].  Since  -  1  =  (— - - 

v— a?  2  a\v  —  a  v  + 

_  1  /*/  1  1  \ 

J  v2  —  a?  2  aJ\v  —  a  v  +  a  J 


4-  a 
dv 


—  2^  I  lo»  (v  —  a)  —  log  (v  +  a)\+  C  by  [5] 

1  ,  v  —  a  „ 

—  —  log  (-  C. 

2  a  v  +  a 


Proof  of  [20].  Since 
d  ( arc  sin  -  4-  (A  =  ■ 


we  get 


a 


dl  - 


dv 


v\2  -\Zd2  —  v2 


by  XIX,  p.  145 


/ 


dv  .  v 

—  arc  sm  -  +  C. 
V  d2  -  v2  a 


, ,  ,  /I  v  \  dv  f  dv  1  v 

Also  d  (-  arc  cot  -  ■ +  C)  =  -  and  J  =  -  -  arc  cot  -  +  O.  Hence 


b 


dv  l  v  „  1  v 

— — ;=  -  arc  tan  --  +  C= - arc  cot  -  +  C'. 

3  +  a2  a  a  a  a 


Since  arc  tan -  + arc  cot  -  =  we  see  that  one  result  may  he  easily  transformed  into  the  other. 
The  same  kind  of  discussion  may  he  given  for  [20]  involving  arc  sin  -  and  arc  cos  and  for  T231 

Gj  n.  L  J 


Involving  arc  sec  -  and  arc  esc  - 
a  a 


INTEGRATION 


301 


Proof  of  [21].  Assume  Vy2  +  a2  =  z,  a  new  variable. 
Then  v 2  +  a2  =  z2,  and  differentiating,  2  vdv  =  2  zdz ,  or, 

dy  _  dz 
z  y 

By  composition  in  proportion, 

dy  _  dz  dv  4-  dz 

Z  V  w+z  ’ 

dy  dv  +  dz 


therefore 


Hence 


-vV  +  a 2  «  +  2 

[Replacing  z  by  its  equal  V„2  +  a2.] 

dy  G*  dv  +  dz 


/ay  _  r  < 

l)1  _1_  ffi 


Vy2  +  a2  J  v  +  z 

=  log(y  +  z)+  C 


ky  [5] 


=  log  (y  +  Vy2  4-  a2)  4-  C. 


In  the  same  way  by  assuming 


Vy2" 


a^  -  z. 


we  get 


f 


dv 


Vy2  —  a 


=  =  log  (y  4-  Vy2  —  a2)  4-  C*. 


Proofs  of  [22]  and  [23].  These  follow  at  once  from  the  corre¬ 
sponding  formulas  for  differentiation,  XXIII  and  XXV,  p.  48. 


EXAMPLES 


For  formulas  [18]— [23] . 

Verify  the  following  integrations. 

dx  1  ,  2x  ,  „ 

- =  -  arc  tan - b  C. 

4  x2  +  9  6  3 


‘■J 


Solution.  This  resembles  [18].  For,  let  «2  =  4x2  and  a2  =  9;' then  v  =  2x, 
do  —  2  dx,  and  a  =  3.  Hence  if  we  multiply  the  numerator  by  2  and  divide  in 
front  of  the  integral  sign  by  2,  we  get 

d  (2  x) 


(•  dx  _  1  (•  2  dx  _  1  (• 

J  4x2  +  9  “  2  J  (2  x)2  +  (3)2  “  2  J 


(2  x)2  +  (3) 2 


1  t  2x 

-  arc  tan - b  C . 

G  3 


By  [18] 


c_*!_=l1  «£^+a  3.  r  =1 

J  9 x2  —  4  12  6  3 x  +  2  J  VlG  -9x2  3 


.  3x 

arc  sin - bo. 

VlG  —  9x2  3  4 
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*■/ 

*•/ 


dx 


V&2  +  e2x2  e 
dy 


=  -  log  (ex  +  V&2  -f  e2x2)  +  0. 


.  =  ^  log  (&!/  +  V&2;/2  _  a2)  +  (7. 

V&2?/2  _  a2  & 


f  5xdx  o  .  „  ,  „ 

>.  I  - =  -  arc  sin  x2  +  (7. 

J  VTV-  ~ 


6 

10  / 


Vl  —  a;4  2 

axdx  a  ,  x2  _ 
=  —  arc  tan - h  C. 


x4  +  e4  2  e2 
ed£  e 


;2  -  &2£2  2  ab  &  bi  -  a 


log 


.2 
e2 
bt  -f  a 


8-7 
9 


+  o. 


dx  1  2x  „ 

—  —  =  -  arc  sec  —  +  C. 

x  V4  x2  —  9  3  3 

l  pU\,Ck,.  1 2  iyv 

dx  x  _ 

—  =  arc  vers  -  +  (7. 

V6x  —  x'2  ® 

«^{  "/  (1  -  -v 


11 


r  7  ds  7  .  .  /  5  _ 

..  I  — - =  — - -  arc  sinA-  s  +  (7. 

V3  —  5  s2  V5  ^  3 

12.  f —  =  — log(  Vflx  -f  vW2  —  ft)  -f  (7. 

^  Van2  —  6  va 

r  cos  ada  1  ,  /sina\  _ 

13.  — - =  -  arc  tan  ( - )  4-  C. 

*/  a2  +  sm2a  a  V  a  / 

arc  sin  e*  +  C. 


«•  / 

15'-( 
16-  / 
17 


e'dJ 


Vl  -  e2* 
dx 

\x  Vl  _  log2x 
du 

Va2  —  (m  -f  b)'2 
adz 


,*4J 


-  arc  sin  (log  x)  -f  C 
.  u  +  b 


=  arc  sin  - 


+  C. 


fin 


(z  —  e)2  +  b'2  b 


a  z  —  e  „ 

—  -  arc  tan - h  C. 


18 


■J 


dx 


x2  +  2  x  +  5  2 


=  -  arc  tan 


b 

x  +  1 


+  G. 


Hint.  By  completing  the  square  in  the  denominator  this  expression  may  be  brought  to  a 
form  similar  to  that  of  Ex.  17.  Thus, 


C  dx  r  dx  c  (lx  1  x+i 

J  x2  +  2x  +  5  J  (x*  +  2x+l)  +  4  J  (x  +  l)2  +  4_2ar0tan~2_  +  C  By 

Here  v  =  x  +  l  and  a=  2. 


[18] 


19. 


dx 


.  2x  —  1  _ 

:  =  arc  sm  — : - (-  C. 


V2  +  x  —  x2  3 

Hint.  Bring  this  to  the  form  of  Ex.  16  by  completing  the  square.  Thus, 

f _ dx  .  f  dx  f _ dx _ r  dx 

j '/2  +  X-&  Jv2-(x*-x)  J  '/2-(a*-x  +  i)+i  J 


-(x2-x) 

Here  v  =  x-h  and  a  =  ? 


arc  sin  +  c.  By  [20] 
l-(x-I)2  3 


20. 


'•/ 1 


dx 


+  x  +  X2  V3 


2  *  2  x  + 1  ^ 

arc  tan - ! - C. 
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21 

22, 

23 


■/ 


dx 


V3x  —  x2  —  2 

dv  1 ,  v  —  5 


=  arc  sin  (2  x  —  3)  +  G. 


24. 


/dv  1 ,  v  —  5  _ 

— - - - -  =  -log - 1-  C. 

v2  —  (3 1)  +  5  4  v  —  1 

/ 

/- 


- =  -Liog^  +  8-^  +  c. 

y2  +  3y  +  1  V6  22/  +  3+  V5 


=  log(«  +  i  +  Vt*  +  <  +  1)  +  C. 


25 


26. 


27. 


vr+T+i2 

.  f - — - =  arc  tan  (2  z  —  1)  -f  C. 

J2z2-2z  +  l  v  7 

ds 


f* 


V2  as  +  s2 


log  (s  +  a  +  V2  as  +  s2)  +  C. 


f 


dx  1  cx  _ 

- - =  —  arc  sec - \-  C. 

X  Vc2x2  -  a-b'2  ab  db 


28.  J*  3x2dx  ■  =  \  arc  vers  18  x3  +  C. 


Vx8  —  9x6  3 

r(&  4 

J  a2 


__  .  •  (6  +  ex)  cZx  b  x  e.  ,  „  „ 

29.  |  - - - —  =  -  arc  tan  -  +  -  log  (a2  +  x2)  +  G. 

x2  +  x2  a  a  2 


30.  f  i^idx  =  Jlog(3x2  _ 2)  _  r^lo5 


:  V3  —  V2 


2  V6  "  x  V3  +  V2 


+  0. 


184.  Trigonometric  differentials.  We  shall  now  consider  some 
trigonometric  differentials  of  frequent  occurrence  which  may  he 
readily  integrated  by  being  transformed  into  standard  forms  by 
means  of  simple  trigonometric  reductions. 


Example  I.  To  find  J' sin’"®  cos  nxdx. 


When  either  m  or  n  is  a  positive  odd  integer,  no  matter  what 
the  other  maybe,  this  integration  may  be  performed  by  means 
of  formula  [4], 


f 


nn  +  1 


vndv 


n  •  I 

For  the  integral  is  reducible  to  the  form 

f  (terms  involving  only  cos  x )  sin  xdx, 
when  sin  x  has  the  odd  exponent,  and  to  the  form 
J1 (terms  involving  only  sin  x)  cos  xdx, 
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when  cos  x  has  the  odd  exponent.  We  shall  illustrate  this  by- 
means  of  examples. 

Ex.  1.  Find  J~siri2x  cos5 xdx. 

Solution.  j sin2#  cos5  xdx  =J'sin2x  cos4  x  cos  xdx 

= j sin2  x  (1  -  sin2  x)2  cos  xdx 

(sin2x  —  2  sin4x  +  sin6x)  cos  xdx 
=  C (sin  x)2  cos  xdx  -  2J (sin  x)4  cos  xdx  +J (sin  x)6  cos  xdx 


28,  p.  2 


sin3  x  2  sin5  x  sin7  x  n 
3  5  7 

Here  v  =  sin  x,  dv  =  cos  xdx,  and  n  =  2,  4,  and  6  respectively. 

Ex.  2.  Find  j"cos3xdx. 

Solution.  J cos 3  xdx  =  cos2x  cos  xdx  —  j  (1  —  sin2x)  cos  xdx 

= J' cos  xdx  — J" sin2x  cos  xdx 
sin3x 


By  [4] 


=  sm  x 


-+C. 


EXAMPLES 

/C  sin3x 

sin3  xdx  =  i  cos3x  —  cos  x  +  C.  2.  J  sin2x  cos  xdx  =  — - - (-  C. 


3.  J~ sin5xdx  =  —  cos  x  -f  ^  cos3x  —  - °^  X  +  C. 


3 
2  . 


.  T  c  7  •  2  .  „  sin5x  _ 

4.  I  cos 5  xdx  =  sm  x - sm3x  H - h  C. 

J  3  5 


_  r  .  ,  sin-s  _ 

5.  I  sm  s  cos  sds  = - \-  C. 

J  2 

6.  J* cos4  x  sin3  xdx  =  —  £  cos5  x  +  (,-  cos7  x  •+  C. 

7.  ("cos2 a  sin  adg  =  —  C0S  °  +  C. 

d  3 

0  r  cos3  xdx  1  „  r  sin3  ada 

8-  J^K^=c“‘t-§cscj;  +  c-  9-  /-Ss3r=seo“  +  cos“  +  a 

10.  J"sin^0  cos s<pd(p  =  ^  sin’’"  <p  —  ^  sin^4 0  +  C. 

11-  J  i sin^  0  cos5  dde  =  §  sin®  0  -  T\  sin"  0  +  T37  sin"tf  +  C. 
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/sin5  if  . - -  2 

du  =  —  2  Vcos  y  (1 - cos2y  +  -cos4?/)  -f  C. 

V  cos  y  5  9 

13.  f  C°S  =  -  sin*t  (1  —  -sin2t  -f  -  sin4()  +  C. 

J  Xtai  2  2  7 

Example  II.  To  find  J' tan11  xdx,  or  j'cotf'xdx. 

These  forms  can  be  readily  integrated,  when  n  is  an  integer,  on 
somewhat  the  same  plan  as  the  previous  examples. 


Ex.  1.  Find  J  tan4  xdx. 

Solution.  J'  tan4  xdx  =  J"  tan2x  (sec2  x  —  1)  dx 


28,  p.  2 


= J"tan2  x  sec2  xdx  —J tan2  xdx 
= J*  (tan  x)2d(tan  x)  — J*  (sec2x  —  1) 


dx 


tan3x 


—  tan  x  +  x  +  C. 


Example  III.  To  find  ^ secn  xdx,  or  ^ esc’1  xdx. 

These  can  be  easily  integrated  when  n  is  an  even  positive  integer. 

Ex.  2.  Find  J" sec6  xdx. 

Solution.  J  sec6  xdx  = J"  (tan2x  +  l)2  sec2  xdx  28,  p.  2 

= J  (tan  x)4  sec2  xdx  +  2  J*  (tan  x)2  sec'2  xdx  +  J'  sec2  xdx 


tan6x  tan3x  ,  „ 

; - 1-  2 - b  tan  x  +  C. 


Example  IV.  To  find  jjtanmx  see'1  xdx,  or  jj cotmx  cscn  xdx. 

When  n  is  a  positive  even  integer  we  proceed  as  in  Example  III. 

Ex.  3.  Find  J'tan6  x  sec4 xdx. 

Solution.  J  tan6  x  sec4  xdx  =  J'tan6  x  (tan2  x  +  l)sec2xdx  28,  p.  2 

= J* (tan  x)8  sec2 xdx  +  j tan6x  sec 2xdx 


tan9x  tan7x  n 
d - r - b  O. 


9  7 

Here  v  =  tanx,  dv  =  sec2  xdx,  etc. 


© 


By  [4] 
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When  m  is  odd  we  may  proceed  as  in  the  following  example. 
Ex.  4.  Find  /  tan6  x  sec3  xdx  —  J~  tan4  x  sec2  x  sec  x  tan  xdx 
=  J"(sec2x  -  l)2  sec2x  sec  x  tan  xdx 
=  j  (sec6  x  -  2  sec4x  +  sec2x)  sec  x  tan  xdx 


sec7x  2sec5x  sec3x  n 

— - - 1-  o. 

7  5  3 

Here  x  =  sec  x,  dv  =  sec  x  tan  xdx,  etc. 


28,  i 


By 


EXAMPLES 

1.  J* tan3 xdx  =  +  log  cosx  +  C. 


cot3  xdx  —  — 


2 

cot2x 


—  log  sin  x  +  C. 


*/ 

3.  P  cot4?dx  =  —  cot3-  +  3  cot?  +  x  +  C. 

J  3  3  3 

4.  J"  cot2  xdx  =  —  cot  x  —  x  +  C. 

5.  J" cot5 ada  =—  \ cot4 a  +  |cot2a  -f  logsina  +  G. 

6.  f  tan5  -  dy  =  tan4  -  —  2  tan2  -  +  log  sec  -  +  C. 

J  4  4  4  4 

„  /*  tan7x  ,  3tan5x  ,  .  »  ,  ,  ,  „ 

7.  |  sec 8  xdx  = - - h  tan3x  +  tanx  +  C. 

J  7  5 

8.  J" esc 6xdx  =  —  cotx  —  |cot3x  —  |cot5x  +  C. 

9.  J"  tan4  <p  sec4  <pd4>  =  ta1^  —  +  -a^  ^  +  C. 

10.  J'  tan8  9  sec5  ddd  =  ^  sec7  9  —  l  sec5  9  +  C. 

,,  C  ,  ,  cotGx  cot8x  _ 

11.  I  cot5  x  esc4  xdx  = - b  C. 

J  0  8 

12.  /tan?xsec4xdx  =  ^^  +  ^^+C. 

13.  J' tan5ysec*ydy  =  2  sec^y  -  --^c~  -f  +  C. 

14.  r^?  =  tana-2cota-^  +  G. 

J  tan4 a  3 
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15.  J~ (tan2z  +  tan4z)  dz  =  i  tan8z  +  <7. 

16.  J (tan  t  +  cot  t'f  dt  =  \  (tan H  -  cot2t)  +  log  tan2 t  +  C. 

Example  V .  To  find  £  sinmx  cosnxdx  by  means  of  multiple  angles. 

When  either  m  or  n  is  a  positive  odd  integer  the  shortest  method 
is  that  shown  in  Example  I,  p.  303.  When  m  and  n  are  both 
positive  even  integers  the  given  differential  expression  may  be  trans¬ 
formed  by  suitable  trigonometric  substitutions  into  an  expression 
involving  sines  and  cosines  of  multiple  angles,  and  then  integrated. 
For  this  purpose  we  employ  the  following  formulas: 


sin  u  cos  u  =  1  sin  2  u, 

36,  p.  2 

sin2tt  =  |  —  1  cos  2  u, 

38,  p.  3 

cos 2  it  =  |  +  t  cos  2  u. 

39,  p.  3 

Ex.  1.  Eind 

J"  cos2  xdx. 

Solution. 

cos 2  xdx  =  J"  (J  +  I  cos  2  x)  dx 

38,  p.  3 

=  -  f  dx  +  ~  f  cos  2  xdx  =  -  + 

2  J  2d  2 

-  sin  2  x  +  C. 

4 

Ex.  2.  Find 

J*  sin2x  cos2  xdx. 

Solution.  J" 

sin2x  cos  2xdx  =  jJ*  sin22xdx 

36,  p.  2 

=  |  (|  —  |  cos  4  x)  dx 

38,  p.  3 

=  -  — —  sin  4  x  +  C. 

8  32 

Ex.  3.  Find 

j '  sin4x  cos 2  xdx. 

Solution.-  J"  I 

sin4  x  cos2  xdx  =  j~  (sin  x  cos  x)2  sin2  xdx 

'=  sin2 2 x (i  —  i  cos  2 x) dx 

36,  p.  2 ;  38,  p.  3 

=  if  sin2  2  xdx  —  sin2  2  x  cos  2  xdx 

—  (i  —  i  cos  4  x)  dx  —  l  sin2  2  x  cos  2  xdx 


x  sin  4  a:  sin3  2  x 


16 


+  C. 


64 


48 


I 
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Example  VI.  To  find  J*  sin  nix  cos  nxdx,  J' sin  mx  sin  nxdx ,  or 
cos  mx  cos  nxdx ,  token  m  n. 

By  41,  p.  3,  sin  mx  cos  nx  =  \  sin  (m  +  n)  x  +  \  sin  (m  —  n)x. 

...  J' sin  mx  cos  nxdx  =  sin  (m  +  n)  xdx  +  sin  (m  -  n)  xdx 


Similarly  we  find 


J' 


cos 

cos  (m  —  n)x 

+ 

2  (to  -f-  w) 

2  (m  —  n) 

sin  (m  4-  w):r 

sin  (m  ■—  n)  x 

+  Cj 

2  (w  +  n) 

~~r  2  (m  —  n) 

sin  (m  4-  n)  x 

sin(m  —  w)a; 

+  (7. 

2  (m  +  n) 

2  (w  —  w) 

EXAMPLES 

/X  1 

cos2  xdx  =  -  +  -  sin  2  x  +  C. 

2  4 

/,  3  a:  sin  2  x  ,  sin  4  x 

sin4  xdx  =  —  -  32  H  G. 

/•  .  ,  3 x  sin  2x  ,  sin  4x  n 

3.  I  cos4xdx  =  —  H - : - 1 - — - h  o. 


8 


32 


4.  (  sin6  xdx  —  , 

>-  J  16  V 


1  /_  .  .  n  ,  sin32x  ,3 

=  —  (  5 x  —  4  sm  2  x  H - - - l--sin4x 

3  4 


:)  +  C. 


r  1  /  ,  .  „  sin82x  3  .  .  .  \  ,  „ 

5.  J  cos6 xdx  =  —  ^5x  +  4sm2x - - —  +  -sm4xj  +  C. 

/,  „  ,  sin3  2a,  a  sin  4  a 

sin4  a  COS2  ada  =  -  ^ - ^  +  <?• 

/I  /  .  ,  ,  sin  8 1\  _ 

sin4  i  cos4  <d£  =  —  (  3 1  —  sm  4 1  -\ - - —  )  +  C. 

128 V  8  / 

/I  /  8  .  .  „  .  .  sin8x\  _ 

cos6  x  sin2  xdx  =  —  (  6  x  +  -  sm3  2  x  —  sm  4  x - - —  )  +  C. 

128  \  3  8  / 


n  r  O  •  r  J  cos  8  y  Cos  2  y  r 

9.  I  cos  3  y  sm  6  ydy  = - - - 1- o. 

J  16  4 

r  .  .  .  „  ,  sin  11  z  ,  sin  z  , 

10.  I  sm  5  z  sm  6  zdz  —  —  — — - 1 — - - (-  C. 


11.  J~  cos  4  s  cos  7  sds  = 


22  2 
sin  11s  sin  3  s 


22 


■  + 


+  C. 


12.  J  cos  J  x  sin  \  xdx  =  —  |  cos  x  +  cos  |x  +  C. 

13.  J~  cos  3  x  cos  f  xdx  =  sin  -1/  x  +  T3y  sin  §  x  +  C. 


CHAPTER  XXY 


CONSTANT  OF  INTEGRATION 


185.  Determination  of  the  constant  of  integration  by  means  of 
initial  conditions.  As  was  pointed  out  on  p.  290,  the  constant 
of  integration  may  be  found  in  any  given  case  when  we  know  the 
value  of  the  integral  for  some  value  of  the  variable.  In  fact  it  is 
necessary,  in  order  to  be  able  to  determine  the  constant  of  inte¬ 
gration,  to  have  some  data  given  in  addition  to  the  differential 
expression  to  be  integrated.  Let  us  illustrate  this  by  means  of 
an  example. 

Ex.  1.  Find  a  function  whose  first  derivative  is  3x2  —  2x  +  5,  and  which  shall 
have  the  value  12  when  x  =  1. 

Solution.  (3x2  —  2x  +  5)dx  is  the  differential  expression  to  be  integrated.  Thus, 
J'  (3  x2  —  2  x  +  5)  dx  =  x3  —  x2  +  5  x  +  C, 

where  C  is  the  constant  of  integration.  From  the  conditions  of  our  problem  this 
result  must  equal  12  when  x  =  1 ;  that  is, 

12  =  1-1+5  + 0,  or,  (7=7. 

Hence  xs  —  x2  +  5  x  +  7  is  the  required  function. 


186.  Geometrical  signification  of  the  constant  of  integration.  We 

shall  illustrate  this  by  means  of  examples. 


Ex.  1.  Determine  the  equation  of  the  curve  at 
every  point  of  which  the  tangent  has  the  slope  2x. 

Solution.  Since  the  slope  of  the  tangent  to  a  curve 
dv 

at  any  point  is  — ,  we  have  by  hypothesis 
dx 


—  =  2z, 

dx 


or, 


dy  —  2  xdx. 
y  =  2  j'  xdx,  or, 
y  =  x2  +  C, 

where  C  is  the  constant  of  integration.  Now  if  we  give 
to  C  a  series  of  values,  say  6,  0,  —  3,  (A)  yields  the 
equations 


Integrating, 

CL 


y  =  x2  +  6,  y  —  x2,  y  —  x2  —  3, 
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whose  loci  are  parabolas  with  axes  coinciding  with  the  axis  of  y  and  having  6,  0,  3 

'T““La;»rru°°  ^ - — 

value  of  dV-  ;  that  is,  they  have  the  same  direction  (or  slope)  for  the  same  value  of  *. 

It  will  also  be  noticed  that  the  difference  in  the  lengths  of  their  ordinates  remains 
the  same  for  all  values  of  x.  Hence  all  the  parabolas  can  be  obtained  by  movi  „ 
Iny  onTof  them  vertically  up  or  down,  the  value  of  C  in  this  case  not  affecting  the 

Sl°if  in  the  above  example  we  impose  the  additional  condition  that  the  curve  shaU 
pass  through  the  point  (1,  4),  then  the  coordinates  of  this  point  must  satisfy  (  ), 

giving  4  =  1  +  C,  or,  G  =  3. 

Hence  the  particular  curve  required  is  the  parabola  y  =  x-  +  3. 

Ex.  2.  Determine  the  equation  of  a  curve  such  that  the  slope  of  the  tangent  to 
the  curve  at  any  point  is  the  negative  ratio  of  the  abscissa  to  the  ordinate. 

Solution.  The  condition  of  the  problem  is  ex¬ 
pressed  by  the  equation 

dy  _  _  * 
dx  y 

or,  separating  the  variables, 

ydy  =  —  xdx. 


Integrating, 


y 


jr  =  -£  +  C, 

2  2 


or. 


i,  x2  +  y2  =  2  G. 

This  we  see  represents  a  series  of  concentric  circles 
with  their  centers  at  the  origin. 

If,  in  addition,  we  impose  the  condition  that  the  curve  must  pass  through  the 
point  (3,  4),  then  9  +  10  =  2  G. 

Hence  the  particular  curve  required  is  the  circle  x2  +  y2  =  25. 


187.  Physical  signification  of  the  constant  of  integration.  The 

following  examples  will  illustrate  what  is  meant.  • 

Ex.  1.  Find  the  laws  governing  the  motion  of  a  point  which  moves  in  a  straight 
line  with  constant  acceleration. 

Solution. 
we  have 

or, 

To  determine  C,  suppose  that  the  initial  velocity  be  Vo ;  that  is,  let 

v  =  Uq  when  t  =  0. 


the  acceleration  [~=—  from  (14),  p.  105~|  is  constant,  say/, 
L  dt  J 


dv 

dt 


=  f, 


dv  =  fdt.  Integrating, 
v=  ft  +  C. 
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These  values  substituted  in  (A)  give 


v0  =  0  -f  C,  or,  C  =  v0. 

Hence  (A)  becomes 

(B)  v=ft  +  v0. 


Since  v  =  --- 
dt 


(9),  p.  103^  ,  we  get  from  ( B ) 


ds 

dt 


—  ft  +  v0, 


or,  ds  =  ftdt  +  v0dt.  Integrating, 

(C)  s  =  +  v0t  +  C. 

To  determine  C ,  suppose  that  the  initial  space  (=  distance)  be  s0;  that  is,  let 

s  =  So  when  t  =  0. 

These  values  substituted  in  ( C )  give 

So  —  9  A  9  -{-  C,  or,  C  —  So* 

Hence  ( C )  becomes 

(D)  s  =  1  ft2  +  v0t  +  s0. 

By  substituting  the  values  /=  g,  Vo  =  9,  So  =  9,  s  =  h  in  (B)  and  (_D)  we  get  the 
laws  of  motion  of  a  body  falling  from  rest  in  a  vacuum,  namely, 

(B  a)  v  =  gt,  and 

(Da)  h  =  \gP. 

Eliminating  t  between  ( Ba )  and  (Da)  gives 

v  =  V2  gh. 


Ex.  2.  Discuss  the  motion  of  a  projectile  having  an  initial  velocity  v0  inclined 
an  angle  a  with  the  horizontal,  the  resistance  of  the  air  being  neglected. 

Solution.  Assume  the  XY  plane  as  the  plane  of  motion,  OX  as  horizontal,  and 
OF  as  vertical,  and  let  the  projectile  be  thrown  from  the  origin. 

Suppose  the  projectile  to  be  acted  upon  by 
gravity  alone.  Then  the  acceleration  in  the  hori¬ 
zontal  direction  will  be  zero  and  in  the  vertical 
direction  —  g.  Hence  from  (15),  p.  195, 

dvT  „  ,  dvv 

—  -  0  and  — =  =  -  g. 
dt  dt 

Integrating,  '  vx  —  C\  and  vy  =  —  gt  +  O2. 


But 

and 

Hence 

(E) 


d0  cos  a  =  initial  velocity  in  the  horizontal  direction, 
Vo  sin  a  =  initial  velocity  in  the  vertical  direction. 

Ci  =  v0  cos  a  and  C2  =  v0  sin  a,  giving 
vx  =  «o  cos  a  an(l  Vy  =  —  gt  Y  Vo  sin  a. 


But  from  (19)  and  (11),  p.  194,  vx  =  —  an(I  vy  —  >  therefore  (E)  gives 

—  =  Vo  cos  a  and  —  gt  Y  v 0  sin  a, 
dt  dt 

or  dx  =  Vo  cos  adt  and  dy  =  —  gtdt  +  v0  sin  adt. 
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Integrating,  we  get 

( p)  x  —  v0  cos  a  ■  t  +  C3  and  y  =  —  \  gt' 2  +  i>o  sin  a  ■  t  +  C4. 

To  determine  C3  and  Ci,  we  observe  that  when 

t  =  0,  x  =  0  and  ?/  =  0. 

Substituting  these  values  in  (F)  gives 

C'3  =  0  and  Ci  =  0. 

Hence 

(Qj  x  =  vocos  a-t,  and 

(ZI)  y  =  -  i  fft2  +  »o  sin  a  •  f. 

Eliminating  f  between  (G)  and  (H),  we  obtain 


(U 


y  =  x  tan  a  — 


2  Bo2  COS2  a 

which  is  the  equation  of  the  trajectory,  and  shows  that  the  projectile  will  move  in 
a  parabola. 


EXAMPLES 

Find  the  function  whose  first  derivative  is 

1.  x  —  3,  knowing  that  the  function  equals  9  when  x  =  2.  A  ns.  —  —  3x  +  13. 

A 

2.  3  +  x  —  5  x2,  knowing  that  the  function  equals  —  20  when  x  —  6.  2  _  3 

Ans.  304  +  3  x  +  ^ • 
A  o 

3.  (2/3  _  Wy),  knowing  that  the  function  equals  0  when  y  —  2. 

Ans.  +  4. 

4  2 

7T 

4.  sin  a  +  cos  a,  knowing  that  the  function  equals  2  when  a  =  —  • 

2 

Ans.  sin  a  —  cos  a  +  1. 

5.  — - — ,  knowing  that  the  function  equals 0  when  f=l.  Ans.  log  (2  f  —  f2). 

t  2  —  t 


Find  the  equation  of  a  curve  such  that  the  slope  of  the  tangent  at  any  point  is 

6.  3x  — 2. 


3  x2  „ 

Ans.  y  = - 2  x  +  C. 

2 


>  7.  xy. 


Ans.  y  =  ce2 


8.  x2  +  5x,  the  curve  passing  through  the  point  (0,  3). 

.  x3  5  x2  „ 

Ans.  y  =  — r  q - p  3. 

3  2 

P 

9.  the  curve  passing  through  the  point  (0,  0).  Ans.  y2  —  2 px. 


10. 


—  >  the  curve  passing  through  the  point  (a,  0).  Ans.  62x2  —  a2y2  =  a2b2. 
cl  y 


11.  m,  the  curve  making  an  intercept  b  on  the  axis  of  y.  Ans.  y  =  mx  +  b. 


CONSTANT  OF  INTEGRATION 


313 


Find  the  relation  between  x  and  y ,  knowing  that 

12  d%L  - 

dx  y 

13.  xdy  +  ydx  —  0. 

14.  —  =  ,  if  y  =  0  when  x  =  0. 

dx  1  —  y 


7/2  t*3 

Ans.  s-  =  -  +  C. 
2  3 

Ans.  xy  =  C. 


Ans.  x2  +  y2  +  2  x  —  2  y  =  0. 


15.  (1  —  y)  dx  +  (1  +  x)  dy  =  0.  Ans.  log - =  (7. 

1-2/ 

16.  Find  the  equation  of  the  curve  whose  subnormal  is  constant  and  equal  to  2  a. 

d  Ans.  y'2  —  4  ax  +  C,  a  parabola. 

Hint.  From  (4),  p.  90,  subnormal  =  y  y- • 


17.  Find  the  curve  whose  subtangent  is  constant  and  equal  to  a  [see  (3),  p.  90]. 

Ans.  a  log  y  =  x  +  C. 

18.  Find  the  curve  whose  subnormal  equals  the  abscissa  of  the  point  of  contact. 

Ans.  y'2  —  x2  =  2  C,  an  equilateral  hyperbola. 


19.  Find  the  curve  whose  normal  is  constant  (=  E),  assuming  that  y  =  E  when 

x  =  0.  Ans.  x2  +  y2  =  E2,  a  circle. 

Hint.  From  (6),  p.  90,  length  of  normal  =  y  "vA  +  >  or,  dx=  ±(Ri-y*)~lsydy. 

20.  Find  the  curve  whose  subtangent  equals  three  times  the  abscissa  of  the 

point  of  contact.  Ans.  x  =  cy3. 

^  21.  Show  that  the  curve  whose  polar  subtangent  [see  (7),  p.  99]  is  constant  is 

the  reciprocal  spiral. 

22.  Show  that  the  curve  whose  polar  subnormal  [see  (8),  p.  99]  is  constant  is 
the  spiral  of  Archimedes. 

23.  Find  the  curve  in  which  the  polar  subnormal  is  proportional  to  the  length 

of  the  radius  vector.  Ans.  p  —  cea9. 

24.  Find  the  curve  in  which  the  polar  subnormal  is  proportional  to  the  sine  of 

the  vectorial  angle.  Ans.  p  —  c  —  a  cos  6. 

25.  Find  the  curve  in  which  the  polar  subtangent  is  proportional  to  the  length 

of  the  radius  vector.  -Ans.  p  =  ce"B . 

26.  Determine  the  curve  in  which  the  polar  subtangent  and  the  polar  subnormal 

are  in  a  constant  ratio.  A  ns.  p  =  cea9. 

27.  Find  the  equation  of  the  curve  in  which  the  angle  between  the  radius  vector 

and  the  tangent  is  one  half  the  vectorial  angle.  Ans.  p  =  c(  1  —  cos 8). 


Assumin0,  that  v  —  l'd  when  /  —  0 .  find  the  relation  between  v  and  f,  knowing 


that  the  acceleration  is 

28.  Zero. 

29.  Constant  =  k. 

30.  a  +  bt. 


Ans.  v  =  v0. 

Ans.  v  =  v0  +  let. 

t  bt 2 

Ans.  v  =  v0  +  at  q - 

2 
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0,  find  the  relation  between  s  and  t,  knowing 

Ans.  s  =  Vo  t. 

nt 2 

N  Ans.  s  =  mt  +  —  • 

A 

Ans.  s  =  3  t  +  P-t*. 

34.  The  velocity  of  a  body  starting  from  rest  is  5  <2  feet  per  second  after  t  sec¬ 
onds.  (a)  How  far  will  it  be  from  the  point  of  starting  in  3  seconds  ?  (b)  In  what 

time  will  it  pass  over  a  distance  of  360  feet  measured  from  the  starting  point  ? 

Ans.  (a)  45  ft.;  (b)  6  seconds. 

35.  A  train  starting  from  a  station  has  after  t  hours  a  speed  of  t3  —  21  f2  +  80 1 
miles  per  hour.  Find  (a)  its  distance  from  the  station ;  (b)  during  what  interval 
the  train  was  moving  backwards;  (c)  when  the  train  repassed  the  station  ;  (d)  the 
distance  the  train  had  traveled  when  it  passed  the  station  the  last  time. 

Ans.  (a)  -  7  t3  +  40 t2  miles  ;  (b)  from  5th  to  16th  hour  ; 

(c)  in  8  and  20  hours  ;  (d)  4658J  miles. 


Assuming  that  s  =  0  when  t  — 
that  the  velocity  is 

31.  Constant  (=  v0). 

32.  m  -f  nt. 

33.  3  +  2 1  —  3 t2. 


36.  A  body  starts  from  O  and  in  t  seconds  its  velocity  in 
the  X  direction  is  12 1  and  in  the  Y  direction  4 12  —  9.  Find 
(a)  the  distances  traversed  parallel  to  each  axis;  (b)  the  dis¬ 
tance  traversed  along  the  path  ;  (c)  the  equation  of  the  path. 

4 

Ans.  (a)  x  =  6 t2,  y  —  - 13  —  9 1 ; 

(b)  s  =  ^3  +  9t;  (c)  V  =  (lx~9)\l%- 


37.  The  equation  giving  the  strength  of  the  current  i  for  the  time  t  after  the 
source  of  E.M.F.  is  removed,  is  ( R  and  L  being  constants) 


Ei  = 


Find  i,  assuming  that  I  =  current  when  t  =  0. 


_Rt 

Ans.  i  —  Ie  l. 


38.  Find  the  current  of  discharge  i  from  a  condenser  of  capacity  C  in  a  circuit 
of  resistance  B,  assuming  the  initial  current  to  be  I0,  having  given  the  relation 


di  _  dt 

Ans.  i  —  I0eCJt. 


C  and  jR  being  constants. 


CHAPTER  XXVI 


INTEGRATION  OF  RATIONAL  FRACTIONS 


188.  Introduction.  A  rational  fraction  is  a  fraction  the  numerator 
and  denominator  of  which  are  integral  rational  functions.*  If  the 
degree  of  the  numerator  is  equal  to  or  greater  than  that  of  the 
denominator,  the  fraction  may  be  reduced  to  a  mixed  quantity  by 
dividing  the  numerator  by  the  denominator.  For  example, 

z4  +  3a:3  2  ,  0  ,  5  £  +  3 

=  * +z*  +  2z  +  l- 


The  last  term  is  a  fraction  reduced  to  its  lowest  terms,  having 
the  degree  of  the  numerator  less  than  that  of  the  denominator. 
It  readily  appears  that  the  other  terms  are  at  once  integrahle,  and 
hence  we  need  consider  only  the  fraction. 

In  order  to  integrate  a  differential  expression  involving  such  a 
fraction  it  is  often  necessary  to  resolve  it  into  simpler  partial  frac¬ 
tions,  i.e.  to  replace  it  by  the  algebraic  sum  of  fractions  of  forms 
such  that  we  can  complete  the  integration.  That  this  is  always 
possible  when  the  denominator  can  he  broken  up  into  its  real  prime 
factors  will  he  shown  in  the  next  section. f 

189.  Partial  fractions.  Consider  the  rational  fraction  . 


(A) 


F(x ) 

f(x) 


reduced  to  its  lowest  terms,  the  degree  of  the  numerator  being  less 
than  that  of  the  denominator.  If  a  occurs  a  times  as  a  root  of  the 
equation  f(x)  =  0,  we  may  write  • 


f{x)  =  (x-  a)a(f)  (x), 


*  That  is,  the  variable  is  not  affected  with  fractional  or  negative  exponents  (see  §  25,  p.  16). 
t  Theoretically,  the  resolution  of  the  denominator  into  real  quadratic  and  linear  factors  is 
always  possible  when  the  coefficients  are  real,  that  is,  such  a  resolution  exists. 
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where  <£  (x)  is  not  divisible  by  x-a.  Therefore  <£(«)=£  0  since  a  is 
not  a  root  of  <f>(x)=  0.  We  may  then  write  (H)  in  the  form 

F(x) 

(B)  (x  —  a)acf)  (x) 

The  equation 

F{x)  =  A  F{x) _ A 

fix)  ~  (x  -  ay  +  (x  -  a)a<f>  (x)  (x  -  a)a 

is  evidently  true  for  any  value  of  A. 

Combining  the  last  two  fractions, 

F(x)  _  A  F(x)-A<f>(x) 

'  '  f{x)  (x  —  a)a  (x  —  a)a(f)(x) 

Now  let  us  determine  the  value  of  A  so  that  the  numerator  of 
the  last  fraction  in  ((7)  shall  be  divisible  by  x—a.  In  that  case 
x  —  a  will  be  a  root  of  Fix)  —  A<f)  (x)  =  0,  and  hence 

F(a)-A<t>(a)=  0,  or,  ^  =  ~ 


This  value  of  A  is  finite  since  </>  (a)  =£  0. 

Having  now  determined  the  value  of  A  so  that  x  —  a  shall  be  a 
factor  of  F(x)  —  A<f>(x),  we  may  write 

F(x)  —  A(f)  (x)  =  (x—  a)  Fx  (x), 

where  the  degree  of  the  new  function  F1  ( x )  is  less  than  the  degree 
of  (x  —  a)a_1$(£). 

Hence  from  (C) 

(I))  F(x)  =  A  Fx  (x) 

'  fix)  (x  —  a)"-  (x  —  aja~1cf)(x) 

If  a  >  1,  we  proceed  in  the  same  manner  with  the  second  fraction 
on  the  right-hand  side  of  (D),  giving,  say, 


(X) 


where  AL  = 


Ffx) 


A 


F,(x) 


(x  —  a)a  X(p(x)  (x  —  a)a~l  ^  (x—  a)a~2 (x)' 

FM 
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Continuing  this  process,  we  get 

F(x)  A  A,  Aa_  G(x) 

f(x)  (x—a)a  ( x  —  a)a “1  x  —  a  $(x)' 

where  G(x)  is  of  lower  degree  than  $(z),  and  cf>  (x)  does  not  contain 
the  factor  x—a. 

If  now  b  occurs  /3  times  as  a  root  of  f(x)  =  0,  it  will  also  occur 
/3  times  as  a  root  of  </>  ( x )  =  0,  and  we  may  break  up 

G(x) 

cj>(x) 

into  a  sum  of  partial  fractions  in  exactly  the  same  way  as  we 
decomposed  the  original  fraction. 

From  the  preceding  discussion  it  follows  that  if  a,  b,  c,  •  ••,  l  are 
roots  of  the  equation  f(x)  =  0,  occurring  respectively  a,  /3,  y,  •  •  • ,  A 
times,  the  given  rational  fraction  may  be  broken  up  into  a  sum  of 
rational  fractions  as  follows  : 


(G) 


F(x)  _  A 
f(x)  (x  -  a)11 
B 

+ 


+ 


(x 


+  ■ 


a)a~ 

B, 


-!+■■■  + 


( x  —  by  (x  —  b) 


rid - h 


x  —  a 

B 


6  —  1 


x  —  b 


+ 


+ 


L , 


( x  —  iy  ( x  —  i) 


A  —  1 


+ 


Lx  , 
+  -*=1 


X 


Since  every  equation  of  degree  n  has  n  roots,  it  is  evident  that 
there  will  be  as  many  partial  fractions  as  there  are  units  in  the 
degree  of  f(x). 

Instead  of  finding  the  constants  A ,  Av  •  •  •,  B,  Bv  ■  ■  •,  L ,  Lv  ■  ■  ■  b} 
the  method  indicated  above,  it  is  more  usual  to  clear  (Cr)  of  frac¬ 
tions.  This  makes  F(x)  identically  equal  to  a  polynomial  in  «  of 
degree  not  greater  than‘n-1  [assuming  n  as  the  degree  of  A»] 
and  therefore  containing  at  most  n  terms.  Since  this  identity 
holds  true  for  all  values  of  x,  we  equate  the  constant  terms  and  the 
coefficients  of  like  powers  of  x  on  both  sides.  T his  gives  n  inde¬ 
pendent  and  consistent  equations,  linear  in  the  constants  required. 
Solving  these  n  simultaneous  equations  we  get  the  n  constants 
A ,  Ax,  •  •  • ,  B,  Bv  •  •  • ,  B ,  By,  ■  •  •  • 
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190.  Imaginary  roots.  Equation  ( G )  on  p.  317  holds  true  when 
some  or  all  of  the  roots  a,  b,  c,  ■  •  l  are  complex  (see  §  11,  p.  9). 
When  the  coefficients  of  F(x)  and  f(x)  are  real  —  and  this  is  the 
only  case  we  shall  consider  —  we  may  avoid  the  complex  numbers 
and  put  our  results  in  real  form  as  follows. 

Suppose,  for  instance,  that  the  root  b  is  complex.  It  may  he 
written  in  the  form  b  =  g  +  hi , 

where  g  and  h  are  real  numbers  and  i  =  V—  1.  Then  there  must 
be  a  second  complex  root,  say  c,  conjugate  to  5,  namely, 

c  =  g  —  hi. 

If  b  occurs  ft  times  and  c  occurs  y  times,  we  see  that  ft  must 
equal  y.  From  the  manner  in  which  B,  Bv  ■  ■ .,  C,  Cv  •  •  •  were  deter¬ 
mined  it  is  evident  that  if 


we  shall  have 
Hence  the  sum 

(A) 


B  =  G  +  Hi ,  Bx  =  Gx  +  Hxi,  •  • 
C  =G  —  Hi  C1=G1-H1i, 


B 


■  + 


C 


(x  —  by  (x  —  c)P 


+ 


B, 


+ 


Cl 


(x  —  by  1  (x  —  cy  1 


BB-!  us_1 

+  - 7  +  ' - 

X  —  0  X  —  c 

may  be  expressed  in  the  real  form 

f(x) 


(*) 


[(*  -  gf  +  h2y' 

where  the  denominator  is  of  degree  2  ft  and  the  numerator  of 
degree  not  greater  than  2/3  —  1.  Let  ■f1  (x)  be  the  quotient  and 
Fxx  +  Qx  the  remainder  found  in  dividing  \[r  (x)  by  [(x  —  gf  +  A2]. 
Then 


f  (x)  =  l(x  ~  9?  +  7i2]  f  i  (x)  +  J\x  +  Qi 


and  ( B )  may  be  written  in  the  form 
■f  (x)  Pxx  + 


+ 


^(x) 


l(x  -  gf  +  Vf  [(*  -  gf  +  hy  [(x  -  gf  + 


(O) 
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Similarly  the  second  fraction  on  the  right-hand  side  of  (0)  may 
be  written  in  the  form 


(-*>) 


fi(x) 


P„x  -f-  Q„ 


7  + 


VrS  (X) 


[(x  -  gf  +  Wf  1  [(x  -  gf  +  vy-1  '  \iz-gf+hy-* 

Continuing  this  process,  (.A)  gives  finally 

(E)  B  '  £l 


+ 


+ 


(x  —  by  (x—by~ 

c  cx 


+ 


;  + 


1+  h 


'  H - j 

x  —  b 

CB 


(x  —  cy  ( x  —  cy x  —  c 

Pxx  +  Qi  ,  p2x  +  q2 


[{x-gf  +  hy  [(x-gf  +  hj 


7i  + 


PpX  -)-  Qo 


(x  -  gf  +  W 


The  coefficients  Pv  Qv  P2,  Qv  . . are  calculated  by  the 
same  method  we  employed  to  calculate  the  coefficients  in  the  last 
section. 

We  shall  now  proceed  to  illustrate  what  has  been  said  by  work¬ 
ing  out  numerous  examples  in  detail.  It  is  convenient  to  classify 
our  problems  under  the  following  four  heads. 

Case  I.  When  the  roots  of  f(x)=Q  are  all  real  and  none 
repeated.  The  denominator  may  then  be  broken  up  into  real 
linear  factors,  none  of  which  are  repeated. 

Case  II.  When  the  roots  of  fix)  =  0  are  all  real  but  some 
repeated.  Then  the  denominator  may  be  broken  up  into  real 
linear  factors,  some  of  which  are  repeated. 

Case  III.  When  the  equation  f(x)  =  0  has  some  imaginary  roots, 
none  of  which  are  repeated.  Then  the  denominator  may  be  broken 
up  into  a  product  of  real  prime  factors,  there  being  a  real  quad¬ 
ratic  factor  (factor  of  the  second  degree)  corresponding  to  each 
pair  of  conjugate  imaginary  roots. 

Case  IV.  When  the  equation  f(x)  =  0  has  some  imaginary  roots 
repeated.  The  corresponding  quadratic  factors  are  then  repeated 
in  the  denominator. 

When  we  speak  of  factors  of  the  denominator  we  shall  mean  only 
real  prime  factors,  as  these  include  all  the  types  that  can  occur.* 

*  If  the  coefficient  of  the  highest  power  of  the  variable  in  the  denominator  is  different  from 
unity,  we  begin  by  dividing  both  numerator  and  denominator  by  this  coefficient. 
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191.  Case  I.  When  the  factors  of  the  denominator  are  all  of  the 
first  degree  and  none  repeated. 

It  is  evident  from  (G),  p.  BIT,  that  to  each  non-repeated  linear 
factor,  such  as  x  —  a,  there  corresponds  a  partial  fraction  of  the  form 


x  —  a 

Such  a  partial  fraction  may  be  integrated  at  once  as  follows : 

f-*L  =  A  log  (x-a)  +  C. 

J  x  —  a  J  x  —  a 


Ex.  1. 


.  ,  r(2x  +  3)dx 

Emd  I  — - - — —• 

J  xs  +  x1  —  2  x 

Solution.  The  factors  of  the  denominator  being  x,  x  -  1,  x  +  2,  we  assume 5 
2  x  +  3  ABC 


(A) 


=  -  +  -=—+  . 
x(x  —  1)  (x  +  2)  x  x  — 1  x  +  2 


where  A,  B ,  C  are'  constants  to  be  determined. 

Clearing  (A)  of  fractions,  we  get 

(2?)  2x  +  3=A(x-l)(x  +  2)  +  R(x  +  2)x  +  C(x  — l)x 

=  (A  +  B  +  C)  x2  +  {A  +  2  J3  -  C)  x  —  2  A. 

Since  this  equation  is  air  identity,  we  equate  the  coefficients  of  the  like  powers 
of  x  in  the  two  members  according  to  the  method  of  Undetermined  Coefficients, 
and  obtain  the  three  simultaneous  equations 

r  A  +  B+C=  0, 

(C)  \A+2B-C  =  2, 

l  —  2  A  —  3. 

Solving  equations  (C),  we  get. 

A  _  _ 3  7?  —  5 

—  2’  —  3 1 

Substituting  these  values  in  (A), 

2  x  +  3  3 


c  =  -  b 


f  ~ 

J  X  (X  — 


x  (x  —  1)  (x  +  2)  2  x  3  (x  —  1 )  G  (x  +  2) 

2  x  +  3  .  3  r  dx  .  5  r  dx  1  r  dx 


x  (x  —  1)  (x  +  2) 


-dx 


3  rdx  5  r  dx  1  r 

x  3 J  x  —  1  gJx+2 
=  -  f  log  x  +  f  log  (x  —  1)  —  1  log  (x  +  2)  +  log  c 
C  (x  —  1)5 


=  lop 


A  ns. 


x*  (x  +  2)« 


A  shorter  method  of  finding  the  values  of  A,  B,  and  C  from  ( B )  is  the  following  : 
Let  factor  x  =  0  ;  then  3  =  —  2  A,  or,  A  =  —  f. 

Let  factor  x  —  1  =  0,  or  x  =  1 ;  then  5  =  3  B,  or,  B  =  f . 

Let  .  factor  x  +  2  =  0,  or  x  =  —  2  ;  then  —  1  =  G  C,  or,  C  =  —  i. 


*In  the  process  of  decomposing  the  fractional  part  of  the  given  differential  neither  the 
integral  sign  nor  dx  enters. 


INTEGRATION  OF  RATIONAL  FRACTIONS 


321 


EXAMPLES 


i.  r_(g-i)<*E  _lorTc(x  +  4)§  ^ 

'  x2  +  6  x  4-  8  (x  -f  2)3 


/ 


2. 


x2  +  6  x  -f  8 
(3x  —  l)dx 


log  [c(x  +  3)2  (x  -  2)]. 


x2  +  x  —  6 

3-  f  =  log  L  (z  -  2).  (x  +  3).  +  c. 

*F- 


x5  +  x4  -  8  x8  ,  x2  ,  ,  X2  (x  -  2)5 

— - - - dx  =  —  H - l-4x  +  log — - -f  G. 

Xs  —  4  x  3  2  (x  +  2)8 


r  x4dx 

J  (x2  -  1)  (a 

r  (a  —  b)  ydy  =  lo„  (v  ~  «)tt  ■  c 
*/  v2  —  (a  4-  b)  v  4-  ab  °  (v  — 


<*»  -  mx + 2)  =  2  - 21  +  5l0s^nr, + Yl08(I  +  2>  +  c- 


6. 


y2  —  (a  +  b)  y  +  ab 
( t 2  +  pq)  dt 


(y  -  b)b 


7  f  (F  +  Pqjdt  =l  (t-p)(t  +  q) 

J  tit  - 


t 


+  c. 


(t  -p)(t  +  q) 

(2  z2  -  5)  dz  _  _J_ 
z4  —  5  z2  4-  6  2V2  “2  +  V2  '  2  V3  "°z  +  V3 


.  Z-V2  1  z-V3  - 

■  log - =  A - -  log - -  +  G. 


192.  Case  II.  When  the  factors  of  the  denominator  are  all  of  the 
first  degree  and  some  repeated. 

From  ( Gi ),  p.  317,  it  is  clear  that  to  every  n-fold  linear  factor, 
such  as  ( x  —  a)",  there  correspond  the  n  partial  fractions 

A  B  L 

A - 1 - 1 - 

1  .  '1-1  '  ~ 


(x  —  a)n  (x  —  a)n  -  x  —  a 

The  last  one  is  integrated  as  in  Case  I.  The  rest  are  all  inte¬ 
grated  by  means  of  the  power  formula.  Thus, 


ffi^=Af(x~ay'ch= 


A 


(1  —  n)  (x  —  a) 


71  —  1 


c. 


Ex.  1.  Find  f — 
J  x(x 


Xs  +  1 


dx. 


x(x  —  l)8 

Solution.  Since  x  —  1  occurs  three  times  as  a  factor,  we  assume 


x3  +  1  _  A  ^ 


B 


+ 


C 


+  ■ 


I) 


7  X  (x  —  l)3  X  1  (x  —  l)3  ’  (x  —  l)2  ’  X  —  1 

Clearing  of  fractions, 

x8  +  1  =  A  (x  —  l)3  +-  Bx  4-  Cx  (x  —  1)  4-  Dx  (x  —  l)2 

=  (A  +Z»)x3  +  (— 3A  +  C'-2D)x2  +  (34  +  jB-C  +  D)x  —  A. 
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Equating  the  coefficients  of  like  powers  of  x,  we  get  the  simultaneous  equations 

A  +  D  =  1) 

—  3A  +  C  —  2D  =  0, 

3  A  +  B  —  C  +  D  =  0, 

-A  =  1. 

Solving,  A  =  —  1,  B  —  2,  0=1,1)  =  2,  and 


x3  +  1  =  _  1 


x  (x  —  l)3 

X3  +  1 
X  (x  —  1) 


X  +  (x  -  l)3  +  (X  —  l)'2  X  —  1 

...  f  x3  +  1-dx=  -  1  1 

J  x(x  —  l)3 


:  + 


■  log  X 


(X  -  l)2 


(X  -  l)2  X  - 
+  iogl^=il!+c. 


-  +  2  log  (x  —  1)  +  C 


X 


EXAMPLES 


/ 


x2dx 


3  4 


(x  +  2)2(x  +  1)  x  +  2 
(x  —  8)  dx  _  3 


r  u 

J  x3  — 


x!  —  4  x2  +  4  x  x  —  2  x2 


+  log(x  +  1)  4-  G.  ^ 

(x  -  2)2  ,  „ 

+  log  - - rr1-  +  o. 


;  r  x2  +  1_  dx  _ - ^ — -  - +  log  (x  —  1)  +  L 

J  (X  -  l)3  (X  -  l)2  X  -  1 


•  / 


(x  - 1)3  (x  - 1) 

(3  x  +  2)  dx  _  4  x  4-  3 
x  (x  +  1)3~  “  2  (x  +  l)2  '  ~°(x  +  l) 


+  log 


x2 


-  +  C. 


Uf 

6-  f 


x2dx 


(x  +  2)2(x  +  4)2 

y-dy 


kx  +  12 

x2  +  0  x  +  8 

4 


+  <-£)' +  a 


y3  +  5  2/2  +  8t/  +  4  y  +  2 
r  dt  t  1 

J  a2  -  212 


+  log  (y  +  1)  +  C. 


•  + 


-  log - -  +  C. 


8-  / 
*/( 


(C  -  2)2  4  (f2  -  2)  8  V2  °  t  -  V2 

as2(Zs  .  .  ,  .  2  a2  a3 

^ri  =  al„g(,  +  a)  +  — 


+  c. 


m 


nz 


z  -f  m  (z  +  n)2 


^  dz  =  log  (z  +  m)m  (z  +  n)~n  — 


n2 


z  +  n 


+  C. 


193.  Case  III.  When  the  denominator  contains  factors  of  the 
second  degree  hut  none  repeated. 

From  (U),  p.  319,  we  know  that  to  every  non-repeatecl  quadratic 
factor,  such  as  a?  +  px  -f  g,  there  corresponds  a  partial  fraction  of 
the  form  Jx  +  B 

x2  -f  px  +  q 


INTEGRATION  OF  RATIONAL  FRACTIONS 
This  may  be  integrated  as  follows : 

r(Ax  +  B)dx  _  f(Ax  +  ~j~~^  +  B)dx 
'  x2+px  +  q  J  z*+px  +  q 

^Adding  and  subtracting  in  the  numerator. J 


323 


%  U 


[Completing  the  square  in  the  denominator  of  the  second  integral.] 


A .  .  .  .  2B 

=  ~l°g(x2+px  +  q) 


Ap 


V4  q  —  p‘ 


-  arc  tan 


2  x  -pp 
V4  q  —  p2 


C. 


Since  x2  +px+  q=  0  has  imaginary  roots,  we  know  from  3,  p.  1, 
that  4  q  —  p2  >  0. 


Ex.  1.  Find 


Si 


4  dx 


Xs  +  4x 

Solution.  Assume 


4  _  A  |  Bx  +  C 

x  (x2  +  4)  x  x2  +  4 


Clearing  of  fractions,  4  =  A  (x2  +  4)  +  x  (Bx  +  C)  =  (A  +  B)  x2  +  Cx  +  4  A . 
Equating  the  coefficients  of  like  powers  of  x,  we  get 

A  +  B  =  0,  C  =  0,  4  A  =4. 

4  lx 


This  gives  A  =  1,  B  =  —  1,  C  =  0,  so  that 


x  (x2  +  4)  x  x2  +  4 


/4d x  _  rax  r 
x  (x2  +  41  J  x  J  ; 


x  (x2  +  4) 


dx 

x 


xdx 
x'2  +  4 


CX 

=  log  x - log(x2  +  4)  4-  log  c  =  log - 

2  VxM-  4 


Ans. 


xcZx 


EXAMPLES 

1  x2  4-  4  2  x 

=  —  log - —  arc  tan  -  AC. 


1'  /(x  +  l)(x2  +  4)  10  °  (x  +  l)2 

_  r  (2x2  —  3x  —  3)dx  ,  (x2  — 2x  +  5)^  1  x  — 1 

2.  I  -A - l - =  log  1 +  -  arc  tan - 1  C. 

J  lx-  l)(x2-2x  +  5)  x  —  1  2  2 


7 


’  Si 


x2dx  1 ,  1  +  x  1  x  „ 

=  -  log  - - arc  tan  x  +  C . 


1  —  x 


^  dsbXiizj  & 

C*>-t)X+u  JtVv 


%-r** 
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1  JV 


dx 


1. 

=  -  log  ■ 


- arc 


(x2  +  1)  (x2  +  x)  4  °  (x  +  l)2  (x2  +  1)  2 


tan  x  -f  C. 


5. 


(x3  —  6)  dx 


=  log 


3*2  j-4  3  x  3  x  ~ 

^  -| —  arc  tan - —  arc  tan  ——  +  C. 


2  Vi 

x  — 1 


V2 


X  x4  +  6  x2  +  8  Vx2  +  2 

f  (5x2  —  l)dx  -  A  arc  tan  4,  +  C. 

J  (x2  +  3)(x2-2x  +  5)  x2  +  3  2  2  V3  V3 


(x  +  1)2  .  1 


X3  +  I  t>  x2-x+l  •  V3  V3 


r  dx  _  1  .  v"  1  XL - j.  arc  tan 

Jx3  +  1  6 

8-  Si 


2x  —  1 


+  C. 


(3  x  —  7)  dx _  *2  +A  +  1  arc  tan  *  +  C. 

S  ,  1X,  1  o  2 


»/: 


:3  +  x2  +  4  x  +  4 
z2dz 


(x  +  l)2  2 

Vi 


10 


z4  +  z2  —  2  6 

4  dt 


=  -  log  (  - — H - -  arc  tan  -^=  +  C 

6  \z  +  l/  3  V2 


V2 
t  Vi 

+  1  Vi t2  —  t  Vi  +  1  1  -  <2 


11 


C  ,m  =  J_  log  +  +  1  +  Vi  arc  tail  — '  +  0. 

t(‘  +  l  Vi 

Si 


=  1  log  J^±l  +  1  +  i  arc  tan  t£+l  +  C. 

_  yZ  0  y2_2^  +  l  Vo  V3 


194.  Case  IV.  When  the  denominator  contains  factors  of  the 
second  degree  some  of  which  are  repeated. 

To  every  w-fold  quadratic  factor,  suclr  as  (x2  +px-\-qY->  there 
correspond  the  n  partial  fractions 

(A)  Ax  +  B  ,  CxpD  |  |  Lx  +  M 

'  (x2  +  px  +  q)“  (x2  +  px  +  q)n~l  x2  +  px  +  q 


To  derive  a  formula  for  integrating  the  first  one  we  proceed 
as  follows : 


/; 


Ax  -p  B 


f(Ax+ i-T+B)d* 

J  (x2  +  vx  4-  q)n 


(: x 2  +  px  -p  q)n  J  ( x 2  A- px  +  qY 

£  Adding  and  subtracting  —  in  tlie  numerator,  j 

f(Ax+ty  r^-^+B^dx 

J  (x2  -p  px  +  q)n  J  (x2  -p  px  +  q)u 

f(^+Px  +  q)-n(2x  +  p)dx  +  (^  B  ~  Ap^j  f 


dx 


(x2  -p  px  -p  q)n 
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The  first  one  of  these  may  be  integrated  by  [4] ;  hence 
/  D\  J>  j  A 

<B)  J^+F,  +  1rdx= 27TT 


+ 


(1  —  ra)  (a:2  -f  jaa;  +  ^)”  1 
2  B  —  Ap\  C  dx 


Sr, 


(x2  -j-px  -f-  q)n 

P N 


a;  + 

Let  us  now  differentiate  the  function  — - 

(ar  +  y>a;  + 

Thus, 


x  + 


P 


dL  _ 

dx  \  (; x 2  +y?a:  +  _1/  (a:2  +  px  +  2)" 

((7)  d 


2(w  —  + 

(a:2  +  px  +  q)n 


or, 


X+P 

X  +  2 


1  (: a: 2  +  y>a;  +  g')’! 


—  (2  m  —  3) 


2(w-l)(? 


■  +  ■ 


P‘ 


dx. 


K(p?  +px  +  q)n~ 1  (a;2  +  px  +  ?)n 

Si  nee  a£+pa:  +  g  =  +  ('/  -  >  antl  ("c+ 2)  =  (x^+px  +  q)  -  .j 


Integrating  both  sides  of  ((7), 

P 

— -  =  —  (2  n  —  3)  f 

\?|-1  v  V  i 


a;+J 


dx 


(x2  -\-px  +  q)n 


(x2  -f  px  +  q) 


n-  1 


or,  solving  for  the  last  integral, 
dx 


dx 


4  /  J  (x2  +  px  +  <?)“ 


/  fa;5 


+  2  (w  -  1)  ( g  -£-)  (a;2  +  pa;  + 


(fa; 


2  to  —  3 


_  .  n2\  X(a;2  +  ®a;  +  y)n  1 
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Substituting  this  result  in  the  second  member  of  (B),  we  get; 

r  (Ax  +  B)  (lx  _  A  ( p2  —  4  q)  +  (2  B  —  Ap)  (2  x  +  />) 

{E)  J  (x*  +px  +  q)H  “  2  (»  -  1)  (4  g  -  2>2)  (*a  +  +  g)*"1 

(i>  />*  —  Ap)  (2w-  3)  /*_ 

J  t 


+ 


(n- 1)  (4g  -  2>2)  J  (^2  +PX  +  g),1_1 

It  is  seen  that  our  integral  has  been  made  to  depend  on  the 
integration  of  a  rational  fraction  of  the  same  type  in  which,  how¬ 
ever,  the  quadratic  factor  occurs  only  n  —  1  times.  By  applying 
the  formula  (22)  n  —  1  times  successively  it  is  evident  that  our 
integral  may  be  made  ultimately  to  depend  on 

dx 


fi 


xA  4-  px  -f  q 

and  this  may  be  integrated  by  completing  the  square,  as  shown 
on  p.  302. 

In  the  same  manner  all  but  the  last  fraction  of  (.A)  may  be 
integrated.  But  this  last  fraction,  namely, 

Lx  +  M 

o - > 

x  +  q 

may  be  integrated  by  the  method  already  given  under  the  previous 
case,  p.  323. 


^  i  ,  r  (x3  +  x2  +  2)  dx 

Ex.  1.  Find  i — A - '—A - 

J  (x2  +  2)2 


(x2  +  2)2 

Solution.  Since  x2  +  2  occurs  twice  as  a  factor,  we  assume 
x3  +  x2  +  2  _  Ax  +  B  Cx+  D 

(x2  +  2)2  ~  (x2  +  2)2  x2  +  2  ‘ 

Clearing  of  fractions,  we  get 

x3  +  x2  +  2  =  Ax  +  B  +  (Cx  +  I) )  (x2  +  2) 

=  Cx3  +  Dx2  +  (A  +  2  C)x  +  B  +  22). 

Equating  the  coefficients  of  like  powers  of  x, 

G  =  l,  D  =  1,  A +  2  <7  =  0,  R+22>  =  2. 

A=  —  2,  B  =  0,  <7  =  1,  D=l. 
x8  +  x2  +  2  2x  ,  x  +  1 


This  gives 
Hence 


(x2  +  2)2 

r  (x3  +  x2  +  2)  dx 
'  (x2  +  2)2 


(x2  +  2)2 
2  xdx 


o  + 


x2  +  2 
xdx 


,  and 


/2  xdx  i  f  xdx  i  f 

(x2  +  2)2  +  J  x2  +  2  +  J 


dx 


x2  +  2  J  x2  +  2 


:  — i—  +  -—arc  tanA=  +  ~log(x2  +  2)  +  C. 
x2  +  2  V2  V2  2 


*  4g,-p2>0,  since  x2  +  px  +  q  =  0  lias  imaginary  roots. 


-  -y-t  i  ^ 


•3> 

0°  J  ^  j  3 
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r  2  Xs  +  x  4-  3  , 

Ex.  2.  Find  j  - —  dx. 

J  (x2  +  l)2 

Solution.  Since  x2  +  1  occurs  twice  as  a  factor,  we  assume 
2  x3  +  x  +  3  _  Ax  +  B  Cx  +  D 
(x2  +  l)2  (x2  +  l)2  +  x2  +  l  ' 

Clearing  of  fractions, 

2  x3  +  x  +  3  =  Ax  +  B  +  (Cx  +  D)  (x2  +  1). 

Equating  the  coefficients  of  like  powers  of  x  and  solving,  we  get 
A=-  1,  B  =  3,  0=2,  D=0. 


Hence 


/ 


2  x3  +  x  +  3 
(x2  +  l)2 


—  x  +  3 
(x2  +  l)2 


dx  + 


f 


2xdx 
x2  +  1 


=  log  (x2  +  1)  + 


r—  x  +  3 

J  (x2  +  l)2 


dx. 


Now  apply  formula  (E),  p.  326,  to  the  remaining  integral.  Here 
A  =  —  1,  B  =  3,  p  =  0,  g  =  1,  w  =  2. 


Substituting,  we  get 


r~8+8-(fo=  1+— 

J  (x2  +  l)2  2  (x2  +  1) 


3  r  dx 
2  J  x2  +  1 


1  +  3x 
2  (x2  + 1) 


+ 


-  arc  tan  x. 
2 


Therefore 

f  2  s3  +  x  +  3  w  ix 2  _p  i\  1  +  3  x—  +  -  arc  tan  x  +  C. 
J  (X2  + 1)2  +  +  2  (x2  + 1)  2 


EXAMPLES 


>■/ 
r2-  / 

3-  / 


x3  +  x  —  1  -ft.  _  2  x _ p  log  (x2  +  2)* - K=  arc  tan  +  C. 


d0i>  — 

(x2  +  2) 2  4  (x2  +  2) 


2  xdx  ,  _  _ ,  , ,  ,  S'1'0  tan  *  ^  ^  _|_  a. 


(1  +  x)  (1  +  x2)2 
x7  +  x5  +  x3  +  x 


—  =  -  log  (x  +  1)  + 


4V2  V2 

+ 


2  (x2  +  1) 


dx  = 


4 — — f-  —  log  (x2  +  2)  —  9  log  (x2  +  3)  +  C 


(x2  +  2)2(x2  +  3)2  2  (x2  +  2)  x2  +  3  2 

r  (4  x2  -  8  x)  dx  _  3x2-x  +  i  fojzll!  +  arc  tan  x  4- C. 

'  J  (x  -  l)2  (x2  +  l)2  (x  -  1)  (x2  +  1)  .  x2  +  l 

r  (3  x  +  2)  dx  _  13  x  -  24  26 

6‘  J  (x2-3x  +  3)2~3(x2-3x  +  3)  3V3 

SV*  CC- 


2  x  —  3  ^  AsLts  Ldy 


arc  tan—— - b  0. 

V3 


/■>  S  X  !/ 


Since  a  rational  function  may  always  be  r&luced'to  the  quotient 


of  two  integral  rational  functions  (§  26,  p.  16),  i.e.  to  a  rational- 
fraction,  it  follows  from  the  preceding  sections  in  this  chapter 
that  any  rational  function  whose  denominator  can  be  broken  up 
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into  real  quadratic  and  linear  factors  may  be  expressed  as  the 
algebraic  sum  of  integral  rational  functions  and  partial  fractions. 
The  terms  of  this  sum  have  forms  all  of  which  we  have  shown 
how  to  integrate.  Hence  the 

Theorem.  The  integral  of  every  rational  function  whose  denomi¬ 
nator  can  be  broken  up  into  real  quadratic  and  linear  factors  may 
be  found ,  and  is  expressible  in  terms  of  algebraic ,  logarithmic ,  and 
inverse-trigonometric  functions ;  that  is,  in  terms  of  the  elementary 
functions. 


CHAPTER  XXVII 


INTEGRATION  BY  SUBSTITUTION  OF  A  NEW  VARIABLE. 

RATIONALIZATION 

195.  Introduction.  In  the  last  chapter  it  was  shown  that  all 
rational  functions  whose  denominators  can  be  broken  up  into  real 
quadratic  and  linear  factors  may  be  integrated.  Of  algebraic 
functions  which  are  not  rational ,  that  is,  such  as  contain  radicals, 
only  a  small  number,  relatively  speaking,  can  be  integrated  in  terms 
of  elementary  functions.  By  substituting  a  new  variable,  however, 
these  functions  can  in  some  cases  be  transformed  into  equivalent 
functions  that  are  either  in  the  list  of  standard  forms  (pp.  292,  293) 
or  else  are  rational.  The  method  of  integrating  a  function  that  is 
not  rational  by  substituting  for  the  old  variable  such  a  function  of 
a  new  variable  that  the  result  is  a  rational  function  is  sometimes 
called  integration  by  rationalization.  This  is  a  very  important  arti¬ 
fice  in  integration  and  we  will  now  take  up  some  of  the  more 
important  cases  coming  under  this  head. 

196.  Differentials  containing  fractional  powers  of  x  only. 

Such  an  expression  can  be  transformed  into  a  rational  form  by 
means  of  the  substitution  _ 

J  X  =  2”, 

where  n  is  the  least  common  denominator  of  the  fractional  exponents  of  x. 

For  x,  dx,  and  each  radical  can  then  be  expressed  rationally  in 
terms  of  z. 

Ex.  1.  Find  C?  fix. 

J  ad 

Solution.  Since  12  is  the  L.C.M.  of  the  denominators  of  the  fractional  expo¬ 
nents,  we  assume  _  zl2 

Here  dx  =  12  zndz,  ad  =  z8,  ad  =  z3,  ad  =  z°. 

...  Cxi  ~  X*dx  =  f  zH-ZJl  12  Zudz  =  12  f  (z13  -  z8)  dz 
=  f  z14  —  f  z9  +  C  =  f  x^  -  f  ad  +  C. 

TSuhstituting  back  the  value  of  z  in  terms  of  x,  namely,  z=x A.] 
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The  general  form  of  the  irrational  expression  here  treated  is  then 

1 

E  (xn)  dx,  ' 

i 

where  E  denotes  a  rational  function  of  xn . 

197.  Differentials  containing  fractional  powers  of  a  +  bx  only. 

Such  an  expression  can  be  transformed  into  a  rational  form  by 
means  of  the  substitution 

a +  bx  =  zn, 

where  n  is  the  least  common  denominator  of  the  fractional  exponents 
of  the  expression  a  +-  bx. 

For  x,  dx ,  and  each  radical  can  then  be  expressed  rationally  in 
terms  of  z. 


Ex.  1.  Find 


/; 


dx 


then 


(1  +  x)5  +  (1  +  xy 
Solution.  Assume  1  +  x  =  z2 ; 

dx  —  2  zdz,  (1  +  x)3  =  z3,  and  (1  +  x)2  =  z. 


f 


dx 


/2  zdz  _  r  clz 
z3  +  z  J  z2  +  1 


(1  +  X)»  +  (1  +  X)* 


dz 

4" 


=  2  arc  tan  z  +  G  =  2  arc  tan  (1  +  x)-  +  C, 
when  we  substitute  back  the  value  of  z  in  terms  of  x. 


The  general  integral  treated  here  has  then  the  form 

i 

E  [x,  (a  +-  bx)n]  dx, 

where  E  denotes  a  rational  function. 


EXAMPLES 


r  x-dx  43  4,  .  *  „ 

L.  |  — - =  -x*  -  -log(x*  +  1)  +  C. 

J  x*  + 1 


+ 

■Xs  —  X3 

6x* 

X^  +  1 


3  3 

1  /2 


2.  C*^Ldx  =  lf± 

'  fix!  3  \  9 

3/ 


0  6  .. 
x1 - x12 


13 


13  \  _. 

15 )  +  c. 


6  12 

dx  = - -4 — -  +  2  log  x  —  24  log  (x&  +  1)4-0. 

X®  +  X*  X°  X12 


/ 


x“  —  X®  3 

>•  /  r  3/- 

J  2  Vx  —  V x2 


=  -  Xs  +  2  log  - 


x®  +  1 


+  4  arc  tan  xH  +  C. 


,  3  Vx  dx  x*  4  x2 

5.  |  - = - =  -  18  —  +  _  +  __ 


L  5 


4X2  ,  1  ,  ,  “1 

+  J  +  -y  +  4a:3  +  16x2  +  32  log(x*  -  2)  +  G. 
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6 


r*±tL av =14 |>~x +ti-yl  +  y±\  +  c. 

J  V  4-  V®  *-  2 


V  +  yt 

dx 


2  5  4  6 


:] 


,  (x  +  1)*  - 1  ,  r 

~r  —  log  - - - +  C. 


x(x  +  1)*  (x  +  !)*  +  ! 


/; 


xrdx  _6x2+6x  +  l 


+  C. 


ft  r  xdx  _  2  (2  a  +  bx)  |  r  g  _ _ _ 

^  (a +  bx)%  62  Va  +  6x  ^(4x+l)5  12  (4x  +  1)? 

10.  J  y  Va  +  y  dy  =  A  (4  y  -  3  a)  (a  +  2/)*  +  C. 

11,  fVx  +  1+—  dx  =  x  +  l+  4Vx  +  l  +  4  log(Vx  +  1  -  1)  +  C. 

J  Vx  +  1  -  1 

12‘  /" 

J  1 


+  Vx  +  1  2 

dx 


(x  +  1)®  -  3(x  +  1)*  +  31og(l  +a/x  +  1)  +  C. 


13,  f - *5 - =  3  { (x  +  1)®  +  2  (x  +  1)*  +  2  log  [(x  +  1)*  -  1]}  +  C.  y 

J  (X  +  1)®  -  (X  +  1)4 

+•  i  >  f 

198.  Differentials  containing  no  radical  except  Va  +  boo  +  sc2.* 

Such  an  expression  can  be  transformed  into  a  rational  form  by 
means  of  the  substitution 

Va  -f  bx  4-  x2  =  z  —  x. 

For,  squaring  and  solving  for  x, 


a:  — 


z*  —  a 


.  7  2  (g2  4-  bz  +  a)  ete 

;  then  ax  =  —  0  ,2  ’ 

6  +  23  (5  +  2  2)“ 


and 


/ - ;  5  /  \  22  4-  ^  +  a 

Va  +  5x  +  x  (=  2  -  x)  =  2  2  " 


Hence  x,  cZx,  and  Va  +  bx  +  x2  are  rational  when  expressed  in 
terms  of  z. 


Ex.  1.  Find 


/: 


dx 


Vl  +  X  +  X2 
Solution.  Assume  Vl  -f  x  +  x2  =  z 

Squaring  and  solving  for  x, 


—  x. 

z2  - 1  ,  2  (z2  +  z  +  1)  dz 

x  =  - - — ;  then  dx  =  —  - 


n 


v-*-  L 


2z  +  r 


(2  z  +  l)2 


and 


r— - -  ,  .  Z2  +  Z  +  1 

Vl  +  X  +  x2(=  z  -  x)  -  2g  -• 


^  -h 

*  p/ y  a 


-  Ci»  *  ^  A 

*  If  the  radical  is  of  the  form  Vn  +px  +  qx\  q > 0,  it  may  be  written  V? \/’Vf*  +  *2>  and 

n.  .  7)  *  j.  j. 


71  J  p 

therefore  comes  under  the  above  head,  where  a  =  ->  0  —  - 


9&Z1 

3 


h,  4  JL 
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•/ 


dx 


Vl  +  x  +  x2 


/ 


2  (z2  +  z  +  1)  dz 

(2  z  +  l)2  r  2dz 


Z2  +  Z  + 


-=fi 


2z  +  1 


=  log[(2z  +  l)c] 


2z  +  1 


=  log  [(2  x  +  1  +  2  Vl  +  x  +  x2)  c], 
when  we  substitute  back  the  value  of  z  in  terms  of  x. 


199.  Differentials  containing  no  radical  except  Va  +  hoc  —  a?2.* 

Such  an  expression  can  he  transformed  into  a  rational  form  by 
means  of  the  substitution 

V  a  +  bx  —  x2  [=  V(x  —  a)  (f3  —  x)]  =  (x  —  a)  z,  r* 

Wtere  x  —  a  awe?  /3  —  £  are  real  f  factors  of  a-\-bx  —  x2 . 


For,  if  Va  -f-  for  —  V  =  V(x  —  a)  (/3  —  or)  =  (x  —  a)  z, 
by  squaring,  canceling  out  (a;  —  a),  and  solving  for  a;,  we  get 


x 


=  ag2  +  /3;  then  dx  =  2(a,-ffWf, 
z2+l  ’  (z2  +  l)2 


and 


Va  +  5x  —  x2  [=  (a;  —  a)zl  =  — — . 

.  L  V  J  Z2  +  1 


Hence  x,  dx,  and  Va  +  5x  —  x2  are  rational  when  expressed  in 
terms  of  z. 


Ex. 


x.  1.  Find  f— ;= 

•J  V-2 


dx 


V2  +  X  —  ; 


Solution.  Since 


Squaring  and  solving  for  x,  x  = 


2  -f-  x  —  x2  =  (x  +  1)  (2  —  x),  we  assume 
V(x  +  1)  (2  —  x)  =  (x  +  1)  z. 

2  -  z2 


z2  +  1 


Hence 


,  —  6  zdz  ,  /- - - 

dx  =  — - — ,  and  V2  +  x  -  x2 [=  (x  +  1) z]  = 


3  z 


■V 


(z2  +  l)2 

dx 


V2  + 


X  —  X- 


z2  +  1 

_  r  dz 

-  —  -  2  — — -  =  —  2  arc  tan  z  +  G 
2  J  z2  +  l  Z _ 

2  -x  ^ 

\tn  +  c’ 


=  —  2  arc  tan 

when  we  substitute  back  the  value  of  z  in  terms  of  x. 


*  If  the  radical  is  of  the  form  y/n+px-qx",  $>0,  it  may  be  written  Vq  \l-  +  —  x  —  x 2,  and 
therefore  comes  under  the  above  head,  where  a=-,b=~.  '  q  q 

q  q 

t  If  the  factors  of  a  +  bx  -  x*  are  imaginary,  Va  +  bx-x2  is  imaginary  for  all  values  of  x.  For, 
if  one  of  the  factors  is  x-m  +  in,  the  other  must  be  -( x-m-in ),  and  therefore 

b  + ax- x 2  =  -(x-m  +  in)  (x-m- in)  =  -  [(a; - m) 2  +  n2] , 
which  is  negative  for  all  values  of  x.  We  shall  consider  only  those  cases  where  the  factors  are  real. 


U  t  t  b  l  +  n*  i  >>  f 


CL  -/-  '&■?>  -t 


•Jo  ^  i-  -/  A  I  ;  V  '■  A' 

^  .i  t* 


a/3 


,xw 


M  V  t 


■ 
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EXAMPLES 


*•  f 


dx 


:  =  —  log 


±+a~^  +  c.  SL 


Vx2  —  x  +  2  V2  Vx2  —  x  +  2  +  x  +  Va 


dx 


iw?'  J~7Y 


x  Vx2  +  2  x  —  1 
dx 


=  2  arc  tan  (x  +  Vx2  +  2x  —  1)  +  C. 


V2  - 


x  —  x2 


—  —2  arc  tan  (  - - -  ^  +  C. 

\x  +  2/ 


Tb*~ 

let  %  Y- 

d^b 

% 


Vx2  —  X  —  1 
dx 


,f  * 

6  / 

‘  J 


V4  x  —  3  —  x2 
xdx 


=  log  (2  Vx2  —  x  —  1  +  2  x  —  1)  +  C. 
=  —  2  arc  tan  - 


0 


ll  -  ] 

tan\  - 

\x  — ; 


+  c. 


8  +  6x 


(2  +  3  x  —  2  x2)®  2oV2  +  3x  —  2x2 


4.  C.  iAsU/bs  M 


i 


7-J 
a  / 


5dx 


.  V5x2  —  2x  +  7 
dx 


=  V51og(5x  —  1  +  V6  V5x2  —  2x  +  7)  -f  C. 


>■/ 


V3  x2  —  x  +  1  V3 
4  dx 


=  -k  log  (6  x  —  1  +  2  V3  V3x2  —  x  +  1)  +  C. 


_ —  =  2  V2  arc  sin  _ 

V4  +  3  x  —  2  x2  a  V41 


10.  C  -;dX —  =  logf  1  +  x  4- Vx2  +  x)  +  C. 

^  Vx2  +  x  a2  ' 

11.  f!^+^  =  iog(*  +  i+ViITT«)- 

J  X2 


+  V2  X  +  X2 


=  +  G. 


The  general  integral  treated  in  the  last  two  sections  has  then 

the  form  / - 7 — ; - 

R  (x,  Va  -f  bx  4-  cx  )  dx , 

where  i?  denotes  a  rational  function. 

Combining  the  results  of  this  chapter  with  the  general  theorem 
on  page  328,  we  can  then  state  the  following 

Theorem.  Every  rational  function  of  x  and  the  square  root  of  a 
polynomial  of  degree  not  higher  than  the  second  can  he  integrated 
and  the  result  expressed  in  terms  of  the  elementary  functions.* 


*  As  before,  however,  it  is  assumed  that  in  each  case  the  denominator  of  the  rational  function 
can  be  broken  up  into  real  quadratic  and  linear  factors. 
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200.  Binomial  differentials.  A  differential  of  the  form 


xm(ci  4-  bxn)p  dx , 

where  a  and  b  are  any  constants  and  the  exponents  m ,  n,  p  are 
rational  numbers,  is  called  a  -binomial  differential. 

Let  x  =  z°",  then  dx  3=  aza~1dz, 


and  xm  (a  +  bxn)p  dx  —  az'na  +  a  1  (a  +  bzna)p  dz. 

If  an  integer  a  be  chosen  such  that  ma  and  na  are  also  integers,* 
we  see  that  the  given  differential  is- equivalent  to  another  of  the 
same  form  where  m  and  n  have  been  replaced  by  integers.  Also, 
xm  (a  +  bxn) p  dx  =  xm  +  np  ( ax~  n  +  b)p  dx 
transforms  the  given  differential  into  another  of  the  same  form 
where  the  exponent  n  of  x  has  been  replaced  by  —  n.  Therefore, 
no  matter  what  the  algebraic  sign  of  n  may  be,  in  one  of  the  two 
differentials  the  exponent  of  x  inside  the  parenthesis  will  surely 
be  positive. 

When  p  is  an  integer  the  binomial  may  be  expanded  and  the 
differential  integrated  termwise.  In  what  follows  p  is  regarded 

as  a  fraction;  hence  we  replace  it  by  where  r  and  s  are  integers.')' 

s 

We  may  then  make  the  following  statement: 

Every  binomial  differential  may  be  reduced  to  the  form 


10/ 


xm(a  +  bxn)sdx, 

lere  m,  n,  r,  s  are  integers  and  n  is  positive. 

201.  Conditions  of  integrability  of  the  binomial  differential 

r 

(A)  ccm(a  4  bxn  f(lx. 


Case  I. 
Then 

also 

hence 


Assume  a  4-  bxn  =  z\ 


1  r 

{a  4-  bxn)s  =  z,  and  ( a  +  bxn)s  =  zr; 


*  It  is  always  possible  to  clioose  a  so  that  ma  and  na  are  integers,  for 
L.C.M.  of  the  denominators  of  m  and  n. 

t  The  case  where  p  is  an  integer  is  not  excluded,  hut  appears  as  a  special 


we  can  take  a  as  the 
case,  viz. ,  r  =  p,  s  =  1. 
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Substituting  in  (A),  we  get 


m  + 1 


xm  (a  4-  bxnY  dx  =  —  zr+s~ 1 

bn  V  b 


z  —  a 


dz. 


The  second  member  of  this  expression  is  rational  when 

m  -[■  1 


n 


is  an  integer  or  zero. 

Case  II.  Assume  a  +  baf  =  zsxn. 


Then 

Hence 

also 

and 


ar 


a  ,  .  <xzs 

i  and  a  +  bx11  =  zsxn  ■■ 


z°-b  '  " "  zs  —  b 

r  r  r 

(a  +  bxn)s  =  as  ( zs  —  b)  szr; 

1  _ 1  m 

x  =  an  (zs  —  b)  ”,  xm  =  an  (zs  —  b)  * ; 

s  1  -l-i 

dx  = - a"  2s  1  (2s  —  b)n  dz. 


n 


Substituting  in  (A),  we  get 


r  m  +  1  r  +  1  r 

xf1  (a  4-  bxn)s dx  — - a  "  s(z*  —  b)  '  ”  +s+  >, 

'Yl 


,r  +  s-l 


dz. 


The  second  member  of  this  expression  is  rational  when  — ^  4.  - 


is  an  integer  or  zero. 

Hence  the  binomial  differential 

r 

xm  (a  +  bzfydx 

can  be  integrated  by  rationalization  in  the  following  cases :  * 
Case  I.  When  -  '  =  an  integer  or  zero ,  by  assuming 


n 


n 


a  +  bxn  =  2s. 


Case  II.  When  VLfl —  4.  -  =  an  integer  or  zero ,  by  assuming 
n  s 

a  +  bxn  =  zsxn. 


*  Assuming  as  before  tliat  tlie  denominator  of  tbe  resulting  rational  function  can  be  broken 
up  into  real  quadratic  and  linear  factors. 
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EXAMPLES 


'•  i=/^“  +  ta!>^  =  TO+C' 

Solution.  m  =  8,  » =  2,  r=-8,  .  =  2;  w>d  here 
Hence  this  comes  under  Case  I  and  we  assume 

/z2-a\4  -  zdz 

a  +  &x2  =  z2 ;  whence  x  =  ^  j 


??r  +  1 


n 


=  2,  an  integer. 


,  da: 


(z2  —  ay 


- .  and  (ct  I-  bx2)  -  —  z^. 


/•  x3dx  r/g^ctX3  zdz  .  1 
J  (a  +  6x2)3  6  '  b*W-a)l  23 


6*  (Z2  _  a)3 

:  ij*  (1  -  az~2)  dz  =  i(z  +  az-1)  +  C 
1  2  ct  -f- 


2. 


j- 


dx 


Vl  +  x2 


&2  Va  +  frx2 

_(2x2-l)(l+x2)4  t  n 


+  C. 


3x3 


Solution.  m  =  -  4,  n=2,  ^  =  -^5  and  here  +  ^  =  -  2,  an  integer. 

Hence  this  comes  under  Case  II  and  we  assume 

l  +  x2  =  z2x2,  z  =  i1  +  g2>* ; 

X 

1  .  -  *» 


whence 

also 


x2  = 


x  = 


z2  -  1 

1 


,  1  +  x2 


'  z2  -  1 

1 


,•  Vl  +  x2  — 


x*  = 


(z2  -  i)4  (z2  _  1)2 

zdz 


-  ;  and  dx  = 


(z2  - 1)1 
zdz 


(z2  - l)3 


dx  I  _ 

X4  Vl  +  X2  I  _ 1 

«/  /  -y2  _ 


(Z2  -  1)* 


■  =  -  Ji(z2  —  l)dz 


(z2-l)2  (Z2_!)i 
_  23  c  =  (2  X2  —  1)  (1  +  X2)3  +  c 


3x3 


3.  r*( 

*/  10 


*•/ 

6V 


dx 


(1+x2)3  Vl+x2 


+  o.  N  5.  r+^  =  (i  +  x»)i<5V^  +  a 

J  "Y  ^  _1_  ^2  O 


dx 


:  =  “log 


cx 


x  Va2  —  x2  a  &  Va2  —  x2  +  a 
adx 


.  r__2*L_^  =  _a(i  +  ^-i(2x  +  l)  +  a  r  , 

14  X2(l  +  X2)5  '  x/ 
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8-  f~Jy  = 


-f  ^ 


y  («2  +  y2)*  «  Vtf~^~2  +  a 

9.  ft*(l  +  2trfdt=(l+2t2)t^zl+c  ^ 

J  70 

10.  fu(l  +  uy-du  =  32j  (1  -f  u)i  (5  u  -  2)  +  G. 


a?da  _  a  a3 
(a  +  6a2)  *  3  (a  +  6a2)i 


u*  /7TTT::^  =  57-^  +  c-  .7  ^ 


12.  JV(i  +  02)^  =  v3i(i  +  ff2yj-  _  +  e2)§  +  _j 

is.  /_ 

V  ^2 


;V(1  +  02)5  +  C. 


3  x3  +  2  a 


x2(a  +  x3)®  2a2x(a  +  x8p 


+  C. 


202.  Transformation  of  trigonometric  differentials. 
From  Trigonometry 

(A) 

(B) 


sin  re  =  2  sin  ^  cos-, 
2  2 


x 


,x 


cos  x  —  cos2  —  —  sin2  - 


But 


.  x  1 

sm  -  _ 


2 

1 


37,  p.  2 
37,  p.  2 


tan  - 
2 


and 


x  1 

cos  -  = - 

2  x 


CSC  2  \/COt2i+1  \/1  +  tan2's 

1 


Se°2  a/1  +  tan2 1 


If  we  now  assume 


tan  y  =  or,  re  =  2  arc  tan  z, 

A 


we  get 


.  x  z 
sm  — 


-  Vl  +  22 

Substituting  in  (A)  and  (B), 


x  1 

cos  —  = 


2  Vl  + . 


sm  x  = 


cos  x 


1-  z2 


l+s2  1+z2 

Also  by  differentiating  x  =  2  arc  tan  z  we  have  dx  =  —  . 

1  +  22 
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Since  sin  *  cos  x,  and  dx  are  here  expressed  rationally  in  terms 

of  2!,  it  follows  that  .  77 

A  trigonometric  differential  involving  sin  x  and  cos  x  rationally 

only  can  be  transformed  by  means  of  the  substitution 

gn 

tan  —  =  z, 


or 


r,  what  is  the  same  thing ,  by  the  substitutions 

2z 


sin  x  = 


1  +  z2 


1  -  Z-  ,  2  dz 

cos  a;  =  = - dx  — 


1+z 2 


1  +z2 


into  another  differential  expression  which  is  rational  in  z. 

It  is  evident  that  if  a  trigonometric  differential  involves  tan  *, 
cot*,  sec*,  esc  *  rationally  only,  it  will  be  included  in  the  above 
theorem,  since  these  four  functions  can  be  expressed  rationally  m 
terms  of  sin*,  or  cos*,  or  both.  It  follows  therefore  that  any 
rational  trigonometric  differential  can  be  integrated .* 


EXAMPLES 


!  f  ( 1  +  sin  dX-  =  1  tan'3  -  +  tan  ?  +  \  log  tan  f  +  C. 
J  sin  x  (1  +  cos  x)  4  2  2  2  2 


sin  x  (1  +  cos  x) 

Solution.  Since  this  differential  is  rational  in  sin  x  and  cos  x,  we  make  the  above 
substitutions  at  once,  giving 

2z  \  2 dz 

(1  +  sin  x)  dx  _  I  X  1  +  z'2  /  1  +  z2 


f 


sin  x(l  4-  cos  x) 


//  2  z  \  i 

1  +  z'2  v  1 


) 


=  / 


(1  +  z2  +  2  z)  clz  _  1 


-  J  {z  +  2  +  z~l)dz 


z  (1  +  z2  +  1  -  z2) 

=  l(|  +  2,  +  logr)  +  C 

=  -tan2-  +  tan-  +  -log(tan?')  +  C. 
4  2  2  2  \2/ 


dx 


b  sm  x 


tan  -  —  2 
2 

2  tan  -  —  1 1 
2 


C. 


*  See  footnote,  p.  335. 
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„  r  dx  1  /  x\ 

3.  I  - - - - =  -  arc  tan  (  2  tan  -  )  +  C. 

J  5  -  3  cos  a;  2  V  2/ 

C  dx  1  .  /  5  tan  x  +  4  \  „ 

I  7 - ; — : — =  -  arc  tan  ( - )  +  C. 

J  5  +  4  sin  2  x  3  \  3  ) 


4. 


5. 


6  —  3  cos  x  2 
dx 

5  +  4  sin  2  x 

dx  1 


S-- 


5  —  4  cos  2  x  3 


arc  tan  (3  tan  x)  +  C. 


tan  -  +  2 

n  r  dx  1  2 

6-  J3-  - =  Tlog - +  0. 


3  +  5  cos  x  4  x 

tan - 2 

*  2 


'■Si 


_  .  sin  xdx  2  „  /  x\ 

7 .  I  - t —  = - b  2  arc  tan  ^  tan  -  j  +  C. 


+  sm  x  x 

1  +  tan  - 
2 


„  r  cos  xdx 

8.  I - =  2  arc  tan 

J  1  +  cos  x 


(*"!)■ 


tan  -  +  C. 
2 


9.  Derive  by  the  method  of  this  article  formulas  [16]  and  [17],  p.  293. 


203.  Miscellaneous  substitutions.  So  far  the  substitutions  con¬ 
sidered  have  rationalized  the  given  differential  expression.  In  a 
great  number  of  cases,  however,  integrations  may  be  effected  by 
means  of  substitutions  which  do  not  rationalize  the  given  differen¬ 
tial,  but  no  general  rule  can  be  given,  and  the  experience  gained 
in  working  out  a  large  number  of  problems  must  be  our  guide. 

A  very  useful  substitution  is 

1  ,  dz 

x  =  -,  dx  — - 

2  2T 


called  the  reciprocal  substitution.  Let  us  use  this  substitution  in 
the  next  example. 


Ex.  1.  Find/ 


V«2  _  X2 


x * 


dx. 


1  dz 

Solution.  Making  the  substitution  x  =  - ,  dx  —  — — ,  we  get 

z  z2 


Oc  *  &  ^  4  f  ‘  - 

/j  I  ^  * 

c  -  d-o-o  tf  j  f 

'  Y 


/ 


Vo2" 


-  dx 


-!)•*=-  +  c  =  -  +  O. 

J  ’  3  a2  3  a2xfl 


n  JLo° 

J  / - -  =-  Cu  tci 

-  QjJt  2 
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EXAMPLES 


1 

7° 


-J 


dx 


1  .  x3 
■  =  —  log 


x  ( a 8  +  x3)  3  a3  a3  +  * 3 


+  c. 


Cl - — —  cte  =  log(x  -  2)  - 
'  J  ( x  -  2)3 


3x  —  5 

(x^W2 


+  C. 


/ 


3 


>,■* 


*•/ 
B'  / 
6‘  J 


x3dx  _  18  x2  +  27  x  +  11  +  log^x  +  i)  C. 

+  C. 


(: X  +  l)4 
dx 


6  (x  +  l)3 
x 


(a2  +  x2)l  a'2  Va2  +  x2 

dx  1  -  cx 


1 , 

.  =  -  log 


x  Va2  +  x2  a  °a  +  Va2  +  x2 
_  _  ?  (X2  _  3)  (X2  +  1)1  +  c. 

(X2  +  1)§  8 


^  7. 


f: 


dx 


-  =  log 


cx 


v  -  X  Vl  +  x  +  x2  °  2  +  x  +  2  Vl  +  x  +  x2 


8-  / 

°-  / 


Vl  +  log  X 

X 

e2xdx 
(ex  + 1)*  21 


dx  =  ^(1  +  logx)1  +  C. 

8 

—  (3e*  -4)  (e*  +  l)*  +  C. 


dx 


-  =  ^  log  (e*  -  2)  +  C. 


g2a:  —  2  6X  2ex  4  4 


“■/ 


x2dx  1  .  x  V 1  -  x2 

-  =  -  arc  sm  x - - - 1-  L . 


Vl  —  x2  2 


12.  I"  Va2 


,  ,  .  X  X  /  .  _ ty  ,  .... 

■  x2  dx  =  —  arc  sm  -  +  -  Va2  —  x2  +  G. 
2  a  2 


Assume  x3  =  z. 

Assume  x  —  2  =  2. 

Assume  x  +  1  =  z. 

1 

Assume  x  =  -  • 
z 

a 

Assume  x  =  -  • 
z 

Assume  x2  +  1  =  z.  ■ 

1 

Assume  x  =  -  • 
z 

Assume  1  -f  log  x  =  z. 

Assume  e*  +  1  =  z. 

Assume  e35  =  z. 

Assume  x  =  cos  z. 

Assume  x  —  a  sin  z. 
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INTEGRATION  BY  PARTS.  REDUCTION  FORMULAS 

2C4.  Formula  for  integration  by  parts.  If  u  and  v  are  functions 
of  a  single  independent  variable,  we  have  from  the  formula  for  the 
differentiation  of  a  product,  V,  p.  144, 


Integrating  this,  we  get  the  inverse  formula, 


called  the  formula  for  integration  by  parts.  This  formula  makes 
the  integration  of  udv,  which  we  may  not  be  able  to  integrate 
directly,  depend  on  the  integration  of  dv  and  vdu,  which  may  be 
in  such  form  as  to  be  readily  integrable.  This  method  of  integra¬ 
tion  by  parts  is  one  of  the  most  useful  in  the  Integral  Calculus. 

To  apply  this  formula  in  any  given  case  the  given  differential 
must  be  separated  into  two  factors,  namely,  u  and  dv.  No  general 
directions  can  be  given  for  choosing  these  factors,  except  that 

(a)  dx  is  always  a  part  of  dv  ;  and 

(b)  it  must  be  possible  to  integrate  dv. 

The  following  examples  will  show  in  detail  how  the  formula  is 
applied. 

Ex.  1.  Find  x  cos  xdx. 

Solution.  Let  u  —  x  and  dv  —  cos  xdx ; 


then 


Substituting  in  ( A ) 


u  dv 


u  v 


v  du 


=  x  sin  x  —  J  sin  x  dx 
=  x  sin  x  +  cos  x  +  C. 
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Ex.  2.  Find  fX  log  xdx. 

Solution.  Let  u  =  log  x  and  dv  =  xdx ; 

dx  r  x 2 

then  du=  — andu=Jxdx  =  -. 

Substituting  in  (A), 

r  x 2  /-x'2  dx 

Jxlogxdx  =  logx.--J 


=  —  log  x  —  ^  +  C. 
2  s  4 


Ex.  3.  Find  Jxemdx. 

Solution.  Let  u  =  enx  and  dv  =  xdx ; 

xdx  =  —  • 

Substituting  in  (A), 

/x2  ^2 

xea*dx  =  eax - I  —  eaxadx 

2  J  2 

x2ertX  a 


a  r 

—  x2< 

2  J 


eaxdx. 


But  x2eaxdx  is  not  as  simple  to  integrate  as  xeaxdx,  which  fact  indicates  that  we 
did  not  choose  our  factors  suitably.  Instead 

let  u  —  x  and  dv  =  eaxdx  ; 

/f>QX 

eaxdx  - - 

a 

Substituting  in  (A), 


S- 


,  eax  .  _ .  , 
xeaxdx  =  x - I  —  dx 


a 


/enx 

a 


Xeax  eax  eax  /  1  \ 

= - r  +  C  =  — (*--)  +  C. 

a  a2  a  \  a  / 


It  may  be  necessary  to  apply  the  formula  for  integration  by 
parts  more  than  once,  as  in  the  following  example. 


Ex.  4.  Find  x2eaxdx. 


fX 


e(lxdx  = 


Solution.  Let  u  =  x2  and  dv  =  e^dx ; 

then  du  =  2  xdx  and 

Substituting  in  (A), 

/pax  s%  pax 

x2eaxdx  =  x2 - ( - 2  xdx 

a  J  a 

x2eax  2 


pax 


(B) 


I 

a  aJ 


xe^dx . 
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The  integral  in  the  last  term  may  be  found  by  applying  formula  (A)  again, 
which  gives 


f xeaxdx  =  —  ( 

'z-1-) 

'  a  ' 

n  a/ 

Substituting  this  result  in  ( B ),  we  get 


f- 


x2eaxdx  = 


x2eax 

2  eax  / 

'  In 

\  enx  i 

f  .  2  x 

2  \ 

— 

—r-( 

x - 

+  c  =  — 

-+ 

1 

-  ) 

a 

a2  ' 

^  a/ 

'  a  ' 

^  a 

a2/ 

Among  the  most  important  applications  of  the  method  of  inte¬ 
gration  by  parts  is  the  integration  of 

(a)  differentials  involving  products, 

(b)  differentials  involving  logarithms , 

(<?)  differentials  involving  inverse  circular  functions. 


EXAMPLES 


^  7° 


-r 


,  us 


1.  x2  log  xdx  =  ^  log  x  —  1^  +  C. 

2.  J'  a  sin  ada  =  —  a  cos  a  +  sin  a  +  C. 

3.  J"  arc  sin  xdx  =  x  arc  sin  x  +  Vl  —  x2  +  C. 
Hint.  Let  w—  arc  sin  x  and  clv  —  ilx,  etc. 

4.  log  xdx  =  x  (log  x  —  1)  +  C. 

5.  J '  arc  tan  xdx  =  x  arc  tan  x  —  log  (1  -f  x2) +  C 

/rpU  -f-  1  /  1  \ 

xn  log  xdx  = - (  log  x - -  )  +  C . 

n  +  1  \  n  +  1/ 

/; 

x  arc  tan  xdx  = 


- arc  tan  * - 1 -  C. 

2  2 


8.  J'  arc  cot  ydy  —  y  arc  cot  y  +  \  log  (1  +  y 2)  +  C. 

9.  f  xaxdx  =  ax  f — - - — 1—1  +  G. 

J  Llog  a  log2  aJ 

r  r  t2  2 1  2  1  ,  _ 

10.  (  Vtfdt  =  a<  - — —  +  —  +  C. 

J  Llog  a  log2  a  log3  a  J 

11.  J"  cos  0  log  sin  0d0  =  sin  0  (log  sin  0  —  1)  +  C. 

12.  J  x2exdx  =  ex  (x2  -  2  x  +  2)  +  G. 
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r  ,  ,  e“-T  /  „  3x2  6x  6  \  „ 

13.  I  xzemdx  =  —  (x3 - 1 — - -  j  +  C. 

J  a  \  a  a2  a6/ 

14.  J'  02  sin  0d0  =  2  cos  0  +  20  sin  <p  —  <p2  cos  0  +  C.  i  - 

15.  J’  (log  x)3  d;&=  x  [log2  x  -  2  log  x  +  2]  +  C. 


16 


r  a2  , 

i.  J  a  tan2  ada  =  a  tan  a  —  —  +  log  cos  a  +  C. 


17 


•/ 


log  xdx 


(x  + 1) 2  x  +  1 


log  x  -  log(x  +  1)  +  G. 


Hint.  Let  u=  log  x  and  dv  = 


dx 

(x  + 1)2 ' 


.  etc. 


iXaA' 


18. 


f*  x3 

J  x2  arc  sin  xdx  =  —  arc  sin  x  + 


x2  +  2 


Vl  —  x2  +  C. 


* 


19.  J  sec2  6  log  tan  Odd  =  tan  6  (log  tan  0  —  1)  +  C.  " 

20.  J  log  (log  x)  ^  =  log  x  •  log  (log  x)  —  log  x  +  C. 

21.  fl0g(X  +  =  2  Vx  +  l[log(x  +  1)  -  2]  +  C. 

J  Vx  +  1 

22.  J"x3  (a  -  xrfdx  =  -  i  x2  (a  -  x2)*  _  ^  (a  -  x2)*  +  C. 

Hint.  Let  m=  x2  and  (Ji>  =  (a- xrf xdx,  etc. 

oo  r(logx)2dx  2  r  4.  8~| 

23.  - = - -  log2x  +  -logx  +  -  \  +  C. 

J  x2  3  x5  L  3  9  J 

205.  Reduction  formulas  for  binomial  differentials.  It  was  shown 
in  §  200,  p.  334,  that  any  binomial  differential  may  be  reduced  to 
the  form  xm  (a  +  bxn)p  dx, 

where  p  is  a  rational  number,  m  and  n  are  integers,  and  n  is  posi¬ 
tive.  Also  in  §  201,  p.  334,  we  learned  how  to  integrate  such  a 
differential  expression  in  certain  cases. 

In  general  we  can  integrate  such  an  expression  by  parts,  using 
(A),  p.  341,  if  it  can  be  integrated  at  all.  To  apply  the  method 
of  integration  by  parts  to  every  example,  however,  is  rather  a  long 
and  tedious  process.  When  the  binomial  differential  cannot  be 
integrated  readily  by  any  of  the  methods  shown  so  far,  it  is  cus¬ 
tomary  to  employ  reduction  formulas  deduced  by  the  method  of 
integration  by  parts.  By  means  of  these  reduction  formulas  the 
given  diffeiential  is  expressed  as  the  sum  of  two  terms,  one  of 
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which  is  not  affected  by  the  sign  of  integration,  and  the  other  is 
an  integral  of  the  same  form  as  the  original  expression,  but  one 
which  is  easier  to  integrate.  The  following  are  the  four  principal 

reduction  formulas. 


[A]  C xm  (a  +  bxn)P  dx 

_  xm~n+1(a  +  bxn)P  + 1 
(np  +  m  +  l)b 

[7>]  J  xm  (a  +  bxn)  p  dx 
_  xm  + 1  (a  +  bxn)P 


(in  —  n  -f-  1 )  a 
(np  +  in  + 


2SL  C 

1  )hj 


xm-n(a  +  bxn)P(lx. 


+ 


anp 


tip  +  til  +  1  np  +  in  -f 
[  C]  x,n  (a  +  bxn)  p  dx 


",  f 


xm  (a  +  bxn)P-1dx. 


_  xni  +  1(a  +  bxn)P  +  1  _  (np  +  n  +  in  +  1)  b 
(in  +  1)  a  (in  +  1)  a 

[Z>]  Cxm(a  +  bxn)P(lx 

x,n  + 1  (a  +  bxn)P  + 1  np  +  n  +  in  +  1 


' J'xtn+n(a  +  bxn)Pdx. 


n(p  +  1)  a 


n  (p  +  1  )a 


/ 


xm  (a  -p  bxn)  p  + 1  dx. 


While  it  is  not  desirable  for  the  student  to  memorize  these 
formulas,  he  should  know  what  each  one  will  do,  namely: 
Formula  [A]  diminishes  m  by  n. 

Formula  [2J]  diminishes  p  by  1. 

Formula  [C]  increases  m  by  n. 

Formula  [D]  increases  p  by  1. 


I.  To  derive  formula  [A], 

The  formula  for  integration  by  parts  is 

(-4)  J' udv  -  uv  j ' vdu. 

We  may  apply  this  formula  in  the  integration  of 

J  xm  (a  -f  bxn)v  dx 
+  anc[  dv  =  (a  +  bxn)p xn~ydx\ 

,  (a  +  bxn)p  +  1 
nb(p  +  1) 


(A),  p.  341 


u  =  x 


by  placing 
then  du  —  (m  —  n  + 1)  xm~n  dx 


*  In  order  to  integrate  dv  by  [4]  it  is  necessary  that  x  outside  the  parenthesis  shall  have  the 
exponent  n—\.  Subtracting  n- 1  from  m  leaves  m-n  +  1  for  the  exponent  of  x  in  u. 
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n  +  1 


J'xm~n(a  -f  bxn)p  +  1dx. 


Substituting  in  (^4), 

(B)  j' xm  (a  +  bxn)p  dx 

xm'n+l(a  +  6.r"),5+1  _  » 

nb(p  +  1)  nb  ( p  +  1) 

But  fxm~n  (a  +  bx”)p+ldx  =fxm~n  (a  +  bx”)”  ( a  +  bx”)  dx 

=  ajxm-n(a  +  bxffdx  +  bj'xm(a  +  bx’1)”  dx. 

Substituting  this  in  (B),  we  get 

_|_  bxn)p  +  l 

J>(.  +  faVfe=--  ,t(p  +  1)  ~ 

_  (OT~  W  +  ^)—  f xm" "  ( a  +  bx”)p  dx  —  m  ~  W  Cxm(a  +  bxn)p  dx, 
nb(p+ 1)  J  v  W(^+1)J 

Transposing  the  last  term  to  the  first  member,  combining,  and 
solving  for  J' xm  (a  +  bxn)pdx,  we  obtain 

[A]  J' xm  (a  +  bxn)P  dx 

_  xm-u  +  Ha  +  hxn)P  +  .  _  a(m-n+  l),J^-n(CT  +  hxn)Pdx, 


b(np  +  m  +  1) 


b  (np  +  m  +  1) , 


It  is  seen  by  formula  [A]  that  the  integration  of  xm  (a  +  bx”)p  dx  is 
made  to  depend  upon  the  integration  of  another  differential  of  the 
same  form  in  which  m  is  replaced  by  m  —  n.  By  repeated  appli¬ 
cations  of  formula  [^L],  m  may  be  diminished  by  any  multiple  of  n. 

When  np  +  m  + 1  =  0,  formula  [^1]  evidently  fails  (the  denomi¬ 
nator  vanishing).  But  in  that  case 


m  +  1 


n 


+  p  =  0; 


hence  we  can  apply  the  method  of  §  201,  p.  335,  and  the  formula 
is  not  needed. 


II.  To  derive  formula  [-B].  Separating  the  factors,  we  may  write 
((7)  y xm(a  +  bxn)pdx  z=y xm ( a  +  bxn)p~l  ( a  +  bx”)  dx 

=  aj" x1"  (a  +  bxn)”~1dx  +  &JV,+n  (a  +  bxn)p~1dx. 
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Now  let  us  apply  formula  [A]  to  the  last  term  of  (C)  by  substi¬ 
tuting  in  the  formula  m-\-n  for  m  and  p  —  1  for  p.  This  gives 


b  f xm+n(a  +  bxy-'dx  =  - +\a  +  hx")"  _  a(m+!) 
J  np  -j-  m  -f- 1  np  -f-  m-\- 1 


C xm(a  bxn)p  xdx-. 

Substituting  this  in  (0),  and  combining  like  terms,  we  get 

[jB]  J' x,n  (a  +  bxn)  p  dx 

xm  + 1  (a  +  bxn)  p  ann  C 

= - -■■■■■  ,  '  + - ,  (  xrn{a  +  bxn)P~1dx. 

np  +  m  +  1  np  -j-  in  -f  1 J 


Each  application  of  formula  [2?]  diminishes  by  unity.  Formula 
[-B]  fails  for  the  same  case  as  [A]. 

III.  To  derive  formula  [C].  Solving  formula  [M]  for 

J' xm~n  (a  +  bxn)vdx, 
and  substituting  m  +  n  for  m,  we  get 

LC]  J'x'"  TCn)Pd3C 

=  »'“-■(»  +  W  +  *  _  ft < »J>  +  »  +  m  +  1)  (>,*»,„  +  bxn)Pdx. 

a{m  +  1)  a  (  in  +  1)  J 


Therefore  each  time  we  apply  [C],  m  is  replaced  by  m  -f  n.  When 
?n  +  l  =  0,  formula  [C]  fails,  but  then  the  differential  expression 
can  be  integrated  by  the  method  of  §  201,  p.  335,  and  the  formula 
is  not  needed. 

IY.  To  derive  formula  [D].  Solving  formula  [-B]  for 

J^xm(a  - f  bxn)p~l  dx, 
and  substituting  p  +1  for  p,  we  get 

[Z>]  ^xrn{a  +  bxn) P  dx 

=  _  +  bx^P+f  np  +  n  +  m  ±1  {a+bxn)P  +  ldx, 

an{p  +  1)  an(p  +  1)  J 

Each  application  of  [2>]  increases  p  by  unity.  Evidently  [D] 
fails  when  -f  1  =  0,  but  then  p  =  —  1  and  the  expression  is 
rational. 
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EXAMPLES 

xHx  =  _  1  (X2  +  2)  (1  -  x2)*  +  C. 
3 


>  —  —  i ,  a  =  1J  b  =  —  1. 


Vl  —  x2 

Solution.  Here  m  =  3,  n  =  2,  p  =  • 

We  apply  reduction  formula  [A]  in  this  case  because  the  integration  of  the 
differential  would  then  depend  on  the  integration  of  Jx(l  -x2)  *dx,  which  comes 
under  [4],  p.  292.  Hence,  substituting  in  [A],  we  obtain 


xs-2  +  i(i   x2)- 


l  +  i 


1  (3  -  2  +  1) 


f  „._i,  xs_2  +  1(i  _ 

Jx3(l-x)  2 dx -  _1(_1  +  3  +  i)  -1(-  1  +  3  +  1) 

=  -  i  x2  (1  -  x2)*  +  |  fx  (1  -  x2)_-dx 

=  -  ix2(l  -  x2)J  -  1(1  -  x2)i  +  G 
=  -  i(x2  +  2)  (1  -x2)*  +  C. 

2  f  x4dx =  _  ( 1 X3  +  -  a2x}  Va2  -  x2  +  |  a4  arc  sin  -  +  C. 

V-x2)*  U  8  )  8 

Hint.  Apply  [A]  twice. 

3.  J* (a2  +  x2)Jdx  =  |  Va2  +  x2  +  ^  log(x  +  Va2  +  x2)  +  <7. 

Here  m  =  0,  »=  2,p  =  I,  a=  a-,  6=  1.  Apply  [A]  once. 
dx 


Jx3-2(1  -x2)~*dx 


f 


(X2  _  1)1  1 

_  —  =  i - —  +  -  arc  sec  x  +  G. 

x3  Vx2  —  1  2x2  ^ 


Hint.  Apply  [G]  once. 

x2dx  X 


5-  / 


Va2  —  xs 

x3dx 
V  a2  +  xs 


=  —  —  Va2  —  x2  +  —  arc  sin  -  +  C. 
2  2  a 


=  -  (x2  -  2  a2)  Va2  +  x2  +  C. 


r  ^.=_/x‘  4j  81^  ^ 

J  V  5  15  15/ 

8.  f  x2  V a2  —  x2  dx  =  -  (2  x2  —  a2)  Va2  —  x2  +  —  arc  sin  -  f  C. 
J  8 v  8  a 


Hint.  Apply  [A]  and  then  [U], 
dx  X 


9-  f 

rint.  1 

10.  / 


cc 

- — - 1 - arc  tan  -  +  G- 

(a2  +  X2)2  2  a2  (a2  +  x2)  2  a3  a 


/Lira!.  Apply  [Z>]  once, 
dx 


Va2  —  x2  1 


x3V  a2  —  x2 


+ 


2  a3 


:  log 


a  +  Va2  —  x2 


+  C. 


2  a2x2 
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11. 


12. 


/ 

/ 


x3dx  x2  +  2  a2  , 

+  C. 


(a2  +  x2)-  (a2  +  x2)2 

dx  _  (3  a2  —  2  x2)  x 


(a2  -  x2)®  3  a4  (a2  -  x2)2 

13.  f  (x2  +  a2)*dx  =  ^  (2x2  +  5a2)  Vx2  +  a2  +  —  log(x  +  Vx2  +  a2)  +  (7. 

14.  f  x2  (x2  +  a2)2  dx  =  ?  (2  x2  +  a2)  Vx2  +  a2  —  —  log  (x  +  Vx2  +  a2)  +  C. 

J  8  8 

•/ 


15 


x2cZx 


v2  ax  —  x: 

x2dx 


x  +  3  a  i  3  a2  x  ,  _ 

-  = - (2  ax  —  x2)2  H - arc  vers  -  +  C. 

2  2  v  '  2  a 


Hint,  f  - X  -=  r*x3(2a-x)  Ufa.  Apply  [A]  twice. 

J  'Siax-x*  J 

/dx  Va2  —  x2 

/l 


16 


a-=x 


+  C. 


x2  (a2  -  x2)2 

„  _  r  ysdy  2  w2  +  5  r  (w  +  3  r)  /- — - — -  5  „  y  „ 

17.  I  - =  —  - - -  y/'lry  —  y2  -f  - r3 arc  vers  -  +  C. 

J  V9.  rii  _  1/2  6  2  r 


1S-  / 

•/  1,8 

rsdr 


*2  ry  —  y2 

- — - =  —  (2  at  —  Z2)2  +  a  arc  vers  -  -f  C. 

V2  aZ  -  Z2  a 


19 


3s  3  s 

, - 1 - arc  tan  -  +  G. 

(a2  +  s2)3  4  a2  (a2  +  s2)2  8  a4  (a2  4-  s2)  8  aJ  a 


•  + 


20. 


/ 


Vl  —  r3  45 


=  -  —  (3  r®  +  4r3  +  8)  Vl  -  r3  +  C. 


206.  Reduction  formulas  for  trigonometric  differentials.  The 

method  of  the  last  section,  which  makes  the  given  integral  depend 
on  another  integral  of  the  same  form,  is  called  successive  reduction. 

We  shall  now  apply  the  same  method  to  trigonometric  differentials 
by  deriving  and  illustrating  the  use  of  the  following  trigonometric 
reduction  formulas. 


[E]  j*sinmxcosnxdx 


sinm  +  1a?  cos44-1*  n  —  1 


m  +  n 


/- 


sinm  x  cos’1-2  a?  dx. 


m  +  n 
f  _F]  J*  sinm  x  cos’1  x  dx 

_  _  sin"'  ~ 1  x  <‘<>s"  !  1.r  .  m  —  1  E gj11m-2£C  COsn  x  dx. 

m  +  nj 


m  +  n 
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[  6r]  J  sinm  x  cosn  x  dx 


sinm + 1  cc  cos>l  +  1£c  m  +  +  2 


[■ff]  Jsi 


n  +  1 
sinm  oc  cos”  x  dx 


n  + 


+  2  r. 

i  J 


sinm  x  cosn  + 2  x  rtce. 


sinm+1£c  cosn  +  1x  m  +  w  +  2 


m  +  1  jm  + 

Here  the  student  should  note  that 
Formula  [23]  diminishes  n  by  2. 


Ff 


sinm  +  2x  cos nxdx. 


Formula  [/'’]  diminishes  m  by  2. 

Formula  [G]  increases  n  by  2. 

Formula  [22]  increases  m  by  2. 

To  derive  these  we  apply  as  before  the  formula  for  integration 
by  parts,  namely, 

(^)  j udv  —  uv  —  j* vdu.  (F),  p.  341 

Let  u  =  cos”-1x,  and  dv  =■  sin"‘a;  cos  xdx ; 

then  da  =  —  (n  —  1)  cos"-2#  sin  xdx,  and  v  = 

Substituting  in  (A),  we  get 
(B)  J' sin”1  a;  cos  nxdx  =  + 


sinra  +  1r 
m  -j- 1 


sinm+1r  cos”- hr 


+ 


m  +  1 
n  —  1 


m  4- 


i/si' 


sin”’  +  2rcos"  2 xdx. 


In  the  same  way,  if  we 

let  u  =  sijim~1x,  and  dv  =  cos"r  sin  xdx, 

we  obtain 

( (7)  f  sin"**  cos  'xdx  =  -  ^~1-rcos?1+^ 

J  n  4  1 


+ 


m  —  1 


n  4- 


i/sil 


sin™  2rcos n+2xdx. 


Lut  ^*sin  +  zcos"  2 xdx  =^j~sinma:(l  —  cos2r)  cosn~2xdx 

=J sinmr  cos"  ~2  xdx  -  J* sin™  a;  cos  nxdx. 
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Substituting  this  in  ( B ),  combining  like  terms,  and  solving  for 
/sinma?  cosnxdx,  we  get 


[-B] 


J- 


sinm£c  cos™  as  das 


sin™1 +  1  as  cos™-1  a?  »  —  1 


P 


sin™4 as  cos™- 2as  das. 


m  +  n  '  vi  +  n% 

Making  a  similar  substitution  in  (C),  we  get 
[ F ]  ^ sin™1  as  cos™ a?  dx 

/sin™1- 2  as  cos™  as  dx. 


sin™1-1  as  cos™  +  1as  ^  m  —  1 


in  +  n 


m  +  n. 


Solving  formula  [22]  for  the  integral  on  the  right-hand  side,  and 
increasing  n  by  2,  we  get 


[<?]  /si 


sin™1  as  cos™as  dx 


sin™1 +  1  as  cos™ +1  as  in  +  n  -f-  2 


Pi' 


n  -f-  1  ’  n  + 

In  the  same  way  we  get  from  formula  [F], 


sin”1  as  cos™  + 2 as  dx. 


[■ H ] 


/- 


sin™4  *;  cos™ as  dx 


sin”1  +  1as  cos™  +  1as  m  +  n  -f-  2 


m  -)-  1 


in 


+  2  r  . 

r~  J 


sin™1  + 2 as  cos™  as  das. 


Formulas  [22]  and  [2^]  fail  when  m  +  n  =  0,  formula  [O']  when 
n  + 1  =  0,  and  formula  [12]  when  m  + 1=0.  But  in  such  cases  we 
may  integrate  by  methods  which  have  been  previously  explained. 
It  is  clear  that  when  m  and  n  are  integers  the  integral 


x  cos"  xdx 


may  be  made  to  depend,  by  using  one  of  the  above  reduction 
formulas,  upon  one  of  the  following  integrals : 


/ dx,  /sin  xdx,  /cos  xdx,  /sin  x  cos  xdx,  /^P/  / 


dx 

- 1 

COS  X 


/; 


dx 


cos  x  sin  x 


/ tan  xdx ,  / cot  xdx, 


all  of  which  we  have  learned  how  to  integrate. 
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,  sm  x  cos5  x  sm  x  cos3  x  ,  1  .  .  ,  ,  „ 

sm2  *  cos4  xdx  = - I - - (sm  x  cos  x  +  x)  +  C. 

6  nA 


24 


16 


Solution.  First  applying  formula  [F],  we  get 


(-4) 


/ 


.  „  ,  ,  sin  x  cos6  x  ,  ^  , 

sm2  x  cos4  xdx  = - b  -  |  cos4  xdx. 

6  6. 


*  fc 

gJ 


[Here  m  =  2,  n  =  4.] 

Applying  formula  [F]  to  the  integral  in  the  second  member  of  (A),  we  get 

/T>.  r  „  ,  sin  x  cos3  x  3 

(F)  I  cos4  xdx  = 


6  r  „  , 

-b  -  I  cos2  xdx. 
■id 


6  4. 

[Here  m  =  0,  n  =  4.] 

Applying  formula  [F]  to  the  second  member  of  (F)  gives 

/rr,  r  „  ,  sin  x  cos  x  x 

(C)  cos2  xdx  = - 1 - 

d  2  2 

Now  substitute  the  result  (C)  in  (F),  and  then  this  result  in  (A).  This  gives  the 
answer  as  above. . 


X  2.  fsin4xcos2xdx  =  ^(^-5^_f^ 
d  2  \  3  12  8  / 


x  ^ 

+ - b  C. 

10 


5-  Si 


dx 


„  =  tan  x  —  2  cot  x - cot3  x  +  C. 

sm4  x  cos'2  x  3 


/ 


cos4  xdx 
sin2  x 

cos4  ada 


c°tx/0  3  x 

__  (3  _  cos2  x)  -  —  +  C. 


k  f  cos4  ada  cos  a  3  a 

I  o —  —  —  -  .  „ - cos  a - log  tan  -  +  C. 

d  sm8a  2  sm2  a  2  2 

6.  Jsm«  ada  =  +  Xsin3  a  -f  2  sin  a)  +  p  +  <?. 


j  r  d& 
d  sin6  8 


cos  8  /  1 


"  / 


sin6  9  4 

d<p  sin  <f> 


+ 


sin4  9  2  sin2 


12 

3  \  3,  8 

— -  )  +  -  log  tan  +  C. 
in 2  8/  8  2 


9. 


/ 


d<t>  __  _sinj>/  1  5  5\  5 

cos7  <p  2  cos2  <j>\  3  cos4  <p  +  12  cos2  <p  +  8  /  +  16  l0g  ^SeC  ^  tan  ^  +  C' 

'  ( cos 7 1  -b  ^  cos5 1  +  ^  cos3  t  +  —  COS  t)  +  —  +  C 

v  o  24  16  /  128 


cos8  tdt  = 
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207.  To  find  J*, eax  sin  na-dx  and  j* eax  cos  nxdx. 

Integrating  eax  sin  nxdx  by  parts, 
letting  u  —  eax,  ancl  do  =  sin  nxdx ; 


then 


du  —  aeiadr,  and  v  =  • 


cos  nx 


n 


Substituting  in  formula  (A),  p.  341, 
namely, 

J* udv  =  uv  —  j' vdu , 

we  get 

o>  /■ 


ax  ■  ,  e  cos  nx  a  r  , 

e  sm  nxdx  — - 1 —  \  e  cos  nxdx 

n  nJ 


Integrating  eax  sin  nxdx  again  by  parts, 
letting  u  =  sin  nx,  and  dv=enxdx', 


then 


du  =  n  cos  nxdx,  and  v  — ' 


Substituting  in  (A),  p.  341,  we  get 


(B) 


f 


e"x  sin  nxdx 


e  sm  nx  n 


f 


eax  cos  nxdx. 


Eliminating  J* eax  cos  nxdx  between  (^4)  and  ( B ),  we  liay( 
( a 2  -f  n2)  ^ eax  sin  nxdx  =  eax(a  sin  nx  —  n  cos  nx). 


or, 


f 


eax  sin  nxdx 


eax(a  sin  nx  —  n  cos  nx)  n 
= - : - - - h  C. 


a-  +  ?r 


Similarly  we  may  obtain 

/' 


,  e  (n  sm  nx  +  a  cos  nx)  ,  n 

e  cos  nxdx  —  — - - — — - (-  C. 

a~  +  n~ 


In  working  out  the  examples  which  follow,  the  student  is  advised 
not  to  use  the  above  results  as  formulas,  but  to  follow  the  method 
by  which  they  were  obtained. 
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EXAMPLES 


ex  sin  xdx  =  —  (sin  x  —  cos  x)  +  G. 

e*  cos  xdx  =  —  (sin  x  +  cos  x)  +  C. 

3.  f  e2x  cos  3  xdx  —  —  (3  sin  3  x  +  2  cos  3  x)  +  C. 
*)  13 


4. 


sin  xdx  sin  x  +  cos  x 


ex 


2  ex 


+  C. 


/ 

_  r  cos  2  xdx  1  .  „  „  „  .  ,  „ 

5.  I  - = - (2  sm2x-  3  cos  2  x)  +  (7. 

J  e8*  13  e3*' 

.  r  .  „  ,  eT/,  2  sin  2  x  +  cos  2  x\ 

6.  /««'*-(! - j - )  +  C. 

7.  j'.... =  |(l  +  2siJ  2“  +  C0S2»)  +  C. 

8.  J"  e3  cos  ^  dx  =  e2  ^  sin  ?  +  cos  *  ^  +  C. 

,  eaa  sin  aa  ^ 

9.  eaa  (sin  aa  +  cos  aa)  da  = - f-  C. 

J  a 

/g3x 

eSx  (sin  2  x  —  cos  2  x)  dx  =  —  (sin  2  x  —  5  cos  2  *)  4- 

13 


CHAPTER  XXIX 


THE  DEFINITE  INTEGRAL 

208.  Differential  of  an  area.  Consider  the  continuous  function 
4>  ( x ),  and  let 

y  =  4>{x) 

be  the  equation  of  the  curve  AB.  Let 
CD  be  a  fixed  and  MP  a  variable  ordi¬ 
nate,  and  let  u  be  the  measure  of  the  A 
area  CMPD*  When  x  takes  on  a  suf¬ 
ficiently  small  increment  Ax,  u  takes 
on  an  increment  A u  (=area  MNQP). 

Completing  the  rectangles  MNEP  and  MNQS,  we  see  that 

area  MNBP  <  area  MN QP  <  area  MN QS, 
or,  MP  ■  Ax  <  Au  <  NQ  ■  Ax ; 

and,  dividing  by  A.r, 

Au  , 

MP  <  .  -  <  NQ. f 

Ax 

Now  let  Ax  approach  zero  as  a  limit;  then  since  MP  remains 
fixed  and  NQ  approaches  MP  as  a  limit  (since  y  is  a  continuous 
function  of  x),  we  get 

du  . 

Tx  =  y{=MP)' 

or,  using  differentials, 

du  =  ydx. 

Theorem.  The  differential  of  the  area  hounded'  by  any  curve , 
the  axis  of  X,  and  two  ordinates  is  equal  to  the  product  of  the  ordi¬ 
nate  terminating  the  area  and  the  differential  of  the  corresponding 
abscissa. 

*  We  may  suppose  this  area  to  be  generated  by  a  variable  ordinate  starting  out  from  CD  and 
moving  to  the  right ;  hence  u  will  be  a  function  of  x  which  vanishes  when  x=  a. 

t  In  this  figure  MP  is  less  than  NQ;  If  MP  happens  to  be  greater  than  NQ,  simply  reverse 
the  inequality  signs. 
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209.  The  definite  integral.  It  follows  from  the  theorem  in  the 
last  section  that  if  AB  is  the  locus  of 

y  =  4>  ( * )» 

then  du  =  ydx,  or, 

(A)  du  —  <f)  (x)  dx, 

where  du  is  the  differential  of  the  area 
between  the  curve,  the  axis  of  x ,  and 
any  two  ordinates.  Integrating  (A), 
we  get 

u  —  I  (p  (x)  dx. 

Since  j'cf)(x)dx  exists  (it  is  here  represented  geometrically  as  an 
area),  denote  it  hyf(x)  +  C. 

(B)  •••  u  =f(x)  +  C. 

We  may  determine  C,  as  in  Chapter  XXV,  if  we  know  the  value 
of  u  for  some  value  of  x.  If  we  agree  to  reckon  the  area  from  the 
axis  of  y,  i.e.  when 

((7)  x  —  cl,  u  —  area  OCDG, 

and  when  x—b,  u  —  area  OEFG ,  etc., 

it  follows  that  if 

(Z>)  x  =  0,  then  u  =  0. 

Substituting  (D)  in  (B),  we  get 

w=/(°)  +  c'5  or  <?  =  -/(0)- 

Hence  from  (J9)  we  obtain 

(B)  u  =f  (x)  f  (0), 

giving  the  area  from  the  axis  of  y  to  any  ordinate  (as  MB). 

'  -  To  find  the  area  between  the  ordinates  CD  and  EF,  substitute 
the  values  (C)  in  (E),  giving 

(F)  area  OCDG  —f(a) 

(G)  area  OEFG  =f(b)  -/( 0). 

Subtracting  (F)  from  ( G ), 

{H)  area  CEFD  =  f(b)  -  f(a).* 

*  The  student  should  observe  that  under  the  present  hypothesis /(ai)  will  he  a  single-valued 
function  which  changes  continuously  from/(a)  to/(6)  as  x  changes  from  a  to  6. 
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Theorem.  The  difference  of  the  values  of  J* ydx  for  x  =  a  and 
x  =  b  gives  the  area  bounded  by  the  curve  whose  ordinate  is  y ,  the 
axis  of  X, ,  and  the  ordinates  corresponding  to  x  =  a  and  x  =  b. 

This  difference  is  represented  by  the  symbol* 


{!) 


J'+h  s%b 

ydx ,  or  j  <j>(x)dx, , 

a  a 


and  is  read  “  the  integral  from  a  to  b  of  ydxT  The  operation  is 
called  integration  between  limits ,  a  being  the  lower  and  b  the  upper 
limit.f 

Since  (I)  always  has  a  definite  value,  it  is  called  a  definite  integral. 
For,  if 


</>  (x)  dx  =f(x)  +  c , 

then  <f>  (a;)  dx  =  [/ (x)  +  6']  =  f  (b)  +  C']  -  [/ (a)  +  (?] , 


or, 


)  cfe  =f(b)  -/(a), 


the  constant  of  integration  having  disappeared. 
IFe  may  accordingly  define  the  symbol 


as  the  numerical  measure  of  the  area  bounded  by  the  curve  y  =  (a;),| 

the  axis  of  X ,  and  the  ordinates  of  the  curve  at  x—  a,  x=  b.  This 
definition  presupposes  that  these  lines  bound  an  area ,  i.e.  the  curve 
does  not  rise  or  fall  to  infinity ,  and  both  a  and  b  are  finite. 

We  have  shown  that  the  numerical  value  of  the  definite  integral 
is  always /( 5)  — f  (ff)t  but  we  shall  see  in  Ex.  2,  p.  363,  that/ ( b )  — /  (a) 
may  be  a  number  when  the  definite  integral  has  no  meaning. 

210.  Geometrical  representation  of  an  integral.  In  the  last  section 
we  represented  the  definite  integral  as  an  area.  This  does  not 
necessarily  mean  that  every  integral  is  an  area,  for  the  physical 
interpretation  of  the  result  depends  on  the  nature  of  the  quantities 


*  This  notation  is  due  to  Joseph  Fourier  (1768-1830). 

t  The  word  limit  in  this  connection  means  merely  the  value  of  the  variable  at  one  en  o 
its  range  (end  value),  and  should  not  he  confused  with  the  meaning  of  the  word  in  the  Iheory 
of  Limits. 

$  (f>  ( x )  is  continuous  and  single-valued  throughout  the  interval  [a,  oj. 
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represented  by  the  abscissa  and  the  ordinate.  Thus,  if  x  and  y 
are  considered  as  simply  the  coordinates  of  a  point  and  nothing 
more,  then  the  integral  is  indeed  an  area.  But  suppose  the  ordi¬ 
nate  represents  the  speed  of  a  moving  point,  and  the  corresponding 
abscissa  the  time  at  which  the  point  has  that  speed;  then  the 
graph  is  the  speed  curve  of  the  motion,  and  the  area  under  it 
and  between  any  two  ordinates  will  represent  the  distance  passed 
through  in  the  corresponding  interval  of  time  (see  §  187).  That 
is,  the  number  which  denotes  the  area  equals  the  number  which 
denotes  the  distance  (or  value  of  the  integral). 

Similarly  a  definite  integral  standing  for  volume,  surface,  mass, 
force,  etc.,  may  be  represented  geometrically  by  an  area.  On  page 
372  the  algebraic  sign  of  an  area  is  interpreted. 


211.  Mean  value  of  <f>(x).  This  is  defined  as  follows : 

J<f>  (sc)  dsc 

a 


Mean  value  of  <f>(x) 
from  x  =  a  to  x  =  b 

Since  from  the  figure 


b  —  a 


(x)  dx  =  area  APQB, 

a 


this  means  that  if  we  construct  on  the  base  AB(=b  —  a)  a  rec¬ 
tangle  (as  ALMB)  whose  area  equals  the  area  of  APQB,  then 

-i  area  ALMB  AB  ■  CB 

mean  value  — - - - -  = - - - =  altitude  CB. 

b  —  a  AB 


212.  Interchange  of  limits. 


Since 


$a  tf>(x)dx=f(b)-f(a),  and 


Jr*  a 

h  < t>(x)dx=f(a)-f(b)  =  -[f(b)-f(a)l 

we  have 


_  Theorem*  Interchanging  the  limits  is  equivalent  to  changing  the 
sign  of  the  definite  integral. 
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213.  Decomposition  of  the  interval  of  integration  of  the  definite 
integral. 


Since 


Jnxi 

<}>(x)dx=f(z1)—f(a)  and 

a 

f  4>{x)dx=f{J>)-f(x i), 

*1 

we  get  by  addition, 

f  fi(x)dx-\-  C  <j>(x)dx=f(b)—f(a). 

But  f  <f>  (x)  dx  =f(b)  — f(a ) ; 

•J  a 

therefore  by  comparing  the  last  two  expressions  we  obtain 

J'*/>  /’£C1  Xb 

<f>  (x)  dx  —  I  (f>  (x)  dx  +  \  <p  (x)  dx. 

a  J  a  J 

Interpreting  this  theorem  geometrically,  as  in  §  209,  p.  356,  we 
see  that  the  integral  on  the  left-hand  side  represents  the  whole 
area  CEFI),  the  first  integral  on  the 
right-hand  side  the  area  CMP I) ,  and 
the  second  integral  on  the  right-hand 
side  the  area  MEFP.  The  truth  of  the 
theorem  is  therefore  obvious. 

Even  if  x1  does  not  lie  in  the  interval 
between  a  and  5,  the  truth  of  the  theo¬ 
rem  is  apparent  when  the  sign  (p.  372)  as  well  as  the  magnitude 
of  the  areas  is  taken  into  account.  Evidently  the  definite  integral 
may  be  decomposed  into  any  number  of  separate  definite  integrals 
in  this  way. 

214.  The  definite  integral  a  function  of  its  limits. 

From  C<f>{x)dx=f(b)-f{a) 

a 

we  see  that  the  definite  integral  is  a  function  of  its  limits.  Thus 

b 

f  <f>  ( z )  dz  has  precisely  the  same  value  asj  ^  </>  (x)  dx. 

a 

Theorem.  A  definite  integral  is  a  function  of  its  limits. 
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215.  Calculation  of  a  definite  integral.  The  process  may  be  sum¬ 
marized  as  follows : 

First  step.  Find,  the  indefinite  integral  of  the  given  differential 
expression. 

Second  step.  Substitute  in  this  indefinite  integral  first  the  upper 
limit  and  then  the  lower  limit  for  the  variable ,  and  subtract  the  last 
result  from  the  first. 

It  is  not  necessary  to  bring  in  the  constant  of  integration,  since 
it  always  disappears  in  subtracting. 


.  1.  FindJ^  x2dx. 

✓•4  ran 4 

,on •  J1*’*=LsJr 


Ex 
Solution . 


?r=|-l  =  21.  An, 


Ex.  2.  Find  j  sin  xdx. 


Solution. 


ind  f  sir 

Jo 

f 

Jo 


sin  xdx  = 


cos  * 


W=  (-  1)J  -  1  =2.  Ans. 


Ex.  3.  Find  C 
Jo 


a  dx 


a 2  +  x' 2 


Solution. 


ra  dx  rl 

I  - =  -  ! 

Jo  a 2  +  x2  La 


=  -  arc  tan 


x~\ a  1 


=  -  arc  tan  1 - arc  tan  0 

o  a  a 

=  —  -  0  =  — .  Ans. 

4  a  4  a 


216.  Infinite  limits.  So  far  the  limits  of  the  integral  have  been 
assumed  as  finite.  Even  in  elementary  work,  however,  it  is  some¬ 
times  desirable  to  remove  this  restriction  and  to  consider  integrals 
with  infinite  limits.  This  is  possible  in  certain  cases  by  making 
use  of  the  following  definitions. 

When  the  upper  limit  is  infinite, 

X  (t)(x)dx  =  b  =Too  X  ^  (*) dx' 

and  when  the  lower  limit  is  infinite, 

X  Hx)dx  =  a  X  (f)  (x)  dx , 

provided  the  limits  exist. 
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Ex.  1.  Find 


lndX 


>+"  dx 


x 2 


c  ,  r*dx  limit  rbdx_  limit  ("  nb 

Solution.  J,  ~  =  b  =  +x)i  ^-&  =  +c«L”xJ1 

=  .Umit  f- 1  +  ll=l.  Ans. 

b-+  coL  b  J 

+  “  8  asdx 


>x 


Ex.  2.  Find 

+  GO 

— 

o  x- 


x2  +  4  a2 

+  °°  8  a3dx  _  limit 
+  4  a2~  b=  + 


f''  8a-—  =  .  m,‘it  f 4 a2  arc  tan  — 1 
J  o  x2  +  4  a2  &  —  +  1:0  L  2  a  J 


_  limit  I” 4  a2  arc  tan  — 1  — 
6  =  +oo  L  2  aJ 


4  a2  •  —  =  2  7ra2.  Ans. 
2 


Let  us  interpret  this  result  geometrically.  The  graph  of  our  function  is  the 
witch,  the  locus  of 


y  - 


8  a3 


Area 


OPQb  =/a 


x 2  +  4  a2 

6  8  asdx 
x2  +  4  a2 


4  a2  arc  tan - 

2  a 


Now  as  the  ordinate  Qb  moves  indefi¬ 
nitely  to  the  right, 

b 


4  a2  arc  tan 
is  always  finite,  and 


2  a 

b 


limit  f 4  a2  arc  tan  — =  2  tt a2, 
>  =  +  oo  L  2  a  J 


-foo 


which  is  also  finite.  In  such  cases  we 
call  the  result  the  area  bounded  by  the  curve,  the  ordinate  OP,  and  OX,  although 
strictly  speaking  this  area  is  not  completely  bounded. 


Ex.  3.  Find 


Solution. 


X 


x  dx 
x 

’+x  dx 
x 


r+™dx__  limit  rt’dx_  in 
J 1  ^-&  =  +ooJl  x  b  = 


limit 
+  oo 


(log  b). 


The  limit  of  log  b  as  b  increases  without  limit  does  not  exist ;  hence  the  integral 
has  in  this  case  no  meaning. 


217.  When  <f>(x)  is  discontinuous.  Let  us  now  consider  cases 
when  the  function  to  he  integrated  is  discontinuous  for  isolated 
values  of  the  variable  lying  within  the  limits  of  integration 
i  v  Consider  first  the  case  where  the  function  to  be  integrated  is 
continuous  for  all  values  of  x  between  the  limits  a  and  b  except 


x  =  a. 
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If  a  <  b  and  e  is  positive,  we  use  the  definition 
(A)  I  <f>  ( x )  dx  =  ]lTo  f  $  ix)  dx, 

a  a  +  e 

and  when  </>  (x)  is  continuous  except  at  x=b,  we  use  the  definition 

sib  , .  s*~b  —  e 


(B) 


f  </>  (x)  dx  =  q  r  (x)  dx , 

%s  a  \s  a 


provided  the  limits  are  definite  quantities. 

dx 


s: 


Ex.  1.  Find 

Solution.  Here 

X 


Va2  —  £ 

1 

Va2  —  x2 
dx 


V a2 


becomes  infinite  for  x  =  a.  Therefore,  by  ( B ), 
,2  e  -  0  do  y/a2  _  2  «  —  0  L  aJ  0 


arc  sin  1=-.  Ans. 
2 


Ex.  2.  Find 


X 


UZx 


Solution.  Here  -  becomes  infinite  for  x  =  0.  Therefore,  by  (A), 

tJC> 

rldx  _  limit  r^dx  _  limit  / 1  _  \ 

Jo  x  «  =  0je  x  e  =  0\e  / 

In  this  case  there  is  no  limit  and  therefore  the  integral  does  not  exist. 

If  c  lies  between  a  and  b  and  (j>(x)  is  continuous  except  at  x  —  c, 
then,  e  and  e'  being  positive  numbers,  the  integral  between  a  and  b 
is  defined  by 

(C)  £  <f>(x)dx=]™lt0£  ecj>(x)dx+K™l£  <P(x)dx, 

provided  each  separate  limit  is  a  definite  quantity. 


Ex.  1.  Find 


“X 


3a  2xdx 


(x2  -  a2)* 

Solution.  Here  the  function  to  be  integrated  becomes  infinite  for  x-a,  i.e.  for 
a  value  of  x  between  the  limits  of  integration  0  and  3  a.  Hence  the  above  defini¬ 
tion  (C)  must  be  employed.  Thus, 

r3"_2xdx_  _  limit  C 

1x2  _  „2\§  “  e  =  0  J() 


a  6  2xcZx  limit  />3“  2xdx 


:  + 


limit  r 
S  =  0  Ja- 


(x2  ~a2)1  (x2  -a2)«  e  =u~,a  +  e’(x2-a2)S 

=  S[V  -  «»)•]“'■+  [s(rf  -  „>,»]’■ 


=  «‘=  £  t3  -•>’-<?  +  S  «•]+]!“'*  [3  v^5  -  3  t(»  +  0,-a,] 

—  3  a3  -f  6  a3 '  =  9  od.  Ans. 
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To  interpret  this  geometrically,  let  us  plot  the  graph,  i.e.  the  locus  of 
2x 

y=- - 

(x2  -  a2)? 

and  note  that  x  =  a  is  an  asymptote. 

-a-6  2  xdx 


area  OPE 


-s: 


(x2  —  a2)3 


=  3  V(a  -  e)2  -  a2  +  3  al 
Now  as  PE  moves  to  the  right  towards 
the  asymptote,  i.e.  as  e  approaches  zero, 


3  V(a  -  c)2  ■ 
is  always  finite,  and 


-  a2  +  3  a3 

limit  r0  in — 
er=oL3  V(a 


e)2  -  a2  +  3  a*]  =  3  a*, 


which  is  also  finite.  As  in  Ex.  2,  p.  361,  3  u}  is  called  the  area  hounded  by  OP, 
the  asymptote,  and  OX.  Similarly, 


area  E‘ 


"QRG  =£ 


2  xdx 


3  a 

+  e’(x2  -  a2)3 


=  3  -3^{a  +  e')2  -  a2 


is  always  finite  as  QE'  moves  to  the  left  towards  the  asymptote,  and  as  e'  approaches 
zero  the  result  6  a®  is  also  finite.  Hence  6  a 3  is  called  the  area  between  QR,  the 
asymptote,  the  ordinate  x  =  3  a,  and  OX.  Adding  these  results  we  get  9  a3,  which 
is  then  called  the  area  to  the  right  of  OF  between  the  curve,  the  ordinate  x  =  3  a, 
and  OX. 


Ex.  2.  Find 


i: 


dx 


(x  —  a)2 

Solution.  This  function  also  becomes  infinite  between  the  limits  of  integration. 


Hence,  by  (0), 


r2a_  dx  _  limit 

Jo  (x  —  a)2  6  =  0  J° 


e  dx 
(x  —  a)2 


,  limit  C 

+  e'  =  0  Ja 


dx 


+  e  (x  —  a)2 


_  limit  r _ L_T-e+  limit  T _ L_T“ 

e  =  OL  x  —  ft  J  o  e'  =  0  L  X  —  aJa  +  e' 

_  limit /l  _  1\  ,  limit  /  1  ,  1  \ 

“e  =  OVe  +  a  +  e')‘ 

In  this  case  the  limits  do  not  exist  and  the 
integral  has  no  meaning. 

If  we  plot  the  graph  of  this  function  and  note 
the  limits,  the  condition  of  things  appears  very 
much  the  same  as  in  the  last  example.  It  turns 
out,  however,  that  the  shaded  portion  cannot  be 
properly  spoken  of  as  an  area,  and  the  integral  sign  has  no  meaning  in  this  case. 

That  it  is  important  to  note  whether  or  not  the  given  function  becomes  infinite 
within  the  limits  of  integration  will  appear  at  once  if  we  apply  our  integration 
formula  without  any  investigation.  Thus, 

Jn2a  dx 

o  (x  —  a)2 

a  result  which  is  absurd  in  view  of  the  above  discussions, 


;  L  x  —  a  J  o  ® 
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1. 

2. 


J'  6  x2dx  =  38. 

a4 

J  (a2x  -  Xs)  dx  =  —  ■ 


/»+  00 

J  e-xcZx  =  1. 


y 


3. 

4. 

5. 

6. 

7. 


f“=l 

J1 

'edx 


EXAMPLES 

j 

•  20. 

21.  f1  arc  tan  xdx ---  log  V2. 

Jo  4 

22. 


/'2rv/2rJ  . 

J  - ax  =  4  r. 


Vi 


8. 

9. 


redx  _ 

Ji  x  — 

f'(x2-2x  +  2)(x-  l)dx  =  -| 

Jo 

r1  dx- — = V3  —  1. 

V3  -  2x 

x 
x 


/  =/-0s  / 


2  x3dx  8 

-  log  3. 


x  -f  1  3 

j. 

I  Vs 


dx 


V2  -  3  x2  4  V3 
/•3  S 

J2  4 


'**  3xdX-  =  ^l25. 


10. 


2  Vx2  —  4 

dy  2  7r 


11. 

12. 

13. 

14. 


XW 
X 


y2  -  v  + 1  3  V3 

3  tdt  los;  2 


1  +V 


15. 

16. 


17. 

18. 

19. 


J2  sin  rpd<t>  =  1. 

0 

X2ir 

vers2  edd  =  3  tt. 

7T 

J^4  sec 40d0  =  $. 

Jarc  sin  xdx  =  —  —  1. 
0  2 

re  ,  j  e2  +  1 
x  log  xax  = - 


23. 

24. 


x:<^  -  t\t2)  dt  =  2  V5-5. 
r  rdx 


X 

J-2r  2  V 

-7 

0  vX 

26. 

27. 


7rr 


Vr2  —  x2  ^ 
2r  2  V2  rdy 


V2 r  —  2/ 


=  8r. 


256  tt 


/*&  7T  25( 

2aj"  (2  +  2  cos  d)*dd  =  8  a. 


28. 


J^2  sin3  a 


cos3  ada 


■  T2 


29. 


J^tan  ada  =  0. 


dx 

=  1  —  log  2. 

30.  J 

£  log  2/d?/  =  —  1. 

X2  (1  +  x) 

■  +  00  dx 

7T 

31. 

x  log  xdx  =  — 

1  a2  +  x2 

2  a 

dt 

=  log  2  -  -• 

2 

32. 

j'  x2  log  xdx  =  — 

t(l  +  t)2' 

33. 


34. 


J'  a2  sin  ada  —  ir  —  2. 

0 

n  +  V2' 


J"4sec  Odd  =  log^1  2y 


35. 


36. 


X 

X 


da 


2  -f  cos  a  3  V3 
2  cos  edd  TT 


t** 


'V- 


1  +  sin2  e  4 


THE  DEFINITE  INTEGRAL 


365 


218.  Change  in  limits  corresponding  to  change  in  the  variable. 

When  integrating  in  Chapter  XXVII  by  the  substitution  of  a  new 
variable  it  was  often  found  quite  troublesome  to  translate  our  result 
back  into  the  original  variable.  When  integrating  between  limits, 
however,  we  may  avoid  the  restoration  of  the  original  variable  by 
changing  the  limits  to  correspond  with  the  new  variable.*  This 
process  will  now  be  illustrated  by  an  example. 


Ex.  1.  Find  Va2  —  x2cfx,  assuming  x  =  a  sin  9. 

Solution.  V a2  —  x2  dx  =  a2  Vl  —  sin2  9  ■  cos  Odd  =  a2  cos2  Odd. 


When 
and  when 


x  —  a,  a  =  a  sin  0,  i.e.  9  = 


2  ’ 


x  =  0,  0  =  a  sin  0,  i.e.  0  =  0. 

sin  2  9 ' 


...jfVtf-rfde  =  Jj2a2cos 20d0  =  ^-(0  +  Ans. 

7 r 

I?v  this  change  in  limits  we  mean  that  as  6  increases  from  0  to  - ,  x  will  increase 
from  0  to  a. 


EXAMPLES 


y 

1. 

r  dx  =4  2  log  3. 

J°l+Vx 

Assume  Vx  =  2. 

2. 

('a  dx  7 r 

Va2  —  x2  ^ 

Assume  x  =  az. 

V 

3. 

p’  (x  —  x3)^dx 

Assume  x  =  -  • 

^  * 

Ji  *4 

z 

4. 

t-H 

II 

Assume  Vl  —  x2  =  z. 

JO  Vl  -  x2 

5. 

7 r 

j  2  sin  a  cos2  ada  —  i. 

Jo 

Assume  sin  a  =  z. 

6. 

r 4 (sin  9  +  cos  0)  d9  log3 

Assume  sin  9  —  cos  9  — 

Jo  3  +  sin  2  0  4 

7. 

r1  dx  ,  7t 

1  - -  =  arc  tan  e - 

Jo  ex  +  erx  4 

Assume  ex  =  2. 

8. 

ra  dx 

,  = 7r- 

Assume  x  =  a  sin2  2. 

Vax  —  x2 


*  The  relation  between  the  old  and  the  new  variable  should  be  such  that  to  each  value  of 
one  within  the  limits  of  integration  there  is  always  one,  and  only  one,  finite  value  of  the  other. 
When  one  is  given  as  a  many-valued  function  of  the  other,  care  must  be  taken  to  choose  the 
right  values. 
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9  =8  +  3V.^ 

Jo  (x  -2)3+3 


2 


ri°gsex  Ve*  —  1  , 

10.  I  - z — .  dx  —  4  —  7r. 


11 


ia- 1 


ex  +  3 

4  ydy  3  V2 


V2  +  4y  2 

n  dt  _  7 r 
3  +  2  cos  £  V5 

/*  log  5  g.T  V cx  -  1  , 

13.  I  - dx  =  4  —  tt. 

Jo  e*  +  3 

,  .  ra  *3dx  3  V2  —  4 

14.  - 5  - a. 

J°  (a2  +  x2)^  2 

15.  Va^dy  =  ^. 

Jo  10 

16.  V2  «  +  P  dt  =  V3  -  J  log  (2  +  V3). 

J-log2  : 4  —  7T 

Ve*  -  1  dx  =  - — -  • 

0  2 


18.  g. +  cosgd3  =  l1og8. 

JO  5  J.  >)  oln  O  J  A  a 


19  X 


I0 


3  +  2  sin  2  9 

2  +  ^  (x2  +  1)  dx 

xVxi  +  7x2  +  1 


=  log  3. 


Assume  x  —  2  =  z3. 

Assume  ex  —  1  =  z2. 

Assume  2  +  4  y  =  z2. 

t 

Assume  z  =  tan  -• 

2 

Assume  ex  —  1  =  z2. 

Assume  x  =  a  tan  z. 

Assume  y  =  a  sin  z. 
Assume  t  +  1  =  z. 
Assume  ex  +  1  =  z. 

Assume  sin  6  —  cos  9 

Assume  x  —  -  =  z. 
x 
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INTEGRATION  A  PROCESS  OF  SUMMATION 

219.  Introduction.  Thus  far  we  have  defined  integration  as  the 
inverse  of  differentiation.  In  a  great  many  of  the  applications  of 
the  Integral  Calculus,  however,  it  is  preferable  to  define  integra¬ 
tion  as  a  process  of  summation.  In  fact  the  Integral  Calculus  was 
invented  in  the  attempt  to  calculate  the  area  bounded  by  curves 
by  supposing  the  given  area  to  be  divided  up  into  an  “infinite 
number  of  infinitesimal  parts  called  elements ,  the  sum  of  all  these 
elements  being  the  area  required.”  Historically  the  integral  sign 
is  merely  the  long  S,  used  by  early  writers  to  indicate  “  sum.” 

This  new  definition,  as  amplified  in  the  next  section,  is  of  fun¬ 
damental  importance,  and  it  is  essential  that  the  student  should 
thoroughly  understand  what  is  meant  in  order  to  be  able  to  apply 
the  Integral  Calculus  to  practical  problems. 

220.  The  definite  integral  defined  as  the  limit  of  a  sum  of  differ¬ 
ential  expressions.  Assume  cf>(x)dx  as  the  differential  of  f(x). 
Then  by  §  209,  p.  356, 

(A)  f  <f>(z)dx=f(5)-f(a) 

gives  the  area  bounded  by  the  curve  y  =  <f>(x)  (AB  in  figure),  the 
axis  of  X,  and  the  ordinates  x=  a  and  x—  b*  Now  suppose  the 
segment  ab  to  be  divided  into  a  number  of  equal  parts,  say  6,  each 
equal  to  Ax,  at  points  whose 
abscissas  are  bv  b2,  b3,  b4,  b&. 

Erect  the  ordinates  at  these 
points  and  apply  the  Theorem 
of  Mean  Value  (44),  p.  168,  to 
each  interval,  noting  that  here 
<j>(x)  takes  the  place  of 

*  In  the  figure  a,  b,  x„  x„  etc.,  denote  the  abscissas  of  the  points  under  which  they  are 
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Applying  (44)  to  the  first  interval  (a  =  a,  b  —  bv  and  x1  lies  between 
a  and  bx  as  shown  in  figure),  we  have 


or,  since 


bx  —  a 


bx  —  a  =  Air, 
f{t>i)-f(a)=<l)(xi)Ax- 


Applying  (44)  in  the  same  way  to  each  one  of  the  remaining 
five  segments,  we  get 

f(b  f  if)  =<t>(xl)Axi 

f(h)  -f(h)=<t>(x3)Ax’ 
f(bi)-f(b3)=cHxi)Ax’ 

f(b 5)  -f{bi)=<j>(xl,)Ax, 

,  f  ft)  — f  $&)  ==  4*  (xe)  Ax> 

respectively. 

Adding  these  six  equations, 


(B)  fib)  -f(a)  =  <f>  (xx)  A  x  +  <})  (x2)  Ax  +  c/>  (xa)  Ax 

+  <f)  (aq)  A x  +  cf>  (xs)  Ax  +  <£  (x6)  Ax. 

But  cj>(x1)Ax  =  area  of  first  rectangle, 

c f>(x2)Ax=  area  of  second  r'ectangle,  etc. 


Hence  the  sum  on  the  right-hand  side  of  ( B )  equals  the  area  of 
the  figure  bounded  by  the  zigzag  line  BPxfxP2'PnI>zrpzP^J>r>'paQ, 
the  axis  of  X,  and  the  ordinates  x  =  a  and  x=b.  It  is  also  evident 
that  the  area  of  this  figure  equals 

f(b)  -f(a), 

no  matter  into  how  many  equal  parts  the  interval  [a,  ft]  may  he 
divided.  Hence  for  any  number  n  of  equal  parts 


(0) 


f  (&)  —/(«)=  ^  (a?i)  A x  +  cf)  (x2)  Ax  -| - (-  (f>  (xn)  Ax, 

where  Ax  =  - — 
n 


When  the  number  of  segments  (=  n)  into  which  the  interval 
[a,  5]  is  divided  increases  without  limit,  equations  (C)  and  (_D)  still 
hold  true,  but  Ax  becomes  dx,  i.e.  a  variable  whose  limit  is  zero 
(§  30,  p.  21). 
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f(h)  ~f(a)  =  nTl>  .(*1)  dx  +  4>  (x2)  dx +  ...  +  <!>  (xn)  dx], 
or,  by  (A), 

(E)  ja  4>  (x) dx  =  W>  fo) dx  +  4>  (x2) dx  H - (xn)  dx\ 

This  exhibits  our  definite  integral  as  the  limit  of  a  sum  of  differ¬ 
ential  expressions.  Each  one  of  the  differential  expressions  c p  (xf)  dx, 
(xn)  dx  is  called  an  element  of  the  integral. 

The  above  result  also  illustrates  very  clearly  the  definition  of 
the  definite  integral  as  the  area  under  the  curve.  For  as  n  increases 
without  limit  the  sum 

cj>  (xf)  dx  +  <f>  (xa)  dx  H - b  </>  (xn) dx 

always  represents  the  area  under  the  zigzag  line,  and  evidently 
the  figure  bounded  by  the  zigzag  line,  the  end  ordinates,  and  OX 
approaches  the  area  under  the  curve  as  a  limit. 

We  may,  however,  attack  the  problem  in  a  much  more  general 
way,  for  it  is  geometrically  evident  that  a  subdivision  of  the  given 
area  may  be  made  in  an  infinite  variety  of  ways  such  that  the  con¬ 
tinuation  of  the  process  will  lead  in  the  limit  to  the  area  desired. 
For  example,  let  us  choose  within  the  interval  [a,  5],  n  - 1  abscissas, 
xv  x2,  . ..,  xn_v  in  any  manner  whatever,  and  erect  ordinates  at  the 
corresponding  points  to  the  curve.  Then  the  area  is  divided  into 
n  portions  such  as  xxP,  x2Q,  etc.  Denote  the  lengths  of  the  sub¬ 
divisions  on  OX  as  follows  : 
xx  —  a  =  Axv 
x2  —  x1  =  Ax„, 

Xn-l-Xn-2=AXn-V 


Then  evidently  the  area  of 
the  segment  x2Q,  for  example,  equals  approximately  that  of  the 
rectangle  whose  base  is  A.rs  and  altitude  Qxv  or  (x3).  Canying 
out  this  idea  for  each  portion,  we  have  as  a  result  that 

( f >  (Xf)  AXX  +  </>  (.T2)  Ax2  -\ - b  (X„- 1)  Axn- 1  +  (Xn)  A'Xn) 

gives  an  area  approximately  equal  to  the  area  required.  And  now 
it  is  geometrically  obvious  that  the  limit  of  the  above  sum  is  the 
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area  under  the  curve  if  the  process  of  subdivision  of  [a,  b]  be 
continued  according  to  some  law  by  which  each  division  on  x 
approaches  the  limit  zero.  That  is, 

n  =  l  X  *  ^  *  =fj {X)  dX‘ 

1=1  a 

This  general  discussion  shows  that  integration  between  limits  is 
a  process  of  summation ,  in  which,  however,  the  definite  integral 
appears  not  as  a  simple  sum  but  as  the  limit  of  a  sum ,  the  numbei 
of  terms  increasing  without  limit ,  and  each  term  separately  approach¬ 
ing  the  limit  zero. 

In  order  to  replace  the  intuitional  point  of  view  that  we  have  so  far  adopted  in 
the  text  by  a  rigorous  and  general  analytical  proof,  proceed  as  follows. 

Divide  the  interval  [a,  6]  into  any  number  of  parts  Axi,  Ax2,  •  ••,  Ax„,  and  let 
x'i  be  any  abscissa  in  the  segment  A*,-,  the  extremities  of  this  segment  being  denoted 
by  X;  and  x,+ 1.  Also  suppose  x";  to  be  a  value  in  the  interval  [x<,  Xj+i]  determined 
by  the  Theorem  of  Mean  Value  (as  in  the  first  part  of  this  section),  so  that 

f(xi+ 1)  -  f(xi )  =  <p  (xi)  Ax*. 

Then,  exactly  as  before ,  the  sum 

n 

(F)  0  (X;)  A  Xi 

1 

equals  the  required  area.  And  while  the  corresponding  sum 

n 

(G)  ^  d Ax, 

1 

does  not  also  give  the  area,  nevertheless  we  may  show  that  the  two  sums  ( F )  and  ( G ) 
approach  equality  when  n  increases  without  limit.  For  the  difference  <p  (x,)  —  <p  (x't) 
does  not  exceed  in  numerical  value  the  difference  of  the  greatest  and  smallest 
ordinates  in  Ax;.  And  furthermore,  it  is  always  possible!  to  make  all  these  differ¬ 
ences  less  in  numerical  value  than  any  assignable  positive  number  e,  however  small, 
by  continuing  the  process  of  subdivision  far  enough,  i.e.  by  choosing  n  sufficiently 
large.  Hence  for  such  a  choice  of  n  the  difference  of  the  sums  ( F )  and  ( G )  is  less 
in  numerical  value  than  e(b  —  a),  i.e.  less  than  any  assignable  positive  quantity, 
however  small.  Accordingly  as  n  increases  without  limit,  the  sums  (F)  and  ( G ) 
approach  equality,  and  since  ( F )  is  always  equal  to  the  area,  the  fundamental  result 
follows  that  n 

Ja  4>  (*) dx  =  X4,  ^  Ax,:’ 

1 

in  which  the  interval  [a,  b]  is  subdivided  in  any  manner  whatever,  and  x\  is  any 
abscissa  in  the  corresponding  subdivision. 

*  Any  term  of  this  sum  is  sometimes  called  an  element  of  the  area ,  for  each  one  represents 
the  area  of  one  of  the  rectangles  forming  the  whole  figure. 

t  That  such  is  the  case  is  shown  in  advanced  works  on  the  Calculus. 
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The  process  of  evaluation  of  the  limit  of  this  sum  is  accordingly 
often  spoken  of  as  summing  up  an  infinite  number  of  infinitely  small 
quantities ,  but  the  phrase  has  no  meaning  except  in  the  above  sense. 

W e  may  apply  to  great  advantage  this  fruitful  idea  of  summing 
up  an  infinite  number  of  infinitely  small  quantities  to  a  large  number 
of  the  problems  of  the  Integral  Calculus.  In  order  to  obtain  solu¬ 
tions  by  this  method  the  following  steps  are  in  general  to  be  taken. 

First  step.  Find  a  differential  expression  for  any  one  of  the  infin¬ 
itesimal  quantities  (elements)  composing  the  quantity  to  be  calcu¬ 
lated,*  and  reduce  it  to  a  form  involving  only  a  single  variable. 

Second  step.  Integrate  this  differential  expression  (i.e.  sum  up 
all  the  elements)  between  the  limits  given  by  the  conditions  in  the 
problem. 

221.  Areas  of  plane  curves.  Rectangular  coordinates.  It  was 

shown  in  §  209,  p.  356,  that  the  area  between  a  curve,  the  axis 
of  X ,  and  the  ordinates  x  =  a  and  x—b 
is  given  by  the  formula 


(A) 


area 


=/' 


y  doc. 


the  value  of  y  in  terms  of  x  being  sub¬ 
stituted  from  the  equation  of  the  curve. 

Considered  as  a  process  of  summation, 
it  is  customary  to  look  upon  this  operation  as  follows  (see  p.  367). 

Consider  any  strip  (as  CP)  as  an  element  of  the  area.  Regard¬ 
ing  it  as  a  rectangle  of  altitude  y  and  infinitesimal  base  dx,  its  area 
is  equal  to  ydx ,  and  summing  up  all  such  strips  between  the  ordi¬ 
nates  AP  and  BQ  gives  the  area  ABQP. 

Similarly  it  may  be  shown  that  the 
area  between  a  curve,  the  axis  of  Y,  and 
the  lines  y  =  c  and  y  =  d  is  given  by  the 
formula 

ra 

(B)  area  =  J  xdy, 

the  value  of  x  in  terms  of  y  being  substi¬ 
tuted  from  the  equation  of  the  curve. 


F 

1 

\dy 

! 

Ipp^ 

4  T 

A 

/  0 

X 

*  If  an  area  is  wanted,  find  a  differential  expression  for  an  element  of  the  area  ;  if  a  length, 
find  it  for  an  element  of  the  length  ;  if  a  volume,  find  it  for  an  element  of  the  volume,  etc. 
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Ex.  1.  Find  the  area  included  between  the  semicubical  parabola  ?/  -  x3  and 
the  line  x  =  4. 


Solution.  Let  ns  first  find  the  area  OMP,  half  of  the  required  area  OPP'  For 
the  upper  branch  of  the  curve  y  =  VS,  and  summing  up  all  the  strips  between 

the  limits  x  =  0  and  x  =  4,  we  get,  by  substituting  m  (A), 

1 

area  OMP  =  Cydx  =  j'x^dx  =  A4  =  12|. 

Hence  area  OPP'  =  2  •  V  =  26|. 

If  the  unit  of  length  is  one  inch,  the  area  of  OPP  is 
i|  square  inches. 

Note.  For  the  lower  branch  y  —  —  x- ;  hence 
area  OMP'  =fl~  x%)  dx=~  12i- 
This  area  lies  below  the  axis  of  x  and  has  a  negative  sign 


because  the  ordinates  are  negative. 

In  finding  the  area  OMP  above,  the  result  was  positive  because  the  ordinates 

were  positive,  the  area  lying  above  the  axis  of  x. 

The  above  result,  25J,  was  the  total  area  regardless  of  sign.  As  we  shall  illus¬ 
trate  in  the  next  example,  it  is  important  to  note  the  sign  of  the  area  when  the 
curve  crosses  the  axis  of  AT  within  the  limits  of  integration. 


curve  y  =  sin  x. 

Solution.  Placing  y  =  0  and  solving  for  x, 
we  find 


x  =  0,  7r,  2  7r,  etc. 

Substituting  in  (A),  p.  371, 

area  OAB  =  fhydx  =  f  "  sin  xdx  =  2 
J  a  JO 


Also, 

and 


area  BCD  =  Cydx  =  f  ""sin  xdx  =  —  2, 

%y  (t  7T 

/»2  7T 

area  OABCD  —  |  ydx  =  |  sin  xdx  =  0. 

J  a  J  0 


This  last  result  takes  into  account  the  signs  of  the  two  separate  areas  composing 
the  whole.  The  total  area  regardless  of  these  signs  equals  4. 


Ex.  3.  Find  the  area  included  between  the  parabola  x2  =  4  ay  and  the  witch 

I 

8  cC 

y  - - 

x2  +  4  a2 

Solution.  To  determine  the  limits  of  integration,  we  solve  the  equations  simul¬ 
taneously  to  find  where  the  curves  intersect.  The  coordinates  of  A 'are  found  to 
be  (  —  2  a,  a),  and  of  C  (2  a,  a). 
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It  is  seen  from  the  figure  that 

area  A  OCB  =  area  DECBA  -  area  DECOA. 

But  area  DECBA  =  2  x  area  OECB  =  2  f~a_8a!idx  _  2  2 

Jo  x 2  +  4  a2  ’ 

and  area  DECOA  =  2  x  area  OEC  —  2  f dx  =  — . 

Jo  4  a  3 

Hence  area  AOCB  =2 ttci2  -  =  2  a2(7r  -  f).  Ans. 

3  ' 


Another  method  is  to  consider  the  strip  PS  as  an  element  of  the  area.  If  y'  is 
the  ordinate  corresponding  to  the  witch,  and  y"  to  the  parabola,  the  differential 
expression  for  the  area  of  the  strip  PS  equals  (y'  —  y")dx.  Substituting  the  values 
of  y'  and  y"  in  terms  of  x  from  the  given 
equations,  we  get 

area  A  OCB  =  2x  area  OCB 

=  2  ^\y'-y")dx 


—  2  r2Y  8  a3  x2  \ 
Jo  \  x2  +  4  a2  4a/ 

=  2a2(7r  —  |). 


Ex.  4.  Find  the  area  of  the  ellipse 


W- 


=  1. 


Solution.  To  find  the  area  of  the  quad¬ 
rant  OAB,  the  limits  are  x  =  0,  x  =  a;  and 


V«2  —  x2. 


Hence,  substituting  in  (A),  p.  371, 


area  OAB  =  - 
a 


x2)*dx 


ab  .  x~\ 
■  arc  sin  - 
2  aJ 


n 

0 


7 rab 
4~ ' 


[R],  p.  345. 


Therefore  the  entire  area  of  the  ellipse  equals  nab. 


222.  Area  when  curve  is  given  in  parametric  form.  Let  the 

equation  of  the  curve  be  given  in  the  parametric  form 

,  $  'b  y=<p(t). 
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We  then  have  y=4>$)  and  dx  =f'(t) dt’ 
which  substituted*  in  (A),  p.  371,  gives 

area  = 

At1  i 

where  t  =  tl  when  x  =  a,  and  t=t2  when  x  =  b. 

We  may  employ  this  formula  (A)  when  finding  the  area  under  a 
curve  given  in  parametric  form.  Or  we  may  find  y  and  dx  from 
the  parametric  equations  of  the  curve  in  terms  of  t  and  dt  and 
then  substitute  the  results  directly  in  (A),  p.  371. 


Thus,  in  finding  the  area  of  the  ellipse  in  Ex.  4,  p.  373,  it  would  have  been 
simpler  to  use  the  parametric  equations  of  the  ellipse 

x  =  a  cos  <p,  y  =  b  sin  <p, 

where  the  eccentric  angle  <j>  is  the  parameter  (§  79,  p.  94). 


Here  y  =  b  sin  <p  and  dx—  —  a  sin  <pd<p. 

When  x  =  0,  <p  =  -  ;  and  when  x  =  a,  4>  =  0. 

2 

Substituting  these  in  (A),  p.  371,  we  get 

J’o  „  nab 

ydx  =  —  I  ct&  sm2  <pd(f>  = 
o  xn  4 

2 


Hence  the  entire  area  equals  nab.  Ans. 


EXAMPLES 

1.  Find  the  area  hounded  by  the  line  y  =  5x,  the  axis  of  AT,  and  the  ordinate 

x  =  2.  Ans.  10. 

2.  Find  the  area  hounded  by  the  parabola  y-  =  4  x,  the  axis  of  AT,  and  the  lines 

x  =  4  and  x  =  9.  Ans.  25|. 

3.  Find  the  area  bounded  by  the  parabola  y2  =  4x,  the  axis  of  Y.  and  the 

lines  y  =  4  and  y  =  6.  Ans.  12§. 

4.  Find  the  area  of  the  circle  x2  +  y2  =  r2.  Ans.  nr2. 

5.  Find  the  area  between  the  equilateral  hyperbola  xy  =  a 2,  the  axis  of  X, 

and  the  ordinates  x—  a  and  x  —  2a.  Ans.  a2 log 2. 

6.  Find  the  area  between  the  curve  y  =  4  —  x2  and  the  axis  of  X.  Ans.  lOf. 

7.  Find  the  area  intercepted  between  the  coordinate  axes  and  the  parabola 

*h  +  yh  =  ah-  Ans.  «?. 

6 

*  For  a  rigorous  proof  of  this  substitution  the  student  is  referred  to  more  advanced  treatises 
on  the  Calculus. 


>  I  V.stU'.  i 
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8.  Find  the  area  bounded  by  the  semicubical  parabola  y2  =  x3,  the  axis  of  Y, 
and  the  line  y  =  4. 


Ans.  |  Vl024. 


X  X 

9.  Find  the  area  between  the  catenary  y  =  ®  j^e"  +  e  aJ  ,  the  axis  of  F, 
the  line  x  =  a.  "2 


and 


Ans.  ~  [e2  -  11. 
2  e  L  J 


10.  Find  the  area  between  the  curve  y  =  log  x,  the  axis  of  X ,  and  the  ordinates 
x  =  1  and  x  =  a.  Ans.  a  (log  a  —  1)  +  1. 


11.  Find  the  entire  area  of  the  curve 

.  2 


(;)*+ (?)'=■■  v' 


3  7r  ab 


12.  Find  the  entire  area  of  the  curve  a-y2  =  x3  (2  a  —  x).  Ans.  tv  a 2. 

v,,  v  f  ^  cUy  $  _  6 

13.  Find  the  area  bounded  by  the  curves 

x  (y  —  eT)  =  sin  x  and  2  xy  =  2  sin  x  +  x3, 

the  axis  of  Y,  and  the  ordinate  x  =  1.  Ans.  (e*  —  |  x2)  dx  =  e  —  |  =  1.55  +  •  •  •. 


8  a3 


14.  Find  the  area  between  the  witch  y  =  ",  ^  and  the  axis  of  JF,  its  ^ T  3  6/ 

4:  Oj 

asymptote.  Ans.  4  ira2. 


15.  Find  the  area  between  the  cissoid  y2  = 
x  =  2  a. 


-  and  its  asymptote,  the  line 

2a  -  x  ,  „  ■„  * 

Ans.  3  7ra2. 


16.  Prove  that  the  area  bounded  by  a  parabola  and  one  of  its  double  ordinates 
equals  two  thirds  of  the  circumscribing  rectangle  having  the  double  ordinate  as 
one  side. 


17.  Find  the  area  included  between  the  two  parabolas  y2  =  2px  and  x2  =  2  py. 


Ans. 


4  p2 


18.  Find  the  area  included  between  the  parabola  y2  —  2  x  and  the  circle 

y2  —  4  x  —  x2.  Airs.  0.475. 

19.  Find  the  total  area  included  between  the  curve  y  =  x3  and  the  line  y  =  2x. 

Ans.  2. 

\  20.  Find  an  expression  for  the  area  bounded  by  the  equilateral  hyperbola 

x2  —  y2  =  a2,  the  axis  of  AT,  and  the  diameter  through  any  point  (x,  y). 

( AJU  {u^A 


.  a2 .  x  +  y 

Ans.  —  log - 

2  a 


21.  Find  by  integration  the  area  of  the  triangle  bounded  by  the  axis  of  1  and 
the  lines  2x  +  i/  +  8  =  0  and  y  =  —  4.  Ans.  4. 


22.  Find  the  area  of  the  circle 


6  being  the  parameter. 


x  =  r  cos  0, 
y  =  r  sin  9 ; 


Ans.  irr2. 
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23.  Find  the  area  of  one  arch  of  the  cycloid 

(  x  =  a  (8  —  sin  G'„ 

\y  =  a(l  —  cos  8 ) ; 

8  being  the  parameter. 

Mint.  Since  x  varies  from  0  to  In  a,  9  varies  from  0  to  2  it. 

Ans.  3  7 ra2 ;  that  is,  three  times  the  area  of  the  generating  circle. 

24.  Find  the  area  of  the  liypocycloid 

x  =  a  cos3  6 , 

V  —  a  sin3  8  ; 


8  being  the  parameter. 


Ans. 


3  Trcfi 
8 


;  that  is,  three  eighths  of  the 


area  of  the  circumscribing  circle. 


25.  Find  the  area  of  the  loop  of  the  folium  of  Descartes 
x3  +  ?/3  =  3  axy. 


Hint.  Let 


y=tx ;  then  x- 


,  3nt 

I+P’ 


1  +  0 

The  limits  for  t  are  0  and  oo . 


y  =  ,3  a/~  ,  and  dx  =  1  2  f3  3  adt. 


u  +  t3r- 


C  F 


223.  Areas  of  plane  curves.  Polar  coordinates.  Let  BC  be  a  curve 
whose  equation  is  given  in  polar  coordinates.  Let  (p,  6)  be  the 
coordinates  of  P,  and  assume  u  as  the  measure  of  the  area  0 EP.  * 
When  d  takes  on  a  small  increment  Ad, 
u  takes  on  the  increment  A u(=  area  OPQ). 

Completing  the  circular  sectors  OPR  and 
OSQ ,  it  is  seen  that 

area  OPR  <  area  OPQ  <  area  OSQ, 
or,  ^  OP2  ■  Ad  t  <  Am  <  L  OQ"  ■  Ad. 

Dividing  through  by  Ad, 

i  A  m  ,  — — 2  + 

\°P  <m<\oq~A 

Now  let  Ad  approach  zero  as  a  limit ;  then  OQ  will  approach  OP 
as  a  limit,  and  we  get 

du  1 


dd  2 P 


=  \oF 


fromO£  and  nmvTnriPrT  H11”8  T  t0  generated  a  varial^  radius  vector  starting  out 
JrZ  Trt  nf  l  \  the  position  OP,  u  will  he  a  function  of  0  which  vanishes  when  9  =  a. 

^  The  area  of  a  circular  sector  =  £  radius  x  arc  =  £  OP  x  OPA9. 

sign”11  thiS  fiSUre  °P  ^  l6SS  than  °Q;  if  <>PiS  greater  than  0(?>  simPh  reverse  the  inequality 
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Or,  using  differentials,  du  —  ^  p~d6, 
this  being  the  diff  erential  of  the  area  in  polar  coordinates. 


Integrating,  we  have 


u  =  hf  l 


2d6. 


If  we  now  apply  the  same  line  of  reasoning  as  that  followed  in 
§  209,  p.  356,  the  area  of  the  sector  OEF  may  be  calculated  by 
means  of  the  formula 

(A.)  area  =  |  P2d0, 

•SOL 

the  value  of  p  in  terms  of  6  being  substi¬ 
tuted  from  the  equation  of  the  curve. 

To  look  at  this  process  as  a  summation, 
consider  any  sector  OB  C  as  the  element  of 
area.  Regarding  it  as  a  circular  sector  of 
radius  p  and  infinitesimal  arc  pdd,  its  area 
equals  p2dd.  Summing  up  all  such  sectors  between  OE  and  OF 
gives  the  area  OEF. 

Formula  (A)  may  then  be  used  for  finding  the  area  bounded  by  a 
polar  curve  and  the  radii  vectors  corresponding  to  6  =  a  and  9  =  f3. 


Ex.  1.  Find  the  entire  area  of  the  lemniscate  p 2  =  a2  cos  2  8. 

Solution.  Since  the  figure  is  symmetrical 
with  respect  to  both  OX  and  01 ,  the  whole 
area  =  4  times  the  area  of  OAB. 

Since  p  —  0  when  8  =  yi  we  see  that  if  6 
4 

varies  from  0  to  —  i  the  radius  vector  OP  sweeps 
4 

over  the  area  OA  B.  Hence,  substituting  in  (A) , 


entire  area  =  4  x  area  OAB  =  4  •  i£p2E  =  2  a2J^c0S  2  ed0  =  a*  ’ 

that  is,  the  area  of  both  loops  equals  the  area  of  a  square  constructed  on  OA  as 
one  side. 


EXAMPLES 

1.  Find  the  area  swept  over  in  one  revolution  by  the  radius  vector  of  the  sph-al 

of  Archimedes,  p  =  ad,  starting  with  8  —  0.  Ans.  fia-  ■ 

,  y  **  f  .A  ^  3 

7j-£j2 

2.  Find  the  area  of  one  loop  of  the  curve  p  =  a  cos  2  8.  Ans.  —  • 
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3.  Show  that  the  entire  area  of  the  curve  p  =  a  sin  2  6  equals  one  half  the  area 
of  the  circumscribed  circle. 

4.  Find  the  entire  area  of  the  cardioid  p  =  a  (1  —  cos  9). 

Ans.  3  — ;  that  is,  six  times  the  area  of  the  generating  circle. 
2 


5.  Find  the  area  of  the  circle  p  =  a  cos  9. 


Ans. 


7 rop 


6.  Prove  that  the  area  of  the  three  loops  of  p  =  a  sin  3  9  equals  one  fourth  of 
the  area  of  the  circumscribed  circle. 

7.  Prove  that  the  area  generated  by  the  radius  vector  of  the  spiral  p  =  e9  equals 
one  fourth  of  the  area  of  the  square  described  on  the  radius  vector. 

Q 

8.  Find  the  area  of  that  part  of  the  parabola  p  —  a  sec2  -  which  is  intercepted 

between  the  curve  and  the  latus  rectum.  8fl2 


9.  Show  that  the  area  bounded  by  any  two  radii  vectors  of  the  hyperbolic 
spiral  pe  =  a  is  proportional  to  the  difference  between  the  lengths  of  these  radii. 

a2b2 


10.  Find  the  area  of  the  ellipse  p 2 


a2  sin2  9  +  b2  cos2  9 


11.  Find  the  entire  area  of  the  curve  p  =  a  (sin  2  9  +  cos  2  9). 

3-  d,  &  :  -  If*  fi  =  fifsifu  d>-  ^  J  ^ 

12.  Find  the  area  of  one  loop  of  the  curve  p2  cos  9  —  a2  sin  3  9.  ^  ' 


Ans.  irab. 
Ans.  ir a2. 


e 

13.  Find  the  area  below  OX  within  the  curve  p  =  a  sin3  -• 

O 


3  a2  a2 

Ans. - log  2. 

4  2  & 


vl?rs.  (IOtt  +  27  V3)— • 


224.  Length  of  a  curve.  By  the  length  of  a  straight  line  we 
commonly  mean  the  number  of  times  we  can  superpose  upon 
it  another  straight  line  employed  as  a  unit  of  length,  as  when 
the  carpenter  measures  the  length  of  a  board  by  making  end-to- 

end  applications  of  his  foot  rule. 

Since  it  is  impossible  to  make  a 
straight  line  coincide  with  an  arc  of  a 
curve,  we  cannot  measure  curves  in  the 
same  manner  as  we  measure  straight 
lines.  We  proceed  then  as  follows. 

Divide  the  curve  (as  AB)  into  any  number  of  parts  in  any  man¬ 
ner  whatever  (as  at  (7,  D,  E)  and  connect  the  adjacent  points  of 
division,  forming  chords  (as  AC,  CD,  DE,  EB ). 
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The  length  of  the  curve  is  defined  as  the  limit  of  the  sum  of  the 
chords  as  the  number  of  points  of  division  increases  without  limit  in 
such  a  way  that  at  the  same  time  each  chord  separately  approaches 
zero  as  a  limit. 

Since  this  limit  will  also  be  the  measure  of  the  length  of  some 
straight  line,  the  finding  of  the  length  of  a  curve  is  also  called 
“  the  rectification  of  the  curve.” 

The  student  has  already  made  use  of  this  definition  for  the 
length  of  a  curve  in  his  Geometry.  Thus  the  circumference  of  a 
circle  is  defined  as  the  limit  of  the  perimeter  of  the  inscribed  (or 
circumscribed)  regular  polygon  when  the  number  of  sides  increases 
without  limit. 

The  method  of  the  next  section  for  finding  the  length  of  a  plane 
curve  is  based  on  the  above  definition,  and  the  student  should  note 
very  carefully  how  it  is  applied. 

225.  Lengths  of  plane  curves.  Rectangular  coordinates.  We  shall 
now  proceed  to  express  in  analytical  form  the  definition  of  the  last 


section.  Given  the  curve 

Y 

II 

y=d 

and  the  points  P  (a,  c),  Q  (b,  d)  on  it ;  to  find 

y-c 

I 

/ 

the  length  of  the  arc  PQ. 

/ 

/ 

Take  any  number  (=  n)  of  points  on  the 

curve  between  P  and  Q,  say  P',  P”,  •  •  •,  P°°, 

O 

<-a>i 

X 

and  draw  the  chords  PP ',  P'P”,  •••,  P(n)Q. 

Consider  any  one  of  these  chords,  P'P”,  for  example,  and  let  the 
coordinates  of  P'  and  P"  be 

P'  (x\  y')  and  P"  (x'  +  Ax',  y'  +  Ay1). 


X  Then,  as  in  §  102,  p.  141, 


or. 


P'P”  =  V(Ax')2  +  (A</')2, 


[Dividing  inside  the  radical  hy  (Ax')2  and  multiplying  outside  by  Aa:'.] 

But  from  the  Theorem  of  Mean  Value,  (42),  p.  167  (if  Ay'  is 
denoted  by  f(b)-f  (a)  and  Ax'  by  b  -  a),  we  get 


Ay' 


'  Ax 


x'  <  xx  <  x'  +  Ax' 
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Substituting,  we  get 

P'P"  =  [  1  +f(x1)2]iAx>. 

In  the  same  manner  we  find 

.  pp'  =  [i  +f(x0yf^% 
P'P"  =  [1  +f{x^ffAx\ 
P"P"'  =  [  1  +f\xiff  Ax", 


P^Q  =  [l+f\xnf]h^n\ 

The  length  of  the  inscribed  broken  line  joining  P  and  Q  (sum  of 
the  chords)  is  then  the  sum  of  these  expressions,  and  the  length 
of  the  arc  PQ  is  therefore,  by  definition,  the  limit  of  the  sum 
[i  +/'  (o2]^.^ + [i  +/'  (xxyfAx'  +  •  •  ■  +  [i  +/'  K)2]  4Ax(,,) 
as  n  increases  without  limit.  Hence,  if  we  denote  the  length  of  the 
arc  PQ  by  s,  we  have,  by  §  220,  p.  367,  the  formula  for  the  length  of 
the  arc, 

s=  I  [\+f  (xffdx,  or, 

c/  a 


(A) 


dy 


where  must  be  found  in  terms  of  x  from  the  equation  of  the 
dx 

given  curve. 

Sometimes  it  is  more  convenient  to  use  y  as  the  independent 

variable.  To  derive  a  formula  to  cover  this  case,  we  know  from 

(33),  p.  152,  that  ^ 

— —  =  —  ?  I1611C6  dx  =  — - —  dy . 
dx  dx  dy 

dy 

Substituting  this  value  of  dx  in  (A),  and  noting  that  the  corre¬ 
sponding  y  limits  are  c  and  d,  we  get*  the  formula  for  the  length  of 
the  arc,  , 

<*> 

dx 

where  —  in  terms  of  y  must  be  found  from  the  equation  of  the 
given  curve. 
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Ex.  1.  Find  the  length  of  the  circle  x2  -f  y2  =  r2. 

dy  x 

Solution.  Differentiating,  —  - - 

dx  y 

Substituting  in  (A), 

o  L1  V2Jdx 

=  rry^±*jdx=rr_*i 

Jo  L  y 2  J  Jo  Lr2  —  x2J 


dx. 


[Substituting  ?/2=  r2-a:2  from  the  equation  of  the 
Lcircle  in  order  to  get  everything  in  terms  of  x. 

^  _  n*2  L 


y 

r 

v: 

j 

.-.  arc  BA 


V  r'2  —  X 

Hence  the  total  length  equals  2  irr.  Ans. 


r  arc  sin 


c~) r  irr 

rJo_1T 


EXAMPLES 

1.  Find  the  length  of  the  arc  of  the  semicubical  parabola  ay 2  =  x3  from  the 
origin  to  the  ordinate  x  =  5  a.  ^  g  335  a 


27 


2.  Find  the  entire  length  of  the  hypocycloid  x%  +  y3  =  a3.  Ans.  G  a. 

.X  X 

3.  Rectify  the  catenary  y  =  -(ea+  e  a)  from  x  =  0  to  the  point  (x,  y). 

2  XX 

.  Ct  ,  - 
Ans.  ~(ea  —  e  a). 
2V 


4.  Find  the  length  of  one  complete  arch  of  the  cycloid 

-  V2: 


x  =  r  arc  vers ' 


!  ry  -  y 2. 


Ans.  8r. 


/ 

Hint.  Use  (A).  Here  ,  V  •  J-  .  -  A 
^2/  J'lry-y 2 


5.  Find  the  length  of  the  arc  of  the  parabola  y 2  =  2px  frona  the  vertex  to  one 

extremity  of  the  latus  rectum.  Ans.  ^  -f  -  log(l  +  V2). 

2  2 

6.  Rectify  the  curve  9  ay 2  =  x  (x  —  3  a)2  from  x  =  0  to  x  =  3  a.  Ans.  2  a  V3. 

7  Find  the  length  in  one  quadrant  of  the  curve  ("-)  +  (y)  =1- 

W  \b /  a2  +  a&  +  &2 
Ans. 


a  +  6 


6^  -f-  1 

8.  Find  the  length  between  x  -  a  and  x  =  b  of  the  curve  e'J  =  ^  —  ■ 


e2b  _  1 

Ans.  log  — - -  +  a  —  b. 

D  e2a  _  i 


9.  The  equations  of  the  involute  of  a  circle  are 

lx  =  a  (cos  9  +  8  sin  6), 
\y  —  a  (sin  9  —  6  cos  6). 

Find  the  length  of  the  arc  from  9  —  0  to  8  =  8X. 


Ans.  4  adi2. 
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226.  Lengths  of  plane  curves.  Polar  coordinates.  Formulas  (A) 
and  (B)  of  the  last  section  for  finding  the  lengths  of  curves  whose 
equations  are  given  in  rectangular  coordinates  involved  the  differ¬ 
ential  expressions 


In  each  case,  if  we  introduce  the  differential  of  the  independent 
variable  inside  the  radical,  they  reduce  to  the  form 

[dx 2  -p  dy~Y- 

Let  us  now  transform  this  expression  into  polar  coordinates  by 
means  of  the  substitutions 

x  —  p  cos  6,  y  =  p  sin  6. 

Then  dx  —  —  p  sin  Odd  -p  cos  Odp, 

and  dy  —  p  cos  Odd  -p  sin  6 dp, 

and  we  have 

[ dx 2  -p  dy2~f  =  [(—  p  sin  Odd  -p  cos  6 dp)2  -p  (p  cos  OdO  -p  sin  6dp)2Y 
=  [P2d02  +  dp2f. 


If  the  equation  of  the  curve  is 


P  =f(0), 

then  dp  =f  (6)  dO  —  ~  dO. 

tv  C7 


Substituting  this  in  the  above  differential 
expression,  we  get 


dO. 


If  then  a  and  /3  are  the  limits  of  the  independent  variable  0 
corresponding  to  the  limits  in  (A)  and  (B),  p.  308,  we  get  the 

formula  for  the  length  of  the  arc, 


(A) 


where  p  and  in  terms  of  6  must  be  substituted  from  the  equa¬ 
tion  of  the  given  curve. 
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In  case  it  is  more  convenient  to  use  p  as  the  independent  vari¬ 
able,  and  the  equation  is  in  the  form 

0  =  <Hp)i 


then 


dd  =  <£'  (p)  dp  —  ^  dp. 

dp 


Substituting  this  in  [p2d6~  +  dp2] ,J 


gives 


K 


dd 

dp 


2  “1 

+  1 


dp. 


Hence,  if  p1  and  p2  are  the  corresponding  limits  of  the  inde¬ 
pendent  variable  p,  we  get  the  formula  for  the  length  of  the  arc, 


(B) 


dd 


=£■!>(£)■ 


where  —  in  terms  of  p  must  be  substituted  from  the  equation  of 
dp 

the  given  curve. 

Ex.  1.  Find  tlie  perimeter  of  the  cardioid  p  =  a(  1  +  cos  8). 
dp 

Solution.  Here  —  =  —  a  sm  8. 
d8 

If  we  let  8  vary  from  0  to  ir,  the  point  P  will  gener¬ 
ate  one  half  of  the  curve.  Substituting  in  (A),  p.  382, 


=  [>(!  +  cos  8)2  +  a2  sin2 0]* dd 
=  +  2  cos  dd  —  2  aJu  cos  ^  dd  =  4  a. 


s  =  Sa.  Ans. 


EXAMPLES 

1.  Find  the  length  of  the  spiral  of  Archimedes,  p  =  ctd ,  from  the  origin  to  the  end 

a , 


of  the  first  revolution. 

2.  Rectify  the  spiral  p  =  ead  from  the  origin  to  the  point  (p,  8) 


Ans.  7ra  Vl  +  4  7t2  + -log(2  7r  +  Vl -(- 4tt2). 
2 


Hint.  IJse  ( B ). 


Ans. Va2  +  1. 
a 


.8 


3 

/-£ 


Ans. 


3  7 ra 


3.  Find  the  entire  length  of  the  curve  p  =  a  sin3--  J 

/  _  a  o'  " 

r-  .nvcc-iLp  0  lr  0 

4.  Find  the  circumference  of  the  circle  p  =  2  r  sin  8.  Ans.  2  irr. 

5.  Find  the  length  of  the  hyperbolic  spiral  p8  =  a  from  (pi,  8\)  to  (p2,  do\^ 

Ans.  Va2  +  pi2  -  Va2  +  p22  +  a  log' 


de 


rPi(a  +  ~du2  +  P22) 

Pa  (a  +  +  Pi2) 
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6.  Find  the  length  of  the  arc  of  the  cissoid  P  =  2  a  tan  6  sin  0  from  6  -  0  to  6  -  4 

-  V3+V5  1 

AM.  2^  V5_2-V310Sv5(2+^^ 


7.  Find  the  length  of  the  parabola  p  =  a  sec?  -  from  9  -  -  g  to  6 


TV 

2 


Ans.  2a^sec ^  +  logtan— 


8.  Show  that  the  entire  length  of  the  epicycloid  4(p2  —  a2)3  —  27aVsin2^ 
T  which  is  traced  by  a  point  on  a  circle  of  radius  |  rolling  on  a  fixed  circle  of  radius 
a,  is  12  a. 

227.  Volumes  of  solids  of  revolution.  Let  V  denote  the  volume 
of  the  solid  generated  by  revolving  the  plane  surface  AMPC  about 

the  axis  of  X,  the  equation  of 
Y  _  the  plane  curve  CPD  being 

y=fix)r 

Let  x  (=  OM)  take  on  a  small 
increment  Ax  (=  MX) ;  then 
IJl  x  V  takes  on  an  increment  A  V, 
the  volume  of  the  disc  gen¬ 
erated  by  the  plane  surface 
MXQP.  In  revolving,  the 
two  rectangles  MXBP  and 
MNQS  generate  cylinders  having  the  same  altitude  Ax.  (=  MX), 
the  exterior  one  having  XQ,  and  the  interior  one  MP,  as  radius 
of  the  base.  The  disc  generated  by  MNPQ  is  evidently  greater 
than  the  interior  but  less  than  the  exterior  cylinder.  Hence 


o 


c  J 

j\y 

nA 

r — ' 

1  ] 

1 

1 

1 

1 

4- 

1  \ 

l!  1 

1  1  1 
44 _ V 

■  ( 

M 

1 

j 

W 

/i ; 

X 

!/ 

or,  dividing  by  Ax, 


7r  MP1  ■  Ax  <  A  V  <  7 rXQ2  ■  Ax ; 


AV 


ttMP *  <  — —  <  7 tXQ  . 

Ax 


Now  let  Ax  approach  zero  as  a  limit;  then  XQ  approaches  MP 
as  a  limit,  and  we  get 


or,  using  differentials, 


d  V  c,  .  „  rT.2, 

— -  =  iry(=  it  MP  ); 

d  V  =  ir'jfdx. 


JO 


"V  <•' 


f  J 

/  XU,c  ^ 
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which  is  the  differential  of  the  volume  of  the  solid  of  revolution. 
Integrating, 

V=  7 r  j' ifdx. 

Therefore  if  OA  =  a  and  OB  =  h1  the  volume  generated  by  revolv¬ 
ing  A  BBC  about  the  axis  of  X  may  be  calculated  by  means  of  the 
formula 


(A) 


=  tt  C’l 

J a 


where  the  value  of  y  in  terms  of  x  must  be  substituted  from  the 
equation  of  the  given  curve. 

This  formula  is  easily  recalled  if  we  consider  a  slice  or  disc  of 
the  solid  between  two  planes  perpendicular  to  the  axis  of  revolu¬ 
tion  as  an  element  of  the  volume,  and  regard  it  as  a  cylinder  of 
infinitesimal  altitude  dx  and  with  a  base  of  area  7 ry2,  hence  of  vol¬ 
ume  7 ry2dx.  Summing  up  all  such  slices  (elements)  from  A  to  B,  we 
get  the  volume  generated  by  revolving  ABBC  about  the  axis  of  X. 

Similarly  when  OF  is  the  axis  of  revolution  we  use  the  formula 


(-B) 


V 


J'd 

xAdy, 

C, 


where  the  value  of  x  in  terms  of  y  must  be  substituted  from  the 
equation  of  the  given  curve. 


Ex.  1.  Find  the  volume  generated  by  revolving  the  ellipse 


axis  of  X. 
Solution. 


b2 

Since  y 2  =  —  (a2  —  x2),  and 

the  required  volume  is  twice  the  volume 
generated  by  OAB,  we  get,  substituting 
in  (A), 

V  ra  ra b 2 

—  =  7r  |  y2dx  =  7r  (  —  (a2 
2  do  "  Jo  of 

2  imb2 


x2)  dx 


V  = 


3 

4  irab2 


■  +  —  =  1  about  the 
;  b2 


To  verify  this  result,  let  b  =  a.  Then  V  — 


4  iras 


the  volume  of  a  sphere,  which 


is  only  a  special  case  of  the  ellipsoid.  When  the  ellipse  is  revolved  about  its  major 
axis  the  solid  generated  is  called  a  prolate  spheroid  ;  when  about  its  minor  axis,  an 
oblate  spheroid. 
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EXAMPLES 

J  i.  rind  the  volume  of  the  sphere  generated  by  revolving  the  circle  0  +  =  r* 

about  a  diameter.  •  Ans.  — —  • 

2.  Find  by  integration  the  volume  of  the  right  cone  generated  by  revolving 

the  line  joining  the  origin  to  the  point  (a,  b)  about  the  axis  of  X.  ^ns.  . 

3 

3.  Find  the  volume  of  the  cone  generated  by  revolving  the  line  of  Ex.  2  about 

the  axis  of  Y.  Ans.  7r  — • 


Jt>y>  \*t  I# 
f j  \\  vc 


X 


4.  Find  the  volume  of  the  paraboloid  of  revolution  generated  by  revolving  the 
arc  of  the  parabola  y2  =  4  ax  between  the  origin  and  the  point  (x1?  yx)  about  its  axis. 


Ans.  2  waxy2  =  7ryr- ;  i.e.  one  half  of  the  volume  of  the  circumscribing  cylinder. 

2 

5.  Show  that  the  volumes  generated  by  revolving  y  =  ex  about  OX  and  OY  are 

n,  .x 

-  and  2  ir  respectively.  . 

2  i  v*( 

6.  Find  the  volume  generated  by  revolving  the  arc  in  Ex.  4  about  the  axis  of  Y. 


Ans. 


r-yi0 
80  a2 


=  i  7tXi2i/i  ;  i.  e.  one  fifth  of  the  cylinder  of  altitude  y\  and  radius  of  base  xx. 


nate  axes. 


Ans. 


■J  7.  Find  by  integration  the  volume  of  the  cone  generated  by  revolving  about 
OX  that  part  of  the  line  4x-5?/.  +  3  =  0  which  is  intercepted  between  the  coordi- 

9  7 r 
100 

8.  Find  the  volume  of  the  spindle-shaped  solid  generated  by  revolving  the 

32  7ra3 
105  ' 

about  its 

x2  -f  4  a'2 

Ans.  4  ir‘2as. 


hypocycloid  x®  +  =  a*  about  the  axis  of  X. 

9.  Find  the  volume  generated  by  revolving  the  witch  y 
asymptote  OX. 


Ans. 
8  a3 


tr 


10.  Find  the  volume  generated  by  revolving  about  OY  that  part  of  the  parabola 


x2  +  ?/2  =  a-  which  is  intercepted  by  the  coordinate  axis. 


Ans. 


ir  a2 

nr 


11.  Find  the  volume  of  the  torus  (ring)  generated  by  revolving  the  circle 

Y1  +  (y  —  5) 2  =  a'2  about  OX.  Ans.  2  Tr'2a2b. 

12.  Find  the  volume  generated  by  revolving  one  arch  of  the  sine  curve  y  =  sin  x 

about  the  axis  of  X.  w2 

Ans.  — 
2 

13.  Find  the  volume  generated  by  revolving  about  OX  the  curve 

i  (x  —  4  a)  y2  =  ax  (x  —  3  a) 


between  the  limits  x  =  0  and  x  =  3  a. 


nr  fjo 

Ans.  (15  -  16  log  2). 


„  •> 


\M. 


u  - 


nC  Win 


4 1 


n-_  -v 


INTEGRATION  A  PROCESS  OF  SUMMATION 


387 


14.  Find  the  volume  generated  by  revolving  one  arch  of  the  cycloid 

V 


x  =  r  arc  vers  -  —  V2  ry  —  y2 
r 


about  OX ,  its  base. 
Hint.  Substitute  dx  = 


yiy 


V2  ry-y1 


,  and  limits  y  =  0,  y  =  2  r ,  in  (A) ,  p .  385. 


Ans.  bir2rs. 


ft 


15.  Find  the  volume  generated  by  revolving  the  catenary  y  =  -  (e“  -f  e  “)  about 
the  axis  of  X  from  x  =  0  to  x  =  b. 


TT(l6 


2  b 


2  h 


.  ,.^J  ,  - .  7 TOfib 

Ans.  - (e“  —  e  4 - 

4  '  '  2 


X' 

16.  Find  the  volume  of  the  solid  generated  by  revolving  the  cissoid  y2  = 
about  its  asymptote  x  =  2  a. 

H  ^7>V<?U{  v  ;  p  n,  r  "c  ■  ^  j  t  -■  -  V  yV 


X' 


.3 


2  a  —  x 
Ans.  2  7r2a3. 


,  ,  .  dy  y 

17.  Given  the  slope  of  tangent  to  the  tractnx  —  — _ __ _ ■_ 

generated  by  revolving  it  about  OX.  c  x  ~  V2 


find  the  solid 


Ans.  1 7ra3. 


0/  77  H  *  Jsy,-  I  4v 

18.  Show  that  the  volume  of  a  conical  cap  of  height  a  cut  from  the  solid  gen¬ 
erated  by  revolving  the  rectangular  hyperbola  x2  —  y2  =  a2  about  OX  equals  the 
volume  of  a  sphere  of  radius  a. 


19.  Using  the  parametric  equations  of  the  hypocycloid 

1  x  —  a  cos3  9, 

\y  —  a  sin3  9, 

find  the  volume  of  the  solid  generated  by  revolving  it  about  OX.  Ans. 

20.  Find  the  volume  generated  by  revolving  one  arch  of  the  cycloid 

x  =  a  (9  —  sin  9), 
y  =  a  (1  —  cos  9), 


82  7T  as 

105 


about  its  base  OX. 


Ans.  t>ir2a3. 


Show  that  if  the  arch  be  revolved  about  OF  the  volume  generated  is  6ir3a3. 

21.  Show  that  the  volume  of  the  eow  generated  byvrevdlving  the  curve 

^  x2y2  —  (x  —  a)  (x  b)  j  .  ...  -  .  .  ,  o 


about  OX  is 


(a  +  b)  log-  -2  (b  -  a) 


V  -  1  Jol. 


'  o- 

22.  Find  the  volume  generated  by  revolving  the  curve  x4  —  a-x2  +  a2y2  =  0 

about  OX.  '  j[ns,  4  na'-. 

15 


23.  Find  the  volume  of  the  solid  generated  by  revolving  the  curve  x-  +  2/‘  1 

about  OF.  Ans.  —  • 

5 
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228.  Areas  of  surfaces  of  revolution.  Let  N  denote  the  aiea  of 

the  shaded  surface  generated  by  revolving  the  arc  CP(=s)  about 

OX,  the  equation  of 

the  plane  curve  CPI) 
being  y=f(x). 

Let  x(=OM)  take 
on  a  small  increment 
Ax  (  =  MN) ;  then  N 
takes  on  an  increment 
AN,  the  area  of  the  band 
generated  by  the  arc 
PQ  (—  As).  Draw  the 
chord  PQ.  Let  A  S'  denote  the  area  of  the  convex  surface  of  the 
frustrum  of  the  cone  of  revolution  generated  by  the  chord  PQ. 
Then 

A  S'  =  2 .  chord 
2 


or, 


The  lateral  area  of  the  frustrum  of  a  cone  of  revolution  is  equal  to  one  halfl 
the  sum  of  the  circumferences  of  its  bases  multiplied  by  the  slant  height. J 


A  S'  =  2  t r 


•chord  PQ. 


Multiplying  and  dividing  the  first  member  by  AN,  and  then 
dividing  both  members  by  As,  we  get 


AN  A  S'  __  Q  /  Ay\  chord  PQ 

~Ka'~Ks~‘j7r\y  ~2j 


Now  let  Are  approach  zero  as  a  limit.  Then  As  and  Ay  also 
approach  zero  and 

limit  / ANN  _  limit  / ANN  _  _.  limit  / chord  PQ 
As=0'yAs//  ds  As  =  0^AN/  As  =  0  y  As 

Hence  from  (H), 

d 

~  =  2iry(=2  ttMP)  ; 

do 

or,  using  differentials, 

dS  —  2  : nyds , 
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which  is  the  differential  of  the  area  of  the  surface  of  revolution. 

Integrating, 

S  =  2  7 r yds  ; 


or,  since  from  (29),  p.  143,  ds 


dx,  we  have 


Hence  if  OA  =  a  and  OB  =  b,  the  surface  generated  by  revolving 
the  arc  CD  about  OA'  is  given  by  the  formula 


(B) 


S  =  Utt  f' 


V 


1  + 


(dy  A 
V  dx  ) 


1 

2 


dx. 


where  the  value  of  y  and 


dy 

dx 


in  terms  of  x  must  be  substituted 


from  the  equation  of  the  given  curve. 

This  formula  is  easily  remembered  if  we  consider  a  narrow  band 
of  the  surface  included  between  two  planes  perpendicular  to  the 
axis  of  revolution  as  the  element  of  area,  and  regard  it  as  the 
convex  surface  of  a  truncated  cone  of  revolution  of  infinitesimal 
slant  height  ds  and  with  a  middle  section  whose  circumference 

o 

equals  2  Try,  hence  of  area  2  iryds.  Summing  up  all  such  bands 
(elements)  from  A  to  B,  we  get  the  area  of  the  surface  generated 
by  revolving  the  arc  CPD  about  OA'. 

Similarly  when  OY  is  the  axis  of  revolution  we  use  the  formula 


(C) 


S  =  2-irJ^a;  + 


i 

2-1  2 


rdx\ 

\dy)  J 


dy. 


where  the  value  of'x  and  in  terms  of  y  must  he  substituted 

dx 

from  the  equation  of  the  given  curve. 

Ex.  1.  Find  the  area  of  the  surface  of  revolution  generated  by  revolving  the 
hypocycloid  x5  +  2/3  =  ct3  about  the  axis  of  A. 

Solution.  Here  ^  ,  y  =  (a*  —  x*)2. 

dx  x » 
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Substituting  in  (B),  p.  389,  noting  that  the  arc  BA  generates  only  one  half  of 

the  surface,  we  get 


EXAMPLES 


1.  Find  the  area  of  the  surface  of  the  sphere  generated  toy  revolving  the  circle 

x2  +  y2  =  r 3  about  a  diameter.  Ans.  4  ir r2. 

2.  Find  the  area  of  the  surface  generated  toy  revolving  the  parabola  y'2  =  lax 

about  OX,  from  the  origin  to  the  point  where  x  =  3  a.  .  56 

3 

3.  Find  toy  integration  the  area  of  the  surface  of  the  cone  generated  by  revolv¬ 
ing  the  line  joining  the  origin  to  the  point  (a,  b)  about  OX.  Mns.  ^  Va2  -f  b'2. 

a  x  x 

4.  Find  the  surface  generated  toy  revolving  the  catenary  y  =  (ea  +e  “)  about 

OF  from  x  =  0  to  x  =  a.  ( <t~,  dLa  AS”  f — ^A/rt 

C  ^  'Tf\  ,  Ans.  2  7ra2 (1  -  e-1). 

5.  Find  the  surface  of  the  prolate  spheroid  generated  toy  revolving  the  ellipse 

y2  —  (1  -  e2)  (a2  —  x 2)  about  OX.  „  2  Trafr 

J  '  Ans.  2 7r62  -f - arcsine. 

e 

6.  Find  the  surface  of  the  torus  (ring)  generated  by  revolving  the  circl 


x2  +  (y  —  b )2  =  a2  about  OA'. 


Ans.  4  ir2ab. 


Hint.  Using  tlie  positive  value  of  Va2-*2  gives  the  outside  surface,  and  the  negative  value 
the  inside  surface. 

•v  *  -(-•  4  (/}  XC 

7.  Find  the  surface  generated  by  revolving  an  arch  of  the  cycloid 


x  =  r  arc  vers 


?/ 


about  its  base. 


V2  ry  —  y'2 


Ans. 


64  7rr 2 


8.  Find  the  surface  generated  by  the  cycloid  when  revolved  about  the  tangent 
at  its  vertex.  32  2 

Ans. - 


9.  Find  the  surface  of  the  oblate  spheroid  generated  by  revolving  the  ellipse 

tt2y2  +  b2x2  —  a2b 2  about  its  minor  axis.  52  1  4.  P 

Ans.  2rf  +  ,_loe_±_. 


Hint.  e  =  eccentricity  of  ellipse. 
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10,  Find  the  surface  generated  when  the  cycloid  is  revolved  about  its  axis. 

Ans.  8irr'2(tr  —  f). 

11.  Find  the  surface  generated  by  revolving  about  OX  that  portion  of  the  curve 

y  =  ex  which  is  to  the  left  of  the  axis  of  Y.  j.ns.  tt  [  V2  +  log  (1  +  V2)]. 


12.  A  quadrant  of  a  circle  of  radius  a  revolves  about  the  tangent  at  one  extremity ; 


prove  that  the  area  of  the  curved  surface  generated  is  x  (w  —  2)  a2. 

13.  Find  the  surface  generated  by  revolving  the  cardioid 


x  =  a  (2  cos  8  —  cos  2  8), 
y  —  a{ 2  sin  8  —  sin  2  8), 


about  OX. 


tv<  l 


Ans. 


128  a2x 


14.  Show  that  the  surface  generated  by  revolving  the  cycloid 

;  x  =  a  (0  -  sin  8), 
y  —  a(l  —  cos  8), 

64  7ra2  .  .  32  to? 

about  OX  is - ;  and  that  when  revolved  about  OY  it  is  — - - 

3  6 


15.  Show  that  the  surface  generated  by  revolving  the  curve  i4  -  a2x2  +  8  ahf-  =  0 

about  OX  from  x  =  0  to  x  =  a  is  — f  (3  a2x  -  2  x3)  dx  =  -  ttu2. 

4a2^°  4 

16.  Show  that  the  surface  generated  by  revolving  xi  +  3  =  6  xy  about  01  from 
x  =  ltox  =  2is7r^  +  log2^;  and  that  when  revolved  about  OX  it  is  • 

17.  Show  that  the  surface  generated  by  revolving  the  cubical  parabola  y  =  x3 
about  OX  from  x  =  0tox  =  lis2  irj^  Vl  .4-  9  x'1  x?jdx  =  —  ( VlOOO  —  1). 


18.  Show  that  if  we  rotate  y2  +  4  x  =  2  log  y 
.  10  7T 

the  surface  generated  is  — -  • 


about  OX  from  y  —  1  to  y  —  2, 
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SUCCESSIVE  AND  PARTIAL  INTEGRATION 


229.  Successive  Integration.  Corresponding  to  successive  differ¬ 
entiation  in  the  Differential  Calculus  we  have  the  inverse  process 
of  successive  integration  in  the  Integral  Calculus.  W e  shall  illus¬ 
trate  by  means  of  examples  the  details  of  this  process,  and  show 
how  problems  arise  where  it  is  necessary  to  apply  it. 

Ex.  1.  Given  — -  -  dx;  to  find  y. 
dx% 


Solution.  We  may  write  this 


d 


or, 


(-) 

\  dx 2 /  „ 

- =  bx, 

dx 

l( =  6xdx. 
\dx2/ 


Integrating, 


or, 


<Py 
dx 2 
dff 
dx 2 


-f> 


This  may  also  be  written 


d 


(-) 

\dx  ' 


6xdx, 
=  3  x2  +  Ci. 

—  3  x-  -j-  Cj, 


dx 

l(<^)=  (3  x2  +  ci)  dx. 
\dx/ 


Integrating  again, 

CO 

Again, 

(*) 


^  =  f  (3  x 2  +  cx)  dx,  or, 
dy 

—  =  Xs  +  CiX  +  c2. 
dx 

dy  =  (x3  +  C\X  +  c2)  dx,  and  integrating, 

X *  CiX2 

y  =  —  +  — —  +  c2x  +  c8.  An  s. 

4  2 


The  result  (A)  is  also  written  in  the  form 

xdxdx  (or  =J~ ^Qxdx1), 
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and  is  called  a  double  integral ,  while  (B)  is  written  in  the  form 


y  6  xdxdxdx  (or  =  §  §  §  6  xdx3) , 


and  is  called  a  triple  integral.  In  general,  a  multiple  integral 
requires  two  or  more  successive  integrations.  As  before,  if  there 
are  no  limits  assigned,  as  in  the  above  example,  the  integral  is 
indefinite ;  if  there  are  limits  assigned  for  each  successive  inte¬ 
gration,  the  integral  is  definite. 


Ex.  2.  Find  the  equation  of  a  curve  for  every  point  of  which  the  second  deriva¬ 
tive  of  the  ordinate  with  respect  to  the  abscissa  equals  4. 


dfiy 

Solution.  Here  ~  =  4.  Integrating  as  in  Ex.  1, 

dx2 

dy  . 

<c>  i  =  ix  +  c" 

(D)  y  —  2  x2  +  CiX  +  c2.  Ans. 

This  is  the  equation  of  a  parabola  with  its  axis  parallel  to  OF  and  extending 
upward.  By  giving  the  arbitrary  constants  of  integration  ci  and  c2  all  possible 
values  we  obtain  all  such  parabolas. 

In  order  to  determine  cx  and  c2,  two  more  conditions  are  necessary.  Suppose 
we  say  (a)  that  at  the  point  where  x  -  2  the  slope  of  the  tangent  to  the  parabola  is 
zero  ;  and  (b)  that  the  parabola  passes  through  the  point  (2,  -  1). 


dy 

(a)  Substituting  x  —  2  and  —  =  0  in  (C) 

gives  0  —  8  T  cx. 

Hence  cx  =  —  8, 

and  (D)  becomes  y  =  2  x2  —  8  x  +  c2. 

(b)  The  coordinates  of  (2,  —  1)  must  satisfy  this  equation  ;  therefore 

—  1  =  8  —  16  +  c2,  or,  c2  =  +  7. 

Therefore  the  equation  of  the  particular  parabola  which  satisfies  all  three  condi¬ 
tions  is  y  =  2  x2  —  8x+7. 


EXAMPLES 


1.  Given  —  =  ax2 ;  find  y. 

dxs 

2.  Given  =  0  ;  find  y. 

dxs 

2  dxfi 

3.  Given  dh)  -  — —  ;  find  y. 

Xs 

4.  Given  ^  =  sin  6 ;  find  p. 

dds 


ax°  C\X2  , 

Ans.  y  =  — —  -I — — — h  c2x  +  C3. 
oO  2j 

Cl®2  , 

Ans.  y  = - b  CoX  +  C3. 

2 

,  C1*2 

Ans.  y  =  log*  +  — — b  c2x  +  c3. 

At 

Ci  6^ 

Ans.  p  =  cos  9  H — - — b  c20  +  c3. 

u 
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5.  Given  —  =  3  f2  -  - ;  find  s.  Ans.  s  =  ^  log  t  +  +  c2t  +  cs. 

dt 8  t 8  20  2  2 

si  n8  (b  1 

6.  Given  d'2p  —  sin  <p  cos2  <pd<p 2 ;  find  p.  Ans.  p  =  — — - -  -  sin  tp  4-  Ci<p  +  c2' 

6  o 

7.  Determine  the  equations  of  all  curves  having  zero  curvature. 


Hint.  *^1!-  =0,  from  (38),  p.  161,  since  K=  0. 

< lx 2 

Ans.  y  =  Cix  +  c2,  a  doubly  infinite  system  of  straight  lines. 

8.  The  acceleration  of  a  moving  point  is  constant  and  equal  to  /;  find  the  dis¬ 
tance  (space)  traversed. 


Hint.  From  Ex.  28,  p.  114,  p  =/. 

at2 


,  /f2 

Ans.  s  = - b  cxf  +  c2. 

2 


9.  Show  in  Ex.  8  that  Ci  stands  for  the  initial  velocity  and  c2  for  the  initial 
distance. 

10.  Find  the  equation  of  the  curve  at  each  point  of  which  the  second  derivative 
of  the  ordinate  with  respect  to  the  abscissa  is  four  times  the  abscissa,  and  which 
passes  through  the  origin  and  the  point  (2,  4).  Ans.  3y  —  2x(x2  —  1). 


11.  Given 


&V 

rife* 


=  xcoscc ;  find?/. 


Ans.  y—x  cosx  —  4  sin x  4- 


CiXs 

IT 


C2X2 

H — - — b  C32;  +  C4. 

A 


cfiy 

12.  Given —  =  sin8x;  find?/.  Ans.  y  = 

dx3 


7cosx  COS8X  CiX1 


9 


27 


4 — — — bCoE  4-03. 


230.  Partial  Integration.  Corresponding  to  partial  differentia¬ 
tion  in  the  Differential  Calculus  we  have  the  inverse  process  of 
partial  integration  in  the  Integral  Calculus.  As  may  be  inferred 
from  the  connection,  partial  integration  means  that,  having  given 
a  differential  expression  involving  two  or  more  independent  vari¬ 
ables,  we  integrate  it,  considering  first  a  single  one  only  as  varying 
and  all  the  rest  constant.  I  hen  we  integrate  the  result,  considering 
another  one  as  varying  and  the  others  constant,  and  so  on.  Such 
integrals  are  called  doable,  triple,  etc.,  according  to  the  number  of 
variables,  and  are  called  multiple  integrals .* 

Thus  the  expression 

U=fff(x,  y) dydx 


indicates  that  we  wish  to  find  a  function  u  of 


d2u 

dxdy 


=f(x>  y )• 


x  and  y  such  that 


*  The  integrals  of  the  same  name  in  the  last  section  are  special  cases  of  these,  namely,  when 
we  integrate  with  respect  to  the  same  variable  throughout. 
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In  the  solution  of  this  problem  the  only  new  feature  is  that 
the  constant  of  integration  has  a  new  form.  We  shall  illustrate 
this  by  means  of  examples.  Thus,  suppose  we  wish  to  find  u, 
having  given 

:  2  x  +  y  +  3. 


du 

dx 


Integrating  this  with  respect  to  x,  considering  y  as  constant, 

we  have  2  ,  Q  ,  . 

u  =  a?  +  xy  +  3  x  +  <p, 

where  <£  denotes  the  constant  of  integration.  But  since  y  was 
regarded  as  constant  during  this  integration,  it  may  happen  that  f> 
involves  y  in  some  way ;  in  fact  < p  will  in  general  be  a  function  of  y. 
We  shall  then  indicate  this  dependence  of  <f>  on  y  by  replacing 
<f>  by  the  symbol  <p(y).  Hence  the  most  general  form  of  u  is 

u  =  x2  +  xy  +  3  x  +  <£  ( y ), 

where  <fi(y)  denotes  cm  arbitrary  function  of  y. 

As  another  problem  let  us  find 


u 


=  ff  (x‘2  +  t)  dlJdx- 


This  means  that  we  wish  to  find  u,  having  given 


c2u 


dxdy 


=  x2  +  y 2. 


Integrating  first  with  respect  to  y ,  regarding  x.  as  constant, 

we  Set  vs 

+  l  + 

dx  o 

where  -f  (x)  is  an  arbitrary  function  of  x  and  is  to  be  regarded  as 
the  constant  of  integration. 

Now  integrating  this  result  with  respect  to  x ,  legal  ding  y  as 
constant,  we  have 


u 


=^+~-  +  v(x)  + 

o  o 


where  $  (y)  is  the  constant  of  integration,  and 

\y  (x)=jfr  (x)  dx. 
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231.  Definite  double  integral.  Geometric  interpretation.  Let 

f(x,  y)  be  a  continuous  and  single-valued  function  of  x  and  y. 
Geometrically, 

(A)  ^  =/(*»  V) 

1 

is  the  equation  of  a  surface,  as  KL.  Take  some  area  S  in  the  X  Y 
plane  and  construct  upon  S  as  a  base,  the  right  cylinder  whose 
elements  are  accordingly  parallel  to  OZ.  Let  this  cylinder  inter¬ 
sect  KL  in  the  area  S',  and  now  let  us  find  the  volume  V  of  the 
solid  bounded  by  S,  S',  and  the  cylindrical  surface.  We  proceed 
as  follows. 

At  equal  distances  apart  (=  Ax)  in  the  area  S  draw  a  set  of  lines 
parallel  to  OY,  and  then  a  second  set  parallel  to  OX  at  equal 


distances  apart  (=  Ay).  Through  these  lines  pass  planes  parallel 
to  YOZ  and  XOZ  respectively.  Then  within  the  areas  S  and  S' 
we  have  a  network  of  lines,  as  in  the  figure,  that  in  S  being 
composed  of  rectangles,  each  of  area  Ax  ■  Ay.  This  construction 
divides  the  cylinder  into  a  number  of  vertical  columns,  such  as 
MNPQ,  whose  upper  and  lower  bases  are  corresponding  portions 
of  the  networks  in  S'  and  S  respectively.  As  the  upper  bases  of 
these  columns  are  curvilinear,  we  of  course  cannot  calculate  the 
volume  of  the  columns  directly.  Let  us  replace  these  columns 
by  prisms  whose  upper  bases  are  found  thus :  each  column  is  cut 
through  by  a  plane  parallel  to  XY  passed  through  that  vertex 
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of  the  upper  base  for  which  x  and  y  have  the  least  numerical 
values.  Thus  the  column  MNPQ  is  replaced  by  the  right  prism 
MNP B,  the  upper  base  being  in  a  plane  through  P  parallel  to 
the  XOY  plane. 

If  the  coordinates  of  P  are  (x,  y ,  z ),  then  MP  =  2  =f(x,  y),  and 
therefore 

(B)  Volume  of  MNPR  =f(x,  y)Ay-Ax. 

Calculating  the  volume  of  each  of  the  other  prisms  formed  in 
the  same  way  by  replacing  x  and  y  in  (B)  by  corresponding  values, 
and  adding  the  results,  we  obtain  a  volume  V  approximately  equal 
to  V;  that  is, 

(0)  V1  =^^t\x,  y)  Ay  ■  Ax ; 

where  the  double  summation  sign  22  indicates  that  there  are  two 
variables  in  the  quantity  to  be  summed  up. 

If  now  in  the  figure  we  increase  the  number  of  divisions  of 
the  network  in  S  indefinitely  by  letting  Ax  and  Ay  diminish 
indefinitely,  and  calculate  in  each  case  the  double  sum  (C),  then 
obviously  V  will  approach  V  as  a  limit,  and  hence  we  have  the 
fundamental  result 

limit  .  .  „ 

(D)  v  =Ay  =  flV  V/C',  y)  Ay  ■  Ax. 

ax  =  0  **  w 

Let  us  see  how  to  calculate  this  double  limit.  We  commence 
by  calculating  (C)  for  all  the  prisms  of  a  row  parallel  to  YOZ,  say 
along  the  line  DG. 

This  will  give  us,  approximately  of  course,  the  volume  of  a 
slice  of  V  bounded  by  planes  through  P  and  Q  parallel  to  the 
YOZ  plane.  To  do  this  analytically,  we  sum  up  in  ( C),  keeping 
x  constant  (=;OD).  Since  in  this  summation  Ax  is  also  constant, 
we  may  write  ( C )  in  the  form 

(E)  V'  =  ^  A‘r '  X  yS)  Ay' ' 

Hence  (JD)  becomes 

IF)  v=  Ay  =  0  V  Ax  ■  y  f(x,  y)  Ay. 

v  '  Ax  =  0  ^  ^ 
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In  (E),  the  limits  for  the  second  sign  of  summation  are  the 
extreme  values  of  y  for  the  vertices  of  the  network  along  the 
line  DG,  and  for  the  first  sign  of  summation  the  extreme  values 
of  x  in  the  entire  network.  Hence  it  should  now  he  mtuitionally 
evident  that  (F)  becomes*  , 


for  we  have  merely  replaced  the  signs  of  summation  by  integral 
sio-ns,  and  the  limits  by  the  values  taken  from  the  region  S  itself. 
We  have  accordingly  the  fundamental  result, 


the  second  integration  sign  applying  to  y  and  being  performed 
first,  x  and  dx  being  meanwhile  regarded  as  constants. 

The  process  of  evaluating  (JD)  might  have  been  carried  out  by 
first  adding  up  the  columns  in  (C)  along  a  line  parallel  to  OX, 
i.e.  y  remaining  constant,  afterwards  summing  up  the  resulting 
prisms  by  varying  y,  and  finally  passing  to  the  limit  as  Ax  and  Ay 
approach  zero.  These  steps  would  be  indicated  by  writing  the 
differential  expression  in  ( F )  in  the  form 


f{x,  y)  dxdy 


and  changing  the  limits.  Summing  up  our  line  of  reasoning,  we 
may  write 


where  vx  and  v2  are  in  general  functions  of  y,  and  ux  and  u2  func¬ 
tions  of  x,  the  second  integral  sign  applying  to  the  first  differential 
and  being  calculated  first. 

*  A  rigorous  proof  of  ( G )  is  to  be  found  in  Goursat’s  Cours  (V Analyse  Matli&matique , 
Vol.  I,  §123.  An  English  translation,  by  Professor  Hedrick,  of  this  book  is  published  by 
Ginn  &  Company. 
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Our  result  may  be  stated  iu  the  following  form : 
The  definite  double  integral 


may  be  interpreted  as  that  portion  of  the  volume  of  a  truncated 
right  cylinder  which  is  included  between  the  plane  XOY  and  the 

mrface  *=/(*,  y), 

the  base  of  the  cylinder  being  the  area  bounded  by  the  curves 


y  =  y  =  W2,  x=av  x=  a2. 


Similarly  for  the  second  integral. 

It  is  instructive  to  look  upon  the  above  process  of  finding  the 
volume  of  the  solid  as  follows : 

Consider  a  column  of  infinitesimal  base  dydx  and  altitude  z  as 
an  element  of  the  volume.  Summing  up  all  such  elements  from 
y  =  DF  to  y  =  DG,  x  in  the  meanwhile  being  constant  (say  =  OD), 
gives  the  volume  of  an  indefinitely  thin  slice  having  FGHI  as  one 
face.  The  volume  of  the  whole  solid  is  then  found  by  summing 
up  all  such  slices  from  x  =  OA  to  x  =  OB. 

In  partial  integration  involving  two  variables  the  order  of  inte¬ 
gration  denotes  that  the  limits  on  the  inside  integral  sign  correspond 
to  the  variable  whose  differential  is  written  inside,  the  differentials 
of  the  variables  and  their  corresponding  limits  on  the  integral  signs 
being  written  in  the  reverse  order. 


Ex.  1.  Eind  the  value  of  the  definite  double  integral 
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Interpreting  this  result  geometrically  it  means  that  we  have  found  the  volume 
of  the  solid  of  cylindrical  shape  standing  on  OAB  as  base  and  bounded  at  the  top 
by  the  surface  (plane)  z  =  x  +  y. 

The  attention  of  the  student  is  now  particularly  called  to  the  manner  in  which 
the  limits  do  bound  the  base  OAB ,  which  corresponds  to  the  area  S  in  the  figure 
p.  396.  Our  solid  here  stands  on  a  base  in  the  XY  plane  bounded  by 


y  =  0  (line^OR)  j  from  y  limits  ; 

y  =  Va'2  —  x'2  (quadrant  of  circle  AB)  ) 


x  =  0  (line  OA) 
x  =  a  (line  BE) 


from  x  limits. 


232.  Value  of  a  definite  double  integral  over  a  region  S.  In  the 

last  section  we  represented  the  definite  double  integral  as  a 
volume.  This  does  not  necessarily  mean  that  every  definite 
double  integral  is  a  volume,  for  the  physical  interpretation  of 
the  result  depends  on  the  nature  of  the  quantities  represented  by 
x, ,  y,  z.  Thus,  if  x,  y,  z  are  simply  considered  as  the  coordinates 
of  a  point  in  space,  and  nothing  more,  then  the  result  is  indeed  a 
volume.  In  order  to  give  the  definite  double  integral  in  question 
an  interpretation  not  necessarily  involving  the  geometrical  concept 
of  volume,  we  observe  at  once  that  the  variable  z  does  not  occur 
explicitly  in  the  integral,  and  therefore  we  may  confine  ourselves 
to  the  XY  plane.  In  fact,  let  us  consider  simply  a  region  S  in  the 
XY  plane,  and  a  given  function  f(x,  y).  Then,  drawing  a  network 
as  before,  calculate  the  value  of 


f(x,  y)  Ay  Ax 

for  each  point  of  the  network ,  and  sum  up,  finding  in  this  way 

XX^  y)^y^x' 


and  finally  pass  to  the  limit  as  Ax  and  Ay  approach  zero.  This 
operation  we  call  integrating  the  function  f  (x,  y)  over  the  region  S, 
Y  and  it  is  denoted  by  the  symbol 


f  fffa  y)  dydx. 

s' 

If  S  is  bounded  by  the  curves 

x=  av  x  =  a2,  y  =  ?q,  y  —  u2,  then 
/,<72 

I  I  f(xi  y)  dydx  =1  I  / (x,  y)  dydx . 
f  r  */«i 


a 


-x 
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We  may  state  our  result  as  follows : 

To  integrate  a  given  function  f(x ,  y)  over  a  given  region  S  in  the 
XOY plane  means  to  calculate  the  value  of 


limit 
Ax  ==  0 
Ay  =  0 


V) 


as  explained  above ,  and  the  result  is  equal  to  the  definite  double 
integral 

j^aa  /r%'t(2  2 

I  /(*»  ^/)  dydx,  or  I  '  f(x,  y)  dxdy , 

al  ^  W1  c/l'! 


the  limits  being  chosen  so  that  the  entire  region  S  is  covered.  This 
process  is  indicated  briefly  by 


JJf(x’  y)  dydx- 
s 


In  the  sections  which  follow  we  shall  show  by  numerous  exam¬ 
ples  how  the  area  of  the  region  itself  may  he  calculated  in  this 
way,  and  also  the  moment  of  inertia  of  the  region. 

Before  attempting  to  apply  partial  integration  to  practical  prob¬ 
lems  it  is  best  that  the  student  should  acquire  by  practice  some 
facility  in  evaluating  definite  multiple  integrals. 


/»n  7 a268 

Ex.  1.  Verify  |  (a  —  y)  xP-dydx  — 

Jh  J\)  O 

r1h  rn  r2br  y2-\a  *2.h  a2  7  a2&3 

Solution.  j[  J[  (a -v)MVdx  =£  \_a,  -  -  \  #6*  =  = 


r  a  p/a»-a*  2  a3 

Ex.  2.  Verify  |  |  _ xdydx  =  -—~- 

Jo  3 

ny«!  -  ,r2  raV  -i  V  a2  —  a;2 

_ xdydx  =1  I  xy  I  _ a* 

_Vfl2  —  ofr  dO  L  J— Va2  —  x2 


In  partial  integration  involving  three  variables  the  order  of 
integration  is  denoted  in  the  same  way  as  for  two  variables ;  that 
is,  the  order  of  the  limits  on  the  integral  signs,  reading  from  the 
inside  to  the  left,  is  the  same  as  the  order  of  the  corresponding 
variables  whose  differentials  are  read  from  the  inside  to  the  right. 
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Ex.  3.  Verify  £  £  £  xy2dzdydx  =  -\5- 

Solution.  f*f*£Sxy*dzdydx  =  ‘ £  f*  [j^V^]  dydx  =£  J  [**“*]  *V** 

—  3  xy'2dydx  =  3  *2/2(^2/J  ^x 

=3i8[f]>=7iw=: 


35 
2  ' 


.«  /.vT 


EXAMPLES 

Verify  the  following. 

1.  (x  “  2/) d2/dx  =  (a  -  3‘  X  X  d?/dX  =  3 a5‘ 

ra  rxi  o,  ,  2-  /  4\ 

4-  X  LXy2dl/dX=sa\l 8"6> 


/»&  /»~  7 

2.  (  I  brd9dr  = 

Jb  Jo 
2 


24 


/» a  /» a  $3  —  .  \ 

5.  |  I  r2  sin  6>cZ6>tZr  =  — - —  (cos  (3  -  cos  a) . 

3 


J'-n  r2y  11  a4 

xydxdy  =  — -  • 
0  Jif  -  a  24 

/* ci  s»b  s* 2 ct 

7.  x2y2zdzdydx  - 

Jb  Jo  Ja 


8. 


/»#  /»?/  (X- 

I  (  (  xsy2zdzdydx  — 

J  o  Jo  Jo 


90 


a2b3 

6 


ra  Wai-cuc  dzdX  .  „ 

(a3-63).  9.  2  a  J  |  .  :.=  =  4  a2. 


Vax  —  x2 


x2  +  ?r 


10 

11 


.  f  '  f  2“  x  f  “  dzdydx 

Jo  Jo  Jo 

rx 


3  xa3 


7r  ^.all  +  cos')  4  a3 

r2  sin  edrdd  — - . 

3 


nio  t  / - 

V  st  —  P  dsdt  =  6  ft3. 


r2 

J'*  2  ci 

I  a(w  +  2u) 

a  ,/y 


dwdv  = 


143  a3 
30 


r1  P,r  +  ,  e4  —  3  3  e2 

14.  I  ex  +  v  +  zdzdydx  = - t- e. 

Jo  Jo  Jo  8  4 


233.  Plane  area  as  a  definite  double  integral.  Rectangular  coordi¬ 
nates.  As  a  simple  application  of  the  theorem  of  the  last  section 
(p.  401),  we  shall  now  determine  the  area  of  the  region  S  itself  in 
the  XOY  plane  by  double  integration.* 

*  Some  of  the  examples  that  will  he  given  in  this  and  the  following  articles  may  be  solved  by 
means  of  a  single  integration  by  methods  already  explained  (§§221,  223).  The  only  reason  in 
such  cases  for  using  successive  integration  is  to  familiarize  the  student  with  a  new  method  for 
solution  which  is  sometimes  the  only  one  possible. 
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As  before,  draw  lines  parallel  to  OX  and  OY  at  distances  Ax 
and  A?/  respectively.  Now  take 

element  of  area  =  area  of  rectangle  P  Q  =  Ay  ■  Ax , 

the  coordinates  of  P  being  (x,  y). 

Denoting  by  A  the  entire  area  of  region  S ,  we  have 
limit  _ _ .  . 

(A)  A  =  AX  =  o  V  V  Ay  ■  Ax.  y 

Ay  =  o  ^  ^ 

We  calculate  this  by  the  theorem 
on  p.  401,  setting  f(x,  y)  =  1,  and  get 

J-%  OB  s*  CE 

I  dydx , 

OA  P  CD  ~q 

where  CD  and  CE  are  in  general 
functions  of  x,  and  OA  and  OP  are  constants  giving  the  extreme 
values  of  x,  all  four  of  these  quantities  being  determined  from  the 
equations  of  the  curve  or  curves  which  bound  the  region  S. 

It  is  instructive  to  interpret  this  double  integral  geometrically 
by  referring  to  our  figure.  When  we  integrate  first  with  respect 
to  y,  keeping  x  (=  OC)  constant,  we  are  summing  up  all  the 
elements  in  a  vertical  strip  (as  DF).  Then  integrating  the  result 
with  respect  to  x  means  that  we  are  summing  up  all  such  vertical 
strips  included  in  the  region,  and  this  obviously  gives  the  entire 
area  of  the  region  S. 

Or,  if  we  change  the  order  of  integration,  we  have 

OL  HI 

)  dxdy, 

OK  HG 

where  HG  and  HI  are  in  general  functions  of  y,  and  OK  and  OL 
are  constants  giving  the  extreme  values  of  y,  all  four  of  these  quan¬ 
tities  being  determined  from  the  equa¬ 
tions  of  the  curve  or  curves  which 
bound  the  region  S.  Geometrically 
this  means  that  we  now  commence 
by  summing  up  all  the  elements  in 
a  horizontal  strip  (as  GJ),  and  then 
find  the  entire  area  by  summing  up 
all  such  strips  within  the  region. 


Y 


c 
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Corresponding  to  the  two  orders  of  summation  (integration),  the 
following  notation  and  figures  are  sometimes  used : 


Referring  to  the  result  stated  on  page  401,  we  may  say: 

The  area  of  any  region  is  the  value  of  the  double  integral  of  the 
function  f(x,  y)  =  1  taken  over  that  region. 

Or,  also,  from  §  231,  p.  399, 

The  area  equals  numerically  the  volume  of  a  right  prism  of  unit 
height  erected  on  the  base  S. 


Ex.  1 .  Calculate  the  area  of  the  circle  x'2  +  y2  —  r'2  by  double  integration. 

Solution.  Summing  up  first  the  elements  in  a  vertical  strip,  we  have  from 

(B),  p.  403,  ~OA(.MR 

A  =  |  I  dydx. 

•job  Jms 

From  the  equation  of  the  boundary  curve  (circle) 

We  g6t  MR  =  Vr2  -  x 2,  MS  =  -  Vr2  -  x'-’, 

OB  =  —  r,  OA  =  r. 


Hence 


A  = 


X  +  r  _+  vV2_.r2 

J  _  dydx 

r  •  —  V  r~  —  xi 


Vr2.  —  x2dx  =  nr2.  Ans. 


-x: 

When  the  region  whose  area  we  wish  to  find  is  symmetrical 
with  respect  to  one  or  both  of  the  coordinate  axes,  it  sometimes 
saves  us  labor  to  calculate  the  area  of  only  a  part  at  first.  In  the 
above  example  we  may  choose  our  limits  so  as  to  cover  only  one 
quadrant  of  the  circle,  and  then  multiply  the  result  by  4.  Thus, 
A  rr  ("Jvi-xi  r>-  r -  r2 

i  ~X  A  d!ldx  =X  *dx = x' 

A  =  7 rr2.  Ans. 
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Ex.  2.  Calculate  that  portion  of  the  area  which  lies  above  OX  bounded  by 
the  semicubical  parabola  y2  =  x3  and  the  straight  line 
y  —  x. 

Solution.  Summing  up  first  the  elements  in  a  hori¬ 
zontal  strip,  we  have  from  ( C ),  p.  403, 

01)  /»  A  (J 

(  dxdy. 
o  J  au 

From  the  equation  of  the  line,  AB  =  y,  and  from  the 
equation  of  the  curve,  AC  =  ys,  solving  each  one  for  x. 

To  determine  OD,  solve  the  two  equations  simultane¬ 
ously  to  find  the  point  of  intersection  E.  This  gives  the 
point  (1,  1) ;  hence  OD  =  1.  Therefore 

A  =XT"!'  - y)dy = Pf  -  ?]  1 

=  f  -  i  =  To-  Ans. 


EXAMPLES 


X"  7/2 

1.  Find  the  area  of  the  ellipse  —  +  —  =  1  by  double  integration. 

rt'2  h'2 


Ans.  4 


na 


-Va2-a 


dydx  =  ir  ab. 


2.  Find  by  double  integration  the  area  between  the  straight  line  and  a  parabola 
with  its  axis  along  OX,  each  of  which  joins  the  origin  and  the  point  (a,  b). 

Ans.  C  f  ^''/'u dydx  =  ■ 

J(l  Jhx  6 

a 

3.  Find  by  double  integration  the  area  of  the  rectangle  formed  by  the  coordi¬ 
nate  axes  and  two  lines  through  (a,  b)  parallel  to  the  coordinate  axes.  Ans.  ab. 

4.  Find  by  double  integration  the  area  of  the  triangle  formed  by  OX  and  the 

b  .  ab 

lines  x  =  a  and  y  =  -x.  A.ns.  —  • 

a  2 

5.  Find  by  double  integration  the  area  between  the  two  parabolas  3y2  =  25  x 

and5x2  =  9y.  ^ ?is .  5. 


6.  Required  the  area  in  the  first  quadrant  which  lies  between  the  parabola 


y 2  =  ax  and  the  circle  y2  =  2  ax  —  x2. 


Ans. 


7 r  a2  2  a2 


7.  Find  the  area  outside  of  the  parabola  y2  =  4  a  (a  -  x)  and  inside  of  the  circle 
y2  —  4  a2  —  X2. 
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8.  Solve  the  problems  on  page  405  by  first  summing  up  all  the  elements  in  a 
horizontal  strip,  and  then  summing  up  all  such  strips. 

ay 

s%b  s* a,  ccb 

Ans.  Ex.  3,  dzdy  -  ab.  Ex.  4,  I  j  hdxdy  =  -- 

Jo  Jo  Jo  Jo  2 


234.  Plane  area  as  a  definite  double  integral.  Polar  coordinates. 

Suppose  the  equations  of  the  curve  or  curves  which  bound  the 
region  S  are  given  in  polar  coordinates.  Then  the  region  may 

be  divided  into  checks  bounded  by 
radial  lines  drawn  from  the  origin, 
each  one  making  the  angle  Ad  with 
the  next  one,  and  concentric  circles 
drawn  with  centers  at  the  origin,  the 
difference  between  each  radius  and 
the  next  one  being  A p. 

We  shall  consider  these  checks  as 
the  elements  of  area  of  the  region  S.  Let  us  calculate  the  area 
of  one,  say  PQ,  bounded  by  arcs  with  radii  p  and  p  -f  A p. 

From  Geometry, 

area  of  sector  OSQ  =  1  (p  +  Ap)'2Ad, 
area  of  sector  OPR  =  1  p2Ad. 

Hence 

area  of  element  PQ  =  l (p  +  Ap)°-A6  —  L  p2 Ad 
=  pApAd  -f  l  Ap2 .  Ad. 

Then,  as  before,  the  area  of  the  region  S  will  be 
limit  _ 

/»  /»  limit 

=JJ  Pdpdd  +  Ap  =  OA|o  -lX%ApAd, 
the  summation  extending  over  the  entire  region,  or, 

A  =  j'j' pdpdO. 

S 

Here,  again,  the  summation  (integration)  may  be  effected  in 
two  ways. 
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When  we  integrate  first  with  respect  to  9 ,  keeping  p  constant, 
it  means  that  we  sum  up  all  the  elements  (checks)  in  a  segment  of 
a  circular  ring  (as  ABCD),  and  next  integrating  with  respect  to  p, 
that  we  sum  up  all  such  rings  within  the  entire  region.  Our 
limits  then  appear  as  follows : 

J-*OF  jangle XOB 

I  pdOdp, 

OE  Wangle  XOA 


the  angles  XOA  and  XOB  being 
OE  and  OF  constants  giving  the 
extreme  values  of  p. 

Suppose  we  now  reverse  the 
order  of  integration.  Integrating 
first  with  respect  to  p,  keeping  6 
constant,  means  that  we  sum  up 
all  the  elements  (checks)  in  a 
wedge-shaped  strip  (as  GKLH ). 
Then  integrating  with  respect  to 
within  the  region  S.  Here 


in  general  functions  of  p,  and 


9,  we  sum  up  all  such,  strips 


J-'*  angle  XOl  s*  OH 

I  pdpd9, 

angle  X OJ  ^ OG 

OH  and  OG  being  in  general  functions  of  9,  and  the  angles  XOJ  • 
and  XOI  being  constants  giving  the  extreme  values  of  9. 

Corresponding  to  the  two  orders  of  summation  (integration),  the 
following  notation  and  figures  may  be  conveniently  employed : 


A=J'J'pd9dp,  A  =  ff  pdpd9. 

S  s 


These  are  easily  remembered  if  we  think  of  the  elements  (checks) 
as  being  rectangles  with  dimensions  pd9  and  dp,  and  hence  of  area 
pd9dp. 
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Ex.  1.  Find  the  area  of  the  circle  p  =  2r  cos  0  by  double  integration. 

Solution.  Summing  up  all  the  elements  in  a 
sector  (as  OB),  the  limits  are  0  and  2rcos  0;  and 
summing  up  all  such  sectors,  the  limits  are  0  and 

-  for  the  semicircle  OXB.  Substituting  in  (D), 

2  i 


2  r  cos  0 


A 

2  Jo  Jo 
A  =  nr2.  Ans. 


nr i 


pdpdd  =  — ,  or, 
2 


X 


EXAMPLES 

1.  In  the  above  example  find  the  area  by  integrating  first  with  respect  to  0. 

2.  Find  by  double  integration  the  entire  area  of  the  cardioid  p  =  a(  1  -  cos  0). 

.  3  na2 

Ans.  - 


/(fti 


3.  Find  by  double  integration  the  entire  area  of  the  lemniscate  p2  —  a2  cos  2  0. 

Ans.  a2. 

4.  Find  by  double  integration  the  area  of  that  part  of  the  parabola  p  =  a  sec2  - 

intercepted  between  the  curve  and  its  latus  rectum.  2 

■XT"5*— 

5.  Find  by  double  integration  the  area  between  the  two  circles  p  =  a  cos  0, 
p  =  b  cos  0,  b  >  a ;  integrating  first  with  respect  to  p. 


Ans.  2 


X3X 


<b  co&O  ^ 

pdpdd  =  -  (b2  —  a2). 

cos  0  4  ’ 


6.  Solve  the  last  problem  by  first  integrating  with  respect  to  0. 

\  \  ? 

235.  Moment  of  inertia.  Rectangular  coordinates.  Consider  an 


element  of  the  area  of  region  S,  as  PQ 
If  the  coordinates  of  P  are  (x,  y),  the 
distance  of  P  from  O  is  Va2  +  y\  Mul- 
tiplying  the  area  of  element,  i.e. 

AxAy, 

by  the  square  of  the  distance  of  P  from 
the  origin,  we  have 

(A)  (x2  +  y2)  Ay  Ax. 


Y 


\ 

■A 

v 

L 

A 
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Then  the  value  of 


(-») 


limit  ,  . 

= 0  22  (®2  +  2/2)  A,yA-'' 

Ax  =  0  ^ 


defines  the  moment  of  inertia  of  the  area  within  the  region  S  about 
the  point  0,  when  the  summation  is  extended  over  the  entire  region. 
The  product  (.A)  is  then  an  element  of  the  moment  of  inertia. 
Denoting  this  moment  of  inertia  by  I,  we  then  have,  as  before, 


(C) 


1  = 


=Sf 


(a?2  -j-  i/2)  dydx ,* 


the  limits  of  integration  being  determined  in  the  same  way  as  for 
finding  the  area  (p.  403). 

Ex.  1.  Find  I  over  the  area  bounded  by  the  lines  x  =  a,  y  =  0,  y  =  -x. 

Solution.  These  lines  bound  a  triangle  OAB.  Summing  up  all  the  elements 
in  a  vertical  strip  (as  PQ),  the  ?/-limits  are  zero  and  -x 


(found  from  the  equation  of  the  line  OB).  Summing 
up  all  such  strips  within  the  region  (triangle),  the 
x-limits  are  zero  and  a(—  OA).  Hence 


B{a,b) 


u 

=  f  £a  ( x-  +  y2)dydx 


f2  {,3  x 

+  12)' 


Ans. 


If  we  suppose  the  triangle  to  be  composed  of  horizontal  strips  (as  BS), 

/%  b  /%  a  /  0?  \ 

I=XX»(l'+!/,)“!'  =  "S(4  +s)-  Am- 


EXAMPLES 

1.  Eind  I  over  the  rectangle  bounded  by  the  lines  x  =  a,  y  =  b,  and  the 
coordinate  axes.  .  Ca  Ch a3b  +  ab3 


r*a  s+o  d'i[ 

Ans.  J  I  (x2  +  y-)  dydx  =  — 


2.  Find  I  over  the  right  triangle  formed  by  the  coordinate  axes  and  the  line 
joining  the  points  (a,  0),  (0,  b).  „ „  f  (n  ~A)  a&(a2  +  f,2) 


Ans.  C  f  “  (x2  +  y2)  dydx  =  —  A  ■ 

Jo  Jo  12 


3.  Find  I  for  the  region  within  the  circle  x2  +  y2  =  r2 


Ans. 


irr1 


*  From  the  result,  p.  401,  we  may  say  that  the  moment  of  inertia  of  the  area  within  the  region 
S  is  the  value  of  the  double  integral  of  the  function  f  ( x ,  y)=  x2  +  y 2  taken  over  that  region. 
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ofr 2  y2 

4.  Lind  I  for  the  ellipse  —  +  —  =  1. 

a 1  o 2 


Compare  result  with  preceding  problem. 


Ans.  —  (a2  +  62). 
4 


.  5.  Find  I  over  the  region  between  the  straight  line  and  a  parabola  with  axis 
along  OX,  each  of  which  joins  the  origin  and  the  point  (a,  b). 


Ans.  r(b^“(x*+y*)dydx  = 

JO  Jbx 


ab  ( 

I 


\ 


b2' 
7  +  5. 


6.  Find  I  over  the  region  bounded  by  the  parabola  y 2  —  4  ax,  the  line  x  +  y 
—  3  a  —  0,  and  OX.  _ 

A"-  X  1  v-r,,— ~.j,  j„  35 


»•  IX 


(x2  +  y2)  dydx  +  £  £ 

2  a  3  a  — y 


314  a4 

(x2  +  y2)  dxdy  —  • 

ou 


236.  Moment  of  inertia.  Polar  coordinates.  Consider  an  ele¬ 
ment  of  the  area  of  region  S,  as  PQ.  If  the  coordinates  of  P 
are  (p,  0),  the  distance  of  P  from  0  is  p.  The  area  of  the  element 

in  polar  coordinates  was  found,  on 
p.  406,  to  be 

pApA0  -p  Ap~  ■  A0. 

Multiplying  this  by  the  square  of 
the  distance  of  P  from  the  origin, 
~x  we  get 


(M)  p2  (pApA0  -p  c  Ap"  ■  Ad). 


Then,  in  conformity  with  the  definition  of  moment  of  inertia 
(=/)  of  the  last  section,  we  say  that 

limit  .  _ „ 

(B)  Ap  =  o  V  V  P2  (pAp  -A0  +  IA p.  A0) 

A0  =  0  ^  ^ 

defines  the  moment  of  inertia  about  0  of  the  area  within  the  region  S. 
Or,  passing  to  the  limit  (as  under  §  234,  p.  406), 

(C)  I  =  j'j'p3dddp, 

s 

the  limits  of  integration  being  determined  in  the  same  way  as  in 
finding  the  area  (p.  407). 
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Ex.  1.  Find  I  over  the  region  bounded  by  the  circle  p  =  2  r  cos  0. 


/—  /.2>-COS0  n  Ti-r4 

2  (  p5dpdd=^--  Ans. 

2 

Summing  up  first  the  elements  in  a  circu¬ 
lar  strip  (as  QR),  we  have 

P 

/•  2  /•  arc  cos  —  3  tj-^4 

I  =  |  J  2rp:]cl0dp  — - Ans. 

—  arc  cos— 

2r 


Solution.  Summing  up  the  elements  in  the  triangular-shaped  strip  OP,  the 
p-limits  are  zero  and  2rcos0  (found  from  the  equation  of  the  circle). 

Summing  up  all  such  strips,  the  0-limits 


are  —  —  and  —  •  Hence 
2  2 


EXAMPLES 


, 6  .. 


1.  Find  I  over  the  area  hounded  by  the  parabola  p  =  a  sec2-)  its  latus  rectum, 
and  the  initial  line  OX. . 

j'*  r*a  sec2  -  „  48  (X4 

2  |  2padpde  =  -—' 
u  Jo  3o 


2.  Find  I  over  the  entire  area  of  the  cardioid  p  =  a  (1  —  cos  0). 


Ans.  2 


7 r  /^a(l  — cos0) 


rr 

Jo  Jo 


p3dpd6 


35  TT  a4 


3.  Find  /  over  the  area  of  the  lemniscate  p2  =  a2  cos  2  0. 


Ans. 


16 

■7ra4 

IT' 


4.  Find  I  over  the  area  bounded  by  one  loop  of  the  curve  p  =  a  cos  2  0. 


Z 


calculate  the  area  of  the  region 


237.  General  method  for 
finding  the  areas  of  sur- 
\  faces.  The  method  given 
in  §  228  for  finding  the  area 
of  a  surface  applied  only 
to  surfaces  of  revolution. 
We  shall  now  give  a  more 
— X  general  method.  Let 

(A)  z  =f(x,  y) 

be  the  equation  of  the 
surface  KL  in  figure,  and 
suppose  it  is  required  to 
lying  on  the  surface. 
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Denote  by  S  the  region  on  the  XO  Y  plane,  which  is  the  orthogo¬ 
nal  projection  of  S'  on  that  plane.  Now  pass  planes  parallel  to 
YOZ  ancl  XOZ  at  common  distances  Ax  and  Ay  respectively.  As 
in  §  231,  these  planes  form  truncated  prisms  (as  PB)  bounded  at 
the  top  by  a  portion  (as  PQ)  of  the  given  surface  whose  projection 
on  the  XO  Y  plane  is  a  rectangle  of  area  AxAy  (as  AB),  which 
rectangle  also  forms  the  lower  base  of  the  prism,  the  coordinates 
of  P  being  (x,  y ,  z). 

Now  consider  the  plane  tangent  to  the  surface  KL  at  P.  Evi¬ 
dently  the  same  rectangle  AB  is  the  projection  on  the  XOY  plane 
of  that  portion  of  the  tangent  plane  (PB)  which  is  intercepted  by 
the  prism  PB.  Assuming  y  as  the  angle  the  tangent  plane  makes 
with  the  XO  Y  plane,  we  have 

area  AB  =  area  PB  ■  cos  y, 

TThe  projection  of  a  plane  area  upon  a  second  plane  is  equal  to  the  area  of  thel 
[.portion  projected  multiplied  by  the  cosine  of  the  angle  between  the  planes.  J 


or, 


But 


cos  y 


Ay  Ax  =  area  PB  ■  cos  y. 
1 


[1+(!H§)T 


hence 


or, 


[Cosine  of  angle  between  tangent  plane,  (70) ,  p.  274,  and  XO  FT 
plane  found  by  method  given  in  Solid  Analytic  Geometry. J 

.  .  area  PB 

Ay  Ax  =  ■ 


[ 


2  2 


1+(l)+(l)j 


area 


P*-[1+(s),+(!) 


2-1  5 


AyAx, 


which  we  take  as  the  element  of  area  of  the  region  S'.  We  then 
define  the  area  of  the  region  S'  as 

the  summation  extending  over  the  region  S,  as  in  §  231.  Denot¬ 
ing  by  A  the  area  of  the  region  S',  we  have 

m  A  uf/t1 + (£)’ + 

s 
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the  limits  of  integration  depending  on  the  projection  on  the  XOY 
plane  of  the  region  whose  area  we  wish  to  calculate.  Thus  for  (B) 
we  chose  our  limits  from  the  boundary  curve  or  curves  of  the 
region  S  in  the  XOY  plane  precisely  as  we  have  been  doing  in  the 
previous  four  sections. 

If  it  is  more  convenient  to  project  the  required  area  on  the  XOZ 
plane,  use  the  formula 

(C)  ^=//[1+(te)’+© 

8 


where  the  limits  are  found  from  the  boundary  of  the  region  S,  which 
is  now  the  projection  of  the  required  area  on  the  XOZ  plane. 
Similarly  we  may  use 

8 


the  limits  being  found  by  projecting  the  required  area  on  the  YOZ 
plane. 

In  some  problems  it  is  required  to  find  the  area  of  a  portion 
of  one  surface  intercepted  by  a  second  surface.  In  such  cases 
the  partial  derivatives  required  for  substitution  in  the  formula 
should  be  found  from  the  equation  of  the  surface  whose  partial 
area  is  wanted. 

Since  the  limits  are  found  by  projecting  the  required  area  on 
one  of  the  coordinate  planes,  it  should  be  remembered  that  — 

To  find  the  projection  of  the  area  required  on  the  XOY  plane, 
eliminate  z  between  the  equations  of  the  surfaces  whose  intersections 
form  the  boundary  of  the  area. 

Similarly  we  eliminate  y  to  find  the  projection  on  the  XOZ  plane , 
and  x  to  find  it  071  the  YOZ  plane. 

This  area  of  a  surface  gives  a  further  illustration  of  integration 
of  a  function  over  a  given  area.  Thus  in  ( B ),  p.  412,  we  integrate 


the  function 


over  the  projection  on  the  XOY  plane  of  the  required  curvilinear 
surface. 
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Ex.  1.  Find  the  area  of  the  surface  of  sphere  x2  +  y2  +  z2  =  r2  by  double 
integration. 

Solution.  Let  ABC  in  the  figure  be  one  eighth  of  the  surface  of  the  sphere. 
Here  cz  x  dz 

dx  z'  8y 


y 

•  —  1 
z 


and 


'Sz\2  ,  /Sz\2 


x-5 


,  +  («Y  +  (H)*.,  +  ^  +  C_ 

Vex/  \dy /  z2  z2 


&  +  y 2  +  z2 


r 2  —  x 2  — 


y2 


The  projection  of  the  area  required  on  the  XOY  plane  is  A  OR,  a  region  bounded 
by  x  =  0,  (OB) ;  y  =  0,  (OA) ;  x2  +  y2  =  r2,  (BA). 

Integrating  first  with  respect  to  y,  we  sum 
up  all  the  elements  along  a  strip  (as  I)EFG) 
which  is  projected  on  the  XOY  plane  in  a 
strip  also  (as  MNFG)-,  that  is,  our  y-limits 
are  zero  and  MF(=Vr2  —  x2).  Then  integrat¬ 
ing  with  respect  to  x  sums  up  all  such  strips 
composing  the  surface  ABC ;  that  is,  our 
x-limits  are  zero  and  OA  (=  r).  Substituting 

in  (A),  _ 

A  rr  ✓.'Aa-as  rdydx  _  ttv2 

Ju  Jo 


8 

A  : 


Vr2  —  x2  —  v 2 


Airr 2.  A  ns. 


Ex.  2.  The  center  of  a  sphere  of  radius  r  is  on  the  surface  of  a  right  cylinder, 

V 

the  radius  of  whose  base  is  -  •  Find  the  surface  of  the  cylinder  intercepted  by 
the  sphere. 

Solution.  Taking  the  origin  at  the  center  of  the  sphere,  an  element  of  the 
cylinder  for  the  z-axis,  and  a  diameter  of  a  right  section  of  the  cylinder  for  the 
x-axis,  the  equation  of  the  sphere  is  x2  +  y 2  +  z2  =  r2,  and  of  the  cylinder 
x2  +  y2  =  rx.  OB  APB  is  evidently  one  fourth 
of  the  cylindrical  surface  required.  Since  this 
area  projects  into  the  semicircular  arc  OBA 
on  the  XOY  plane,  there  is  no  region  S  from 
which  to  determine  our  limits  in  this  plane ; 
hence  we  will  project  our  area  on,  say,  the 
XOZ  plane.  Then  the  region  S  over  which 
we  integrate  is  OACB,  which  is  bounded  by 
Z  =  0,  (OH);  x  =  0,  (OB);  z2  +  rx  =  r2,  (A CB) ; 
the  last  equation  being  found  by  eliminating 
y  between  the  equations  of  the  two  surfaces. 

Integrating  first  with  respect  to  z  means  that 
we  sum  up  all  the  elements  in  a  vertical  strip 
(as  PB ),  the  z-limits  being  zero  and  V r2  —  rx. 

Then  on  integrating  with  respect  to  x  we  sum  up  all  such  strips,  the  x-limits  being 
zero  and  r. 

Since  the  required  surface  lies  on  the  cylinder,  the  partial  derivatives  required 
for  formula  (C),  p.  413,  must  be  found  from  the  equation  of  the  cylinder. 
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Hence 


Substituting  in  ( C ),  p.  413, 
A 


1  ^ 

1 

*■? 

1 

to 

8 

CD  I  CD 

II 

© 

Sx  2  ?/ 

1 

r»V  r2  —  rx  |~ 

C  [1  + 

(r  —  2x 

V  2  y 

dzdx. 


Substituting  the  value  of  y  in  terms  of  x  from  tbe  equation  of  the  cylinder, 

Wr-!-rx  fadx 


A  = 


Vox  —  x2 


—  2  r 


■/: 


Vr2  —  rx  , 

—  dx  — 2  r 

Vrx  —  x2  Jo 


-dx  =  4  a2, 
x 


EXAMPLES 


1.  In  tbe  preceding  example  find  the  surface  of  the  sphere  intercepted  by  the 
cylinder. 


A  ns.  4  r 


rf  f 

Jo  Jo 


V  rx  —  x2 


dydx 


Vr2  —  x2 


=  2  (tt  -  2)  r2. 


yi 


2.  The  axes  of  two  equal  right  circular  cylinders,  r  being  the  radius  of  their 
bases,  intersect  at  right  angles ;  find  the  surface  of  one  intercepted  by  the  other. 

Hint.  Take  x2  +  z2=  r2  and  x2  +  </2  =  r-  as  equations  of  cylinders.  _ 

'  v'  I*  -  x2  dydx 


Ans.  8  r 


XX 


vVa  —  x2 


=  8  r2. 


3.  Find  the  area  of  the  portion  of  the  surface  of  the  sphere  x2  -f  y'2  +  z2  =  2  ry 


Ans. 


2  -nr 


lying  within  the  paraboloid  y  =  ax2  +  bz2. 

(  c-il-w  -fyju  -A-h  X  d  p  d  Vab 

4.  Find  the  surface  of  the  cylinder  x2  4-  y2  =  r‘2  included  between  the  plane 
2  =  mx  and  the  XOY  plane. 


Ans.  4  r2m. 


5.  Find  the  surface  of  the  cylinder  22  +  (x  cos  a  +  y  sin  a)2  =  r2  which  is  situ¬ 
ated  in  the  positive  compartment  of  coordinates. 

Hint.  The  axis  of  this  cylinder  is  the  line  z  —  0,  x  cos  a  +  y  sin  a  =  0  ;  and  the  radius  of  base  is  r. 

r2 

Ans.  — - 


Sin  a  cos  a 


6.  The  diameter  of  a  sphere  whose  radius  is  r  is  the  axis  of  a  right  prism  with 

square  base  of  side  2  a.  Find  the  surface  of  the  sphere  intercepted  by  the  prism. 

/  „  .a  a2  \ 

12  a  arc  sm  —  r  arc  sm - -  )  • 

\  Vr2  _  r-  —  a2/ 


>„  ' 


Ans.  8  rl 


‘  o  >,  ,  tv  - 

7.  Find  the  surface  of  the  sphere  x2  +  y2  +  z2  =  a 2  in  the  first  octant  inter¬ 
cepted  between  the  planes  x  =  0,  y  =  0,  x  =  b,  y  —  b. 

/  b  b2  \ 

Ans.  a  I  2b  arc  sm  —  - - —  a  arc  sm  — — —  )  ■ 

\  Va2  —  b2  a'2  —  b2/ 


X  238.  Volumes  found  by  triple  integration.  In  many  cases  the 
volume  of  a  solid  bounded  by  surfaces  whose  equations  are  given 
may  be  calculated  by  means  of  three  successive  integrations,  the 

jy.  (  A,  -  ^  .  ,  1  z  (  (  4 

k  k  l-  r*vU»**  '  v 


, i,,  f 

*  if 


dLio^i 
(L-i  *  d' 


^ 
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process  being1  merely  an  extension  of  the  methods  employed  in 
the  preceding  sections  of  this  chapter. 

Suppose  the  solid  in  question  be  divided  by  planes  parallel  to 
the  coordinate  planes  into  rectangular  parallelopipeds  having  the 
dimensions  Az,  Ay,  Ax.  The  volume  of  one  of  these  parallelo¬ 
pipeds  is  A2 

and  we  choose  it  as  the  element  of  volume. 

Now  sum  up  all  such  elements  within  the  region  R  bounded 
by  the  given  surfaces  by  first  summing  up  all  the  elements  in  a 
column  parallel  to  one  of  the  coordinate  axes;  then  sum  up  all 
such  columns  in  a  slice  parallel  to  one  of  the  coordinate  planes 
containing  that  axis,  and  finally  sum  up  all  such  slices  within  the 
region  in  question.  The  volume  V  of  the  solid  will  then  be  the 
limit  of  this  triple  sum  as  Az,  Ay,  Ax  each  approaches  zero  as  a 
limit.  That  is, 

limit 

Az  =  0  R 


the  summations  being  extended  over  the  entire  region  R  bounded 
by  the  given  surfaces.  Or,  what  amounts  to  the  same  thing, 


(lx. 


11 


the  limits  of  integration  depending  on  the  equations  of  the  bound¬ 
ing  surfaces. 

Thus,  by  extension  of  the  principle  of  §  232,  p.  401,  we  speak 
of  volume  as  the  result  of  integrating  the  function  f(x ,  y,  z)  =  1 
throughout  a  given  region.  More  generally  many  problems  require 
the  integration  of  a  variable  function  of  x,  y,  and  z  throughout  a 
given  region,  this  being  expressed  by  the  notation 


y,  z)  dzdydx, 


R 


which  is  of  course  the  limit  of  a  triple  sum  analogous  to  the  double 
sums  we  have  already  discussed.  The  method  of  evaluating  this 
triple  integral  is  precisely  analogous  to  that  already  explained  for 
double  integrals  in  §  232,  p.  401. 
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Ex.  1.  Find  the  volume  of  that  portion  of  the  ellipsoid 


x2  y2 
~2  + 


Z2 

-  =  1 
r Z 


a2  l 2  c2 

which  lies  in  the  first  octant. 

Solution.  Let  0  —  ABC  he  that  portion  of 
the  ellipsoid  whose  volume  is  required,  the 
equations  of  the  bounding  surfaces  being 

o*2  o/2  ^2 

(1)  -2  +  h  +  ~  =  ^  (ABC), 

a2  o2  c2 

(2)  z  =  0,  (OAB), 

(3)  y  =  0,  (OAQ, 

(4)  x  =  0,  ( OBC ). 


PQ  is  an  element,  being  one  of  the  rectan¬ 
gular  parallelopipeds  with  dimensions  A z,  A y,  Ax  into  which  the  planes  parallel  to 
the  coordinate  planes  have  divided  the  region. 

Integrating  first  with  respect  to  y,  we  sum  up  all  such  elements  in  a  column 


y_ 

b 2 


[from  (1)  by 


(as  BS),  the  z-limits  being  zero  [from  (2)]  and  TR 
solving  for  z].  a~ 

Integrating  next  with  respect  to  y,  we  sum  up  all  such  columns  in  a  slice 


(as  DEMNGF ),  the  y-limits  being  zero  [from  (3)]  and  MG 

x' 


=  byjl 


[from 


equation  of  the  curve  AGB,  namely - —  =  1,  by  solving  for  y], 

a2  b2 

Lastly,  integrating  with  respect  to  x,  we  sum  up  all  such  slices  within  the  entire 
region  0  —  ABC,  the  x-limits  being  zero  [from  (4)]  and  OA  —  a. 


Hence 


1  a*  b- 


'dzdydx 

~>(i-x±-tydydx 

\  a 2  b2 ) 

=  —  fn(a’2  —  x2)  dx  = 

4  a2 Jo  v 


irabc 


Therefore  the  volume  of  the  entire  ellipsoid  is 


6 

4  irabc 


Ex.  2.  Find  the-  volume  of  the  solid  contained 
between  the  paraboloid  of 


revolution 
the  cylinder 
and  the  plane 


x2  4-  y2  =  az, 
x2  +  y2  —  2  ax, 
z  =  0. 


Solution.  The  z-limits  are  zero  and  NP  (  = 


x2  +  y2 


found  by  solving  equation  of  paraboloid  for  z). 

The  y-limits  are  zero  and  MN ( =  V2  ax  —  x2,  found 
by  solving  equation  of  cylinder  for  y). 

The  x-limits  are  zero  and  OA  (=2  a). 
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The  above  limits  are  for  the  solid  ONAB,  one  half  of  the  solid  whose  volume  is 
required. 

Hence 


Therefore 


V_  r 

2  Jo 

3  jra3 


2  a  ax  — afi 


c&  4-  y  2 


J"  °  dzdydx  -- 


3  ttCL 3 


7  = 


EXAMPLES 

1.  Find  the  volume  of  the  sphere  x2  +  y2  +  z2  =  r2  by  triple  integration. 


r-f  a* 


-a  a 
l/*-f 


5->A_ 

(  i»i‘-  -V* 
'  e>  x 


f  l<2 


^  V 


aa. ■{ 


Ans. 


4  ttV3 


2.  Find  the  volume  of  one  of  the  wedges  cut  from  the  cylinder  x2  +  y2  =  r 2  by 
the  planes  z  —  0  and  z  —  mx.  rr  /.v')-2_X2  _  2  r3m 


s% r  r*—x*  /* mx 

Ans.  2 J  ^  J  I  dzdydx 


3.  Find  the  volume  of  a  right  elliptic  cylinder  whose  axis  coincides  with  the 
x-axis  and  whose  altitude  =  2  a,  the  equation  of  the  base  being  c2y 2  +  b2z2  =  62c2. 


J~a  s*b  /i~yb-—y2 

b  dzdydx  =  2  irabc. 

o  J  u  Jo 


(/£ /y\*  /g\  2? 

-)  +  y-j  +  y-j  =L 

.  abc 

Ans. - 

n  90 

5.  Find  the  entire  volume  bounded  by  the  surface  x$  +  y3  +  z® 


s  3 

*3  —  a3. 


Ans. 


4  ira3 


35 


6.  Find  the  volume  cut  from  a  sphere  of  radius  a  by  a  right  circular  cylinder 
with  b  as  radius  of  base,  and  whose  axis  passes  through  the  center  of  the  sphere. 


oA- 
4-  W 


-  O'. 


4  7T  , 


Ans.  —  [as  _  (a2  -  &2)S]. 
3 


,4.  f\ipT'v>v/’  ( v  &.*.  d-'-(  cUyp 

Jt>  Find  by  triple  integration  tl 

v  £•  C>  ,  , 


the  volume  of  the  solid  bounded  by  the  planes 
x  =  a,  y  =  b,  z  —  mx  and  the  coordinate  planes  XOY  and  XOZ.  Ans.  |  mbcC1. 


8.  The  center  of  a  sphere  of  radius  r  is  on  the  surface  of  a  right  circular  cylin¬ 


der  the  radius  of  whose  basis  is  -  •  Find  the  volume  of  the  portion  of  the  cylinder 
intercepted  by  the  sphere.  2  Ans. 


9.  Find  the  volume  bounded  by  the  hyperbolic  paraboloid  cz  =  xy,  the  XOY 


plane,  and  the  planes  x  =  ai,  x  =  a2,  y  =  frj.,  y  =  bo. 


Ans. 


(fl22-  «i2)  (&22  -  V) 


4  c 


10.  Find  the  volume  common  to  the  two  cylinders  x2  +  y2  =  r 2  and  x2  +  z2  = 


T“» 


Ans. 


16  r3 


A- 


-  ;<  ?  S 


Jv  -  j° 


jM  j  a 


"N 


4  -  . 

'Qst^->S*r  fr- 


(r 
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11.  Eind  the  volume  hounded  by  the  plane  2  =  0,  the  cylinder 

(x  -  a )2  +  (y  -  b)2  =  r2, 

and  the  hyperbolic  paraboloid  xy  —  cz.  Ans. 

12.  Find  the  volume  of  the  solid  bounded  by  the  surfaces 

z  =  0,  x2  +  y2  =  4  az,  x 2  +  y'2  =  2  cx.  Ans. 


Trabr 2 


3  7TC4 


8  a 


13.  Find  the  volume  included  by  the  surfaces  y2  +  z2  =  4  ax  and  x  —  z  =  a. 

Ans.  8  7ra3. 

14.  Find  the  volume  of  the  solid  in  the  first  octant  bounded  by  xy  =  az  and 


x  +  y  +  z  =  a. 


Ans.  (  — 


(--log4)«3. 


15.  Find  the  volume  included  between  the  plane  z  =  0,  the  cylinder  y2  =  2  cx— a:2, 
and  the  paraboloid  ax 2  -f  by2  =  2  z. 


16.  Find  the  entire  volumes  of  the  solids  bounded  by  the  following  surfaces : 

4  irabc 


/X \ ^  / ' 

1/  \  i  /  z  \ : 

(;)+(; 

)+(d 

(E  -2 

a2 


y 2 


+  T -1- 


b'2  c* 

(c)  (x2  +  y2  +  z2)8  =  27  asxyz. 

(d)  (x2  +  y2  +  z2  +  c'2  —  a2)2-=  4  c'2  (x2  +  y2). 

(e)  (x2  +  y2  +  z2)2  =  cxyz. 


«(S 


y2  z2\2  x2 
+  —  +  —  )  =  — 
b2  c’2  /  a2 


c2 


Ans. 

Ans. 

Ans. 


35 

8  7ra&c 


5 

9a3 
2 

Ans.  2  ir2ca2. 


Ans. 

Ans. 


360 

w2abc 

4  V2 


239.  Miscellaneous  applications  of  the  Integral  Calculus.  In  §  227 

it  was  shown  how  to  calculate  the  volume  of  a  solid,  of  revolution 
by  means  of  a  single  integration. 

Evidently  we  may  consider  a  solid 
of  revolution  as  generated  by  a 
moving  circle  of  varying  radius 
whose  center  lies  on  the  axis  of 
revolution  and  whose  plane  is  per¬ 
pendicular  to  it.  Thus  in  the 
figure  the  circle  ACBD,  whose 
plane  is  perpendicular  to  OX,  may 
be  supposed  to  generate  the  solid  of  revolution  0  —  EGFH, 
while  its  center  moves  from  0  to  X,  the  radius  MC  (=  y)  varying 
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continuously  with  OM(=x)  in  a  manner  determined  by  the  equa¬ 
tion  of  the  plane  curve  that  is  being  revolved. 

We  will  now  show  how  this  idea  may  be  extended  to  the  calcu¬ 
lation  of  volumes  that  are  not  solids  of  revolution  when  it  is  pos¬ 
sible  to  express  the  area  of  parallel1  plane  sections  of  the  solid  as 

a  function  of  their  distances  from  a  fixed  point. 

Suppose  we  choose  sections  of 

a  solid  perpendicular  to  OX  and 
take  the  origin  as  our  fixed  point. 
Assuming  FDF  as  such  a  section, 
we  have  from  (D),  p.  404,  the  area 


S 


x  being  regarded  as  constant  and  the  limits  of  integration  being 
extended  over  the  area  S,  ( DFE ).  If  the  area  of  DFF  is  expressible 
as  a  function  of  its  distance  from  the  origin  (=  x),  we  then  have 

(A)  j'j'dzdy=f(x). 

S 


But  from  §  238,  p.  416,  the  volume  of  the  entire  solid  is 
V=fff  dzdydx  =J'  ^ dzdy  ~^dx. 


Hence,  substituting  from  (A),  we  have 


where  f(x)  is  the  area  of  a  section  of  the  solid  perpendicular  to 
OX  expressed  in  terms  of  its  distance  (=  x)  from  the  origin,  the 
z-limits  being  chosen  so  as  to  extend  over  the  entire  region  R 
occupied  by  the  solid. 

Evidently  the  solid  O—ABC  may  be  considered  as  being  gener¬ 
ated  by  the  continuously  varying  plane  section  DFF  as  ON  (=  x) 
varies  from  zero  to  OM.  The  following  examples  will  further 
illustrate  this  principle. 
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Ex.  1.  Calculate  the  volume  of  the  ellipsoid 

&  +  yl  +  —=l 

a-  b2  c2 

by  means  of  a  single  integration. 

Solution.  Consider  a  section  of  the  ellipsoid  perpendicular  to  OX,  as  ABCB 
with  semiaxes  b'  and  c'.  The  equation  of  the  ellipse  HEJG  in  the  XOY  plane  is 

—  +  — =  1. 
a2  b2 

Solving  this  for  y  (=  b')  in  terms 
of  x  (=  OM)  gives 

b'  =  -  Va2  —  x'2. 
a 

Similarly  from  the  equation  of 
the  ellipse  EFGI  in  the  XOZ  plane 
we  get 

c'  =  -  Va2  —  x2. 
a 

Hence  the  area  of  the  ellipse  (section)  ABCD  is 

Trb'c'=—  (a2  -  x2)  =/(x). 


Substituting  in  (B),  p.  420, 

7 rhp  /•  +  ®  4r 

V  =  —  (  (a2  —  x2)  dx  —  -  tt abc.  Ans. 

a2  J- a  3 

We  may  then  think  of  the  ellipsoid  as  being  generated  by  a 
variable  ellipse  ABCD  moving  from  G  to  E,  its  center  always  on 
OX  and  its  plane  perpendicular  to  OX. 

Ex.  2.  Find  the  volume  of  a  right  conoid  with  circular  base,  the  radius  of  base 
being  r  and  altitude  a. 

Solution.  Placing  the  conoid  as  shown  in  the  figure,  consider  a  section  PQR 
perpendicular  to  OX.  This  section  is  an  isosceles  triangle ;  and  since 

RM  =  V2  rx  —  x2 

(found  by  solving  x2  +  y2  =  2  rx,  the  equation  of  the 
circle  ORA  Q,  for  y)  and 
MR  =  a, 

the  area  of  the  section  is 

a  V2rx  —  x2  =/(x). 

Substituting  in  ( B ),  p.  420, 

r=af, 


V2  rx  —  x2dx  =  7rr  a  ■  Ans. 
2 

This  is  one  half  the  volume  of  the  cylinder  of  the  same  base  and  altitude. 
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M-  L  n" 


Ex.  8.  A  rectangle  moves  from  a  fixed  point,  one  side  varying  as  the  distance 
from  this  point,  and  the  other  as  the  square  of  this  distance.  What  is  the  volume 
generated  while  the  rectangle  moves  a  distance  of  2  ft.?  Ans.  4i  cu.  ft. 

.  j  ;  2 

Ex  4  On  the  double  ordinates  of  the  ellipse  —  +  —  1,  isosceles  triangles  of 

a2  o2 

vertical  angle  90°  are  described  in  planes  perpendicular  to  that  of  the  ellipse.  Find 
the  volume  of  the  solid  generated  by  supposing  such  a  variable  triangle  moving 
from  one  extremity  to  the  other  of  the  major  axis  of  the  ellipse.  4  a62 

3 

Ex.  5.  Given  a  right  circular  cylinder  of  altitude  a  and  radius  of  base  r. 
Through  a  diameter  of  the  upper  base  pass  two  planes  which  touch  the  lower 
base  on  opposite  sides.  Find  the  volume  of  the  cylinder  included  between  the 


two  planes. 


(  A/ 


(1/ty 


*) 


Ans.  (7 r 


I)  GM-2. 


Ex.  6.  Two  cylinders  of  equal  altitude  a  have  a  circle  of  radius  r  for  their  com¬ 
mon  upper  base.  Their  lower  bases  are  tangent  to  each  other.  Find  the  volume 

4r2a 


common  to  the  two  cylinders. 


Ans. 


IS 


Ex.  7.  Determine  the  amount  of  attraction  exerted  by  a  thin,  straight,  homo¬ 
geneous  rod  of  uniform  thickness,  of  length  l,  and  of  mass  M,  upon  a  material  point 
P  of  mass  m  situated  at  a  distance  of  a  from  one  end  of  the  rod  in  its  line  of 

direction. 

Solution.  Suppose  the  rod  to  be  divided 
into  equal  infinitesimal  portions  (elements) 


m 

<--x — 

pi 

p 

a 

-i_ J 

of  length  dx. 


M 

T 


=  mass  of  a  unit  length  of  rod ; 


hence 


M 

l 


dx  —  mass  of  any  element. 


Newton’s  Law  for  measuring  the  attraction  between  any  two  masses  is 

force  of  attraction  =  — product  of  ma8sea  . 

(distance  between  them)2  ’ 

therefore  the  force  of  attraction  between  the  particle  at  P  and  an  element  of  the  rod  is 

M 

7 


mdx 


(x  +  a)2 

which  is  then  an  element  of  the  force  of  attraction  required.  The  total  attraction 
between  the  particle  at  P  and  the  rod  being  the  limit  of  the  sum  of  all  such  ele¬ 
ments  between  x  =  0  and  x  —  l,  we  have 

'lM 


-  mdx 


force  of  attraction  = 


1 0  (z  +  «)2 
Mm  rl  dx 


_  Mm  r< 

~~  Jo 


Mm 


(x  +  a)'2  a  (a  +  l) 


Ans. 
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Ex.  8.  A  vessel  in  the  form  of  a  right  circular  cone  is  filled  with  water.  If  h  is 
its  height  and  r  the  radius  of  base,  what  time  will  it  require  to  empty  itself  through 
an  orifice  of  area  a  at  the  vertex  ? 

Solution.  Neglecting  all  hurtful  resistances,  it  is  known  that  the  velocity  of 
discharge  through  an  orifice  is  that  acquired  by  a  body  falling  freely  from  a  height 
equal  to  the  depth  of  the  water.  If  then  x  denote  depth 

of  water,  - - 

v  =  V2  gx. 

Denote  by  dQ  the  volume  of  water  discharged  in  time 
dt,  and  by  dx  the  corresponding  fall  of  surface.  The  vol¬ 
ume  of  water  discharged  through  the  orifice  in  a  unit  of 

time  is  _ 

a  V2  gx, 

being  measured  as  a  right  cylinder  of  area  of  base  a  and 
altitude  v(~  V2 gx).  Therefore  in  time  dt, 

(-4)  dQ  =  a  V2  gx  dt. 


Denoting  by  S  the  area  of  surface  of  water  when  depth  is  x,  we  have,  from 
Geometry,  g  x2  ^ 

=  —  1  or,  S  =  • 


7r  rz 


h'2 


li2 


But  the  volume  of  water  discharged  in  time  dt  may  also  be  considered  as  the 
volume  of  cylinder  AB  of  area  of  base  S  and  altitude  dx ;  hence 

wr2x2dx 


( B ) 


dQ  —  Sdx  = 


h? 


Equating  (A)  and  (B)  and  solving  for  dt, 

irr^dx 


dt 


Therefor;' 


all"1  v2gfx 
h  irf2x2dx 


=x 


ah2V2gx  5aV2 


2  71-r2  Vh 

=  •  Ans. 
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ORDINARY  DIFFERENTIAL  EQUATIONS* 


240.  Differential  equations.  Order  and  degree.  A  differential 

equation  is  an  equation  involving  derivatives  or  differentials. 
Differential  equations  have  been  frequently  employed  in  this  book, 
the  following  being  examples. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 
0) 
(8) 

(9) 

(10) 


^  ^  J  "h  —  I  \  7  2 

dx  )  \  ax 


tan+|=p. 

IH2'2*-1*- 

,  a2  sin  2  (9  7/1 
ap  = - -  du. 


dx 


J  dx 


d2y  =  (20  xa  —  1 2  x)  dx2. 

du  du  _ 

x - \-  y —  =  5  u. 

dx  J  dy 


du 

x — o  +  y 

dx 2  *  dxdy 


d2u  _  9du 
dx 


dhi 

dxdydz 


=  (1  +  3  xyz  +  x2y2z2)u. 


Ex.  1,  p.  155 


(A),  p.  98 
Ex.  1,  p.  113 
Ex.  2,  p.  145 


Ex.  3,  p.  145 
Ex.  1,  p.  146 
Ex.  7,  p.  197 

Ex.  8,  p.  207 

Ex.  7,  p.  207 


*  A  few  types  only  of  differential  equations  are  treated  in  this  chapter,  namely  such  as  the 
student  is  likely  to  encounter  in  elementary  work  in  Mechanics  and  Physics. 
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In  fact,  all  of  Chapter  XIII  in  the  Differential  Calculus  and 
all  of  Chapter  XXV  in  the  Integral  Calculus  treats  of  differential 
equations. 

An  ordinary  differential  equation  involves  only  one  independent 
variable.  The  first  seven  of  the  above  examples  are  ordinary 
differential  equations. 

A  partial  differential  equation  involves  more  than  one  independent 
variable,  as  (8),  (9),  (10). 

In  this  chapter  we  shall  deal  with  ordinary  differential  equations 

only. 

The  order  of  a  differential  equation  is  that  of  the  highest  deriva¬ 
tive  (or  differential)  in  it.  Thus  (3),  (5),  (6),  (8)  are  of  the  first 
order;  (1),  (4),  (T)  are  of  the  second  order;  and  (2),  (10)  are  of  the 
third  order. 

The  degree  of  a  differential  equation  which  is  algebraic  in  the 
derivatives  (or  differentials)  is,  the  power  of  the  highest  derivative 
(or  differential)  in  it  when  the  equation  is  free  from  radicals  and 
fractions.  Thus  all  the  above  are  examples  of  differential  equa¬ 
tions  of  the  first  degree  except  (2),  which  is  of  the  second  degree . 

241.  Solutions  of  differential  equations.  Constants  of  integration. 
A  solution  or  integral  of  a  differential  equation  is  a  relation  between 
the  variables  involved  by  which  the  equation  is  identically  satis¬ 
fied.  Thus 


y  =  cx  sm  x 


(^) 


is  a  solution  of  the  differential  equation 


(*) 

For,  differentiating  ( A ), 


^ >  dx2 

Now,  if  we  substitute  (A)  and  (C)  in  ( B ),  we  get 
_  cx  sin  x  +  t'j  sin  x=0, 

showing  that  (A)  satisfies  ( B )  identically.  Here  cx  is  an  arbitrary 
constant.  In  the  same  manner 


y  =  <?2  cos  x 
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may  be  shown  to  be  a  solution  of  (B)  for  any  value  of  c2.  The 
relation 

(E)  y  =  Ci  sin  x  +  c2  cos  x 

is  a  still  more  general  solution  of  (B).  In  fact,  by  giving  particular 
values  to  c1  and  c2  it  is  seen  that  the  solution  (E)  includes  the 
solutions  (-4)  and  (B). 

The  arbitrary  constants  cx  and  c2  appearing  in  these  solutions 
are  called  constants  of  integration.  A  solution,  such  as  (JE),  which 
contains  a  number  of  arbitrary  essential  constants  equal  to  the 
order  of  the  equation  (in  this  case  two)  is  called  the  general 
solution  or  the  complete  integral .*  Solutions  obtained  therefrom 
by  giving  particular  values  to  the  constants  are  called  particular 
solutions  or  particular  integrals. 

The  solution  of  a  differential  equation  is  considered  as  having 
been  effected  when  it  has  been  reduced  to  an  expression  involv¬ 
ing  integrals,  whether  the  actual  integrations  can  be  effected 
or  not. 

242.  Verification  of  the  solutions  of  differential  equations.  Before 
taking  up  the  problem  of  solving  differential  equations  it  is  best 
to  further  familiarize  the  student  with  what  is  meant  by  the  solu¬ 
tion  of  a  differential  equation  by  verifying  a  number  of  given 
solutions. 


Ex.  1.  Show  that 

(1)  V  =  CjKcoslogx  +  c2x  sin  logcc  +  £  logic 

is  a  solution  of  the  differential  equation 

<2>  *IS-*t  +  2»  =  sl0|!z. 


Solution.  Differentiating  (1),  we  get 
dy 

(3)  J-  =  (C2  -  Cl)  sin  log  x  +  (c2  +  Cl)  cos  log  x  +  log  x  +  1. 


(4) 


d2V  _  .sin  log  x  .coslogx  1 

5 = -  +  ch  — +  (c2  -  eh  — +  -  ■ 


clx 2 


Substituting  (1),  (3),  (4)  in  (2),  we  find  that  the  equation  is  identically  satisfied. 


*  It  is  shown  in  works  on  Differential  Equations  that  the  general  solution  has  n  arbitrary 
constants  when  the  differential  equation  is  of  the  nth  order. 
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Verify  the  following  solutions  of  the  corresponding  differential  equations. 
Differential  equations  Solutions 


dy  \  -  dy  dy 


/«*\ 

\dx/ 

\dx/ 


2.  y 


J  x  —  +  y  =  0. 
dx  dx 

2  x  —  —  y  =  0. 
dx 

'dy' 


4.  +  y4  -  x(x  +  y).  (2  y  -  x2  -  c)  [log  (x  +  y  -  1)  +  x  -  c]  =  0. 

dx  \  dx  / 


2/  =  cx  +  c  —  c2. 
2/2  =  2  cx  +  c2. 


y2  —  cx  +  - - =  0. 


5.  —  2  fc  —  +  fc2y  =  ex. 
dx2  dx 

6.  ^_4^  +  6^-4f'  +  !,  =  0. 
dx4  dx3  dx2  dx 

7.  (x  +  y)2^  =  a2. 

dx 

8.  x  —  —  y  +  xVx2-y2  =  0. 

dx 

dy  sin  2  x 

9.  -f  +  y  cos  x  =  -  • 

dx  2 

10.  (1  -  x2)  -  x  ^  -  a2y  =  0. 

dx2  dx 


y  =  (ci  +  c2x)  e**  + 


ex 


(fc  - 1)2 

2/  =  (ci  +  c2x  +  c3x2  +  C4X8)  e*. 


.  x  +  y 

y  —  a  arc  tan - =  c. 

J  n 


■  V 

arc  sm  -  =  c  —  x. 
x 


y  =  sin  x  —  1  +  ce~sinx. 

y  _  arc  sin  x  £2g—  a  arc  sin  a:. 


243.  Differential  equations  of  the  first  order  and  of  the  first  degree. 

Such  an  equation  may  be  brought  into  the  form  Mdx  +  Ndy  =  0, 
in  which  M  and  N  are  functions  of  x  and  y.  Differential  equations 
coming  under  this  head  may  be  divided  into  the  following  types. 

Type  I.  Variables  separable.  When  the  terms  of  a  differential 
equation  can  be  so  arranged  that  it  takes  on  the  form 
(  A)  f(x)  dx  +  F(y)  dy  =  0, 

where  f(x)  is  a  function  of  x  alone  and  F(y)  is  a  function  of  y 
alone,  the  process  is  called  separation  of  the  variables ,  and  the  solu¬ 
tion  is  obtained  by  direct  integration.  Thus,  integrating  (A),  we 
get  the  general  solution 

(. B )  J7(«) dx  +f  F(V)  dV  =  c’ 

where  c  is  an  arbitrary  constant. 
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Equations  which  are  not  given  in  the  simple  form  (A)  may  often 
be  brought  into  that  form  by  means  of  the  following  rule  for  sepa¬ 
rating  the  variables. 

First  step.  Clear  of  fractions,  and  if  the  equation  involves  deriva¬ 
tives,  multiply  through  by  the  differential  of  the  independent  variable. 

Second  step.  Collect  all  the  terms  containing  the  same  differential 
into  a  single  term.  If  then  the  equation  takes  on  the  form 

XYdx  +  X'  Y'dy  =  0, 

where  X,  X'  are  functions  of  x  alone ,  and  Y,  Yl  are  functions  of  y 
alone,  it  may  be  brought  to  the  form  ( A)  by  dividing  through  by  X'  Y. 
Third  step.  Integrate  each  part  separately,  as  in  (B). 


Ex.  1.  Solve  the  equation 


dy 

dx 


1  +  y2 


(1  +  x2)xy 


Solution. 

First  step.  (1  +  x2)  xydy  =  (1  +  y2)  dx. 

Second  step.  (1  +  y 2)  dx  —  x  (1  +  x2)  ydy  =  0. 

To  separate  the  variables  we  now  divide  by  x(l  +  x2)  (1  +  y2),  giving 


Third  step. 


f 


•dx 


dx 

ydy 

x  (1  +  X2) 

1  +  y 2 

■  dx 

r  ydy 

X  (1  +  X2)  J 

]  l  +  y2 

C  xdx 

r  ydy 

J  1  +  X2  J 

1  l  +  y2 

=  0. 
=  c, 

=  C, 


p.  323 


log  x  -  i  log  (1  +  x2)  -  i  log  (1  +  y2)  =  C, 
log  (1  +  x2)  (1  +  y2)  =  2  log  x  —  2  C. 


This  result  may  be  written  in  more  compact  form  if  we  replace  —  2  C  by  log  c, 
i.e.  we  simply  give  a  new  form  to  the  arbitrary  constant.  Our  solution  then  becomes 
log  (1  +  x2)  (1  +  y2)  =  log  x2  +  log  c, 
log  (1  +  x2)  (1  +  y2)  =  log  ex2, 

(1  +  x2)  (1  +  y2)  —  cx2.  Ans. 


Ex.  2.  Solve  the  equation 

a(x<^-  +  2y)  =  xy~. 
Solution.  dx  dx 

First  step.  axdy  +  2  aydx  =  xydy. 

Second  step.  2  aydx  +  x  (a  -  y)  dy  =  0. 

To  separate  the  variables  we  divide  by  xy, 


2adx  |  (a-y)dy_ 


x 


y 
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Third  step.  2  a  f —  +  a  f  —  —  fdij=C, 

J  x  J  y  J 

2  a  log  x  +  a  log  y  —  y  =  (7, 

a  log  x2y  =  C  +  y, 

logex2y  =  -  +  -• 
a  a 

By  passing  from  logarithms  to  exponentials  this  result  may  he  written  in  the  form 

,  2+t 

x2y  —  ea  a ^ 

C  y 

or,  x2y  =  ea  ■  ea. 

c 

Denoting  the  constant  e «  by  c,  we  get  our  solution  in  the  form 

v 

xhy  =  cea.  A  ns. 


EXAMPLES 

Differential  equations  Solutions 


V  1- 

ydx  —  xdy  =  0. 

y  =  cx. 

v  2- 

(1  +  y)  dx  -  (1  -  x)  dy  =  0. 

(1  +  y)(  1  —  x)  =  c. 

L  -£±3. 

(1  +  x)  ydx  +  (1  -  y)  xdy  =  0. 

log  xy  +  x  —  y  =  c. 

„  x  —  a 

4. 

(x2  —  a2)  dy  —  ydx  —  0. 

y2a  =  c 

x  +  a 

5. 

(x2  —  yx2)  —  +  y2  +  xy'2  =  0. 
dx 

x  +  y  .  y 

- -  +  log  -  =  c. 

xy  x 

6. 

u2dv  +  (v  —  a)  du  =  0. 

v  —  a  =  ce11. 

7 

du  1  +  u'2 

x  +  c 

■u  = - 

dv  1  +  v'2 

1  —  cv 

8. 

(1  +  s2)  dt  —  t*ds  —  0. 

2 14  —  arc  tan  s  =  c. 

9. 

dp  +  p  tan  8dd  =  0. 

/)  =  c  cos  0. 

10. 

sin  0  cos  <pd0  —  cos  0  sin  <pd<t>  =  0. 

cos  </>  =  c  cos  0. 

„  4V*  *11. 

sec2  8  tan  4>dd  +  sec2  <p  tan  8d<p  = 

0. 

tan  0  tan  </>  =  c. 

12- 

sec2  8  tan  <pd<p  +  sec2  <p  tan  8dd  = 

0. 

sin2  0  +  sin2  <£  =  c. 

13. 

xydx  -  (a  +  x)  (b  +  y)  dy  =  0. 

x  —  y  =  c  +  log  (a  +  x)a2A 

14. 

(1  +  x2)dy  -  Vl  -  y2  dx  =  0. 

arc  sin  y  —  arc  tan  x  —  c. 

15. 

Vl  —  x2dy  +  Vl  -  y2dx  =  0. 

y  Vl  —  x2  +  x  Vl  —  y2  =  c. 

16. 

3  ex  tan  ydx  +  (1  -  eJ)  sec2  ydy  = 

:  0. 

tan  y  —  c  (1  —  ex)3. 

tf 
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Type  II.  Homogeneous  equations.  The  differential  equation 

rj  ,r,  A  '  X?.  ^ 

Mdx  -\- Nay — 0  ~*y>  .  ~  'v  <iA<£yff  ? 


7  o~p  +  i Ccj 

is  said  to  be  homogeneous  when  M  and  N  are  homogeneous  func-  ^ 
tions  of  a;  and  y  of  the  same  degree.*  Such  differential  equations 
may  be  solved  by  making  the  substitution 

y  =  vx. 

This  will  give  a  differential  equation  in  v  and  x  in  which  the 
variables  are  separable,  and  hence  we  may  follow  the  rule  on  p.  428. 


Ex.  1.  Solve  the  equation 


.  ...  dy  dy 

y2  +  x2  —  =  xy  — 
dx  dx 


Solution. 


y'2dx  +  ( x 2  —  xy)  dy  =  0. 


Since  this  is  a  liomogeneous  differential  equation  we  transform  it  by  means  of 

the  substitution  TT  7  .  ,  7 

y  —  vx.  Hence  dy  =  vdx  +  xdv, 


and  our  equation  becomes 

v2x2dx  +  ( x 2  —  vx2)  ( vdx  +  xdv)  =  0, 
x2vdx  +  xs  (1  —  v)  dv  =  0. 

To  separate  the  variables  divide  by  vxs. 

This  gives 


dx  (1  —  v)  dv  _ 
x  v  ~~  ’ 


/dx  rdv  ^ 

-  +/ -  -/*  =  c. 


mdv 


But  v  =  -  ■  Hence  the  solution  is 
* 


log  x  +  log  v  —  v  =  C, 

loge  vx  =  C  +  v, 

vx  =  ec+v  =  ec  ■  ev, 
vx  =  cev. 


y  =  cex.  Ans. 

EXAMPLES 


Differential  equations 

Solutions 

1. 

(x  +  y)dx  +  xdy  =  0. 

x2  +  2  xy  =  c. 

2. 

(x  +  y)  dx  +  (y  ~x)dy  =  0. 

log  (£2  +  y*)i  -  arc  tan  - 

3. 

xdy  -  ydx  =  V+2  +  y2dx. 

1  +  2  cy  —  c2x2  =  0. 

4. 

(8  V  +  10  x)dx  +  (5y  +  7x)dy  =  0. 

(®+y)*(2a  +  y)»  =  c. 

*  A  function  of  x  and  y  is  said  to  be  homogeneous  in  the  variables  if  the  result  of  replacing  * 
and  y  by  A*  and  \y  (A  being  arbitrary)  reduces  to  the  original  function  multiplied  by  some  power 
of  A.  This  power  of  A  is  called  the  degree  of  the  original  function.  y  some  power 
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Differential  equations 

Solutions 

r 

5. 

(2  Vs£  —  s)  dt  +  tds  =  0. 

/  s 

<eV  *  =  c. 

s 

6. 

(t  —  s)dt  +  tds  —  0. 

te*  =  c. 

7. 

V  dy  y 

x  cos  -  —  =  y  cos - a:. 

x  dx  x 

.  y 

6in 

xe  x  —  c. 

8. 

x  cos  -  (ydx  +  xdy )  =  y  sin  -  ( xdy  —  ydx). 

X  x 

V 

xy  cos  -  = 

X 

Type  III.  Linear  equations.  A  differential  equation  is  said  to 
be  linear  if  the  equation  is  of  the  first  degree  in  the  dependent 
variable  (usually  y)  and  its  derivatives  (or  differentials).  The 
linear  differential  equation  of  the  first  order  is  of  the  form 


(^) 


^+Py  =  Q, 

ax 


where  P,  Q  are  functions  of  x  alone,  or  constants. 

To  integrate  (A),  let 

(B)  y  =  uz, 

where  z  is  a  new  variable  and  u  is  a  function  of  x  to  be  determined. 
Differentiating  (P), 

dy 


(0) 


dz  dii 
dx=Udx+ZTx' 


By  V,  p.  46 


Substituting  ( C )  and  (B)  in  (A),  we  get 


dz  ,  du  ,,  „ 

u  — — K  ^  t — F  Puz  —  Q,  or, 
dx  dx 

dz  f  du  ,  -r,  \  ,  . 

w  —  +  —  +  Pu)z  =  Q. 


dx  \dx 


Now  let  us  determine,  if  possible,  the  function  u  such  that  the 
term  in  z  shall  drop  out.  lliis  means  that  the  coefficient  of  z 
must  vanish,  that  is, 


du 

dx 


+  Pu  =  0. 


Then 

and 

(2?) 


—  =  -  Pdx , 

U 

logew  =  -  X,  giving 


u  =  e1e-JFd\ 
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Equation  (D)  then  becomes 

dz  .. 
u~r==Q- 

dx 

To  find  2  from  the  last  equation,  substitute  in  it  the  value  of 
u  from  (E)  and  integrate.  This  gives 

cxe~fpdx  — 

•  dx 

c/lz  =  Qefrdxdx, 

(F)  cxz  QefPdxdx  +  C. 

The  solution  of  (A)  is  then  found  by  substituting  the  values  of 
u  and  2  from  (E)  and  (F)  in  (B).  This  gives 

(Cr)  y  =  QefFdxdx  -f  (?). 

The  proof  of  the  correctness  of  ( Gr )  is  immediately  established 
by  substitution  in  (A).  In  solving  examples  coming  under  this 
head  the  student  is  advised  to  find  the  solution  by  following  the 
method  illustrated  above,  rather  than  by  using  ( Gr)  as  a  formula. 


Ex.  1.  Solve  the  equation 
(1) 


dy 


z  y 


=  (X  +  1)1 


dx  x  +  1 

Solution.  This  is  evidently  in  the  linear  form  (A),  where 

2 


P=- 


1 


and  Q  =  (x  +  1)-. 


Let  y  =  uz;  then  =  +  z~-  Substituting  in  the  given  equation  (1), 

we  get  dz  dx  dx 

dz  du  2  uz  ,  ,,6 

u—  +  - =  (x  +  1)*,  or, 

dx  dx  1  +  x 


dz  /du  2  u 
u - h  ' - 


=  (x  +  1)1 


(2) 

dx  \dx  1  +  x  / 

Now  to  determine  u  we  place  the  coefficient  of  z  equal  to  zero.  This  gives 


du  2  u 
dx  1  +  x 


=  0, 


(3) 


du  _  2 dx 
U  1  +  X 

loge  U  =  2  log  (1  +  x), 

u  =  elos  0  +  2)2  =  (1  +  x)2.* 


*  Since  logeit=  logeei»60+*)2  =  log (1  +  a:)2 •  loge e  =  log (!  +  *)»,  it  follows  that  it=(l+  x)\ 
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Equation  (2)  now  becomes,  since  the  term  in  z  drops  out, 

u  —  =  (x  +  1)®. 
dx  K 

Replacing  u  by  its  value  from  (3), 

f  =  (x  +  1)*, 
ax 

dz  =  (x  - f  1)5  dx, 

z  =  *i*±tf+c. 


(4) 


Substituting  (4)  and  (3)  in  y  =  uz,  we  get  the  solution 
y  =  2  (X  ^  ^  +  C  (x  + l)2.  Ans. 

o 


Differential  equations 


1. 


dy 

dx 


2  y 
x  +  1 


=  (x  +  l)3. 


EXAMPLES 


2  dy  _  ay  _  x  +  1 
'  dx  x  x 


3.  x  (1  -  x2)  dy  +  (2  x2  -  1)  ydx  =  axMx. 


4. 


dy  - 


xydx 
1  +  x2 


adx 

!+~x2’ 


5. 


—  cost  +  s  sint  =  1. 
dt 


6. 


- 1-  s  cost  =  i-sin2t. 

dt 


Solutions 

2y  =  (x  +  l)4  +  c(x  +  l)2. 

X  1 

y  =  cx“  +  - - 

1  —  a  a 

y  =  ax  +  cx  Vl  —  x2. 
y  =  ax  +  c  (1  +  x2)  t 

s  =  sin  t  +  c  cos  t. 

s  =  sint  —  1  +  ce~sin(. 


Type  IV.  Equations  reducible  to  the  linear  form.  Some  equations 
that  are  not  linear  can  be  reduced  to  the  linear  form  by  means 
of  a  suitable  transformation.  One  type  of  such  equations  is 


(^) 


f  +  Py  =  Qy\ 

dx 


where  P,  Q  are  functions  of  x  alone,  or  constants.  Equation  (A) 
may  he  reduced  to  the  linear  form  in  y  and  z  by  means  of  the 
substitution  2  =  +  Such  a  reduction,  however,  is  not  neces¬ 

sary  if  we  employ  the  same  method  for  finding  the  solution  as 
that  given  under  Type  III,  p.  431.  Let  us  illustrate  this  by 


means  of  an  example. 
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Ex.  1.  Solve  the  equation 


(1) 


—  +  -  =  a  log  x  ■  ?/2. 
dx  x 


Solution.  This  is  evidently  in  the  form  {A),  where 

P  =  -,  Q  =  a, logs,  n  =  2. 


Let  y  =  uz;  then 


dy  dz  ,  du 
-A  -u~-  +z-- 
dx  dx  dx 


Substituting  in  (1),  we  get 
dz  , 


dx 


du  uz  ,  o  o 

z - 1 - =  a  log  x  ■  u-z 2, 

dx  x 


(2) 


dz  /du  u' 


«—  +  (—'  +-)z=  a  log 
dx  \dx  x/ 


x  ■  u*z2. 


Now  to  determine  u  we  place  the  coefficient  of  z  equal  to  zero.  Thisghes 


du  u  _  n 
dx  x 


du 

u 


dx 

- 5 

X 


log  u  =  —  logic  =  log-, 
x 


(3) 


1 

U  —  -. 
X 


Since  the  term  in  z  drops  out,  equation  (2)  now  becomes 


dz 


u  —  =  a  log  x  ■  u2z 2, 
dx 


dz  .  „ 

—  =  a  log  x  ■  uz1. 
dx 


Replacing  u  by  its  value  from  (3), 

dz 


=  a  log  x  — ■ 
dx  x 


dz  .  dx 
—  =  a  log  x  —  , 


1  a  (log  x)2 
-7  =  ^— +C. 


(4) 


z 

z  =  — 


a  (logs:)2  +  2  C 
Substituting  (4)  and  (3)  in  y  —  uz,  we  get  the  solution 


V  =- 


1 


or, 


x  a  (logic)2  +  2  C 
xy  [a  (logx)2  +  2  C]  -f  2  =  0.  Ans. 
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EXAMPLES 


Differential  equations 

1.  ^  +  xy  =  x3ys. 
dx 

2.  (1  —  x2)  ~  —  xy  =  axy2. 

3.  3y2~  -  ays  =  x  +  1. 

dx 


Solutions 

y- 2  =  x2  +  1  +  ce*2. 


y  =  (c  v  1  —x2  —  a)-1. 

,  x  + 1  1 

y 3  =  ceax - 

a  a 2 


4.  ~(x2y3  +  xy)-  1. 
dx 

5.  ( y  logx  —  1  )ydx  =  xdy. 

„  dy  „ 

6.  y  —  cosx — =  y2  cosx(l  —  smi). 

dx 


y_ 

*[(2  -  y2)  e2  +  c]  =  e 

y  =  (cx  +  logx  +  I)"1, 
tan  x  +  sec  x 


'll 

- 


y  =  ■ 


sin  x  +  c 


244.  Differential  equations  of  the  «th  order  and  of  the  first  degree. 

Under  this  head  we  will  consider  four  types  which  are  of  impor¬ 
tance  in  elementary  work.  They  are  special  cases  of  linear  differ¬ 
ential  equations,  which  we  defined  on  p.  431. 


Type  I. 

(A) 


The  linear  differential  equation 


dny  .  dn~1y  ,  dn~2y 
dxn  +  Pl  dx71-1  + p2  dxn~2 


1 - 1-  VnV  =  O, 


in  which  the  coefficients  pv  p2,  •  ■  •,  pn  are  constants. 

The  substitution  of  erx  for  y  in  the  first  member  gives 

(rn  +p1rn~l  +p2rn~2  -f - f  pn)  erx. 

This  expression  vanishes  for  all  values  of  r  which  satisfy  the 
equation 

( B )  rn +p1rn~1 +p2rn~2  - 1 - \-pn=  0; 

and  therefore  for  each  of  these  values  of  r,  erx  is  a  solution  of  (A). 
Equation  ( B )  is  called  the  auxiliary  equation  of  (A).  We  observe 
that  the  coefficients  are  the  same  in  both,  the  exponents  in  (B) 
corresponding  to  the  order  of  the  derivatives  in  (A),  and  y  in  ( A ) 
being  replaced  by  1.  Let  the  roots  of  the  auxiliary  equation  ( B ) 
be  rv  rv  rn ;  then 
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are  solutions  of  (A).  Moreover,  if  each  one  of  the  solutions  (0) 
be  multiplied  by  an  arbitrary  constant,  the  products 

(D)  c2er^,  •••,  cnernX 

are  also  found  to  be  solutions.*  And  the  sum  of  the  solutions  (-»), 
namely 

(E)  y  =  cxer'x  +  c2e’^  H - b  cnernX, 

may,  by  substitution,  be  shown  to  be  a  solution  of  (A).  Solution 
(E)  contains  n  arbitrary  constants  and  is  the  general  solution  (if 
the  roots  are  all  different),  while  (C)  are  'particular  solutions. 

Case  I.  When  the  auxiliary  equation  has  imaginary  roots.  Since 
imaginary  roots  occur  in  pairs,  let  one  pair  of  such  roots  be 

ry  —  a  +  hi,  r2  =  a  —  hi.  i  =  VTTl 

The  corresponding  solution  is 


y  = 

c  eia  +  M)x  _j_  c^e(a-bi)x 

— 

- 

eax )  cx  (cos  bx  +  i  sin 

bx)  +  c2  (cos  bx  —  i  sin  bx)  ( f 

= 

eax )  (cx  +  c2)  cos  bx  + 

i  (cx  —  c2)  sin  bx  ( , 

y  = 

eax  (A  cos  bx  +  B  sin 

bx), 

where  A  and  B  are  arbitrary  constants. 


*  Substituting  cleTlX  for  y  in  (A),  the  left-band  member  becomes 
(rLn  +  p ,  )•,’* " 1  +  p^’  ~  2  +  ■  •  •  +  pn)  c,er'x. 

But  tbis  vanishes  since  r,  is  a  root  of  (B) ;  lienee  (\A 1 '  is  a  solution  of  (A).  Similarly  for  the 
other  roots. 


f  Replacing  x  by  ibx  in  Ex.  1,  p.  235,  gives 


ihr  .  ft2®8  ib*xs  b*xi  ibsxs 

ewx=l  +  ibx- 


(1) 


12  I? 

lAr I 

[2  '"[I" 


li  IB 


,  or, 


ihx  ■,  Wx2  lAx*  .  /  bV  bBxa 

e  x  =  1 — —  +  — - hi/  bx-  —  + 

and.  replacing  x  by  -  ibx  gives 


li  [5 


)• 


-ihx  -  b2x2  iZAr8  ZAr4  ibBx5 

e  wx=  \-ibx - + - h - ,  or, 

12  i  Li  15 


(2) 


e-ibx=ljgy? .  iA.c* 


te¬ 


ll  "■  l( 

But,  replacing  x  by  te  in  (A),  (B),  pp.  235,  236,  we  get 
(3) 


ter5 

13  +W 


•"I' 


(4) 


Hence  (1)  and  (2)  become 


,  b2x-  ter4 

cos  bx  =  1 - -i - 

12  LI 

l)SxS  &6a 


•  i  i  /Ax3  tex5 
sin  te=te - 1 - 


=  cos  bx  +  i  sin  bx,  e  lte=  cos  bx-  i  sin  bx. 
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Case  II.  When  the  auxiliary  equation  has  multiple  roots. 
sider  the  linear  differential  equation  of  the  third  order 

*3L+P  dy 

dF  }l  dF  Vi  dx 


Con- 


(F) 


+  Pd)  = 


where  pv  p2,  p3  are  constants.  The  corresponding  auxiliary  equa¬ 
tion  is 


(Gr)  r3 +p1F +p2r +p3  =  0. 

If  is  a  root  of  (Gr),  we  have  shown  that  er'x  is  a  solution  of  ( F ). 
We  will  now  show  that  if  rx  is  a  double  root  of  (6r),  then  xer?  is 
also  a  solution  of  ( F ).  Replacing  y  in  the  left-hand  member  of 
(F)  by  xePx,  we  get 


(R)  xerix(r3  FpFx  +PFi  +PS)  +  ^*(3  r*  +  2  p1r1  +  p2). 


But  since  rx  is  a  double  root  of  (Gr), 

ri  +  PFi  +  P  F  \  +  Pz  =  0. 

and  3  r2  +  2p1r1  +p2  =  0.  By  §  82,  p.  101 


Hence  (H)  vanishes,  and  xer^x  is  a  solution  of  (F).  Correspond¬ 
ing  to  the  double  root  r  we  then  have  the  two  solutions 

c\Fx,  c2xer'x. 

More  generally,  if  r1  is  a  multiple  root  of  the  auxiliary  equation 
(B),  p.  435,  occurring  s  times,  then  we  may  at  once  write  down  s 
distinct  solutions  of  the  differential  equation  (A),  p.  435,  namely 

cxe rY,  c2xer'x,  t’gzV1*,  csxs~ler'x. 


In  case  a  -f-  hi  and  a  —  hi  are  each  multiple  roots  of  the  auxiliary 
equation,  occurring  s  times,  it  follows  that  we  may  write  down  2  s 
distinct  solutions  of  the  differential  equation,  namely 

cyF*  cos  bx,  c„xeax  cos  bx,  c,p?eux  cos  bx,  ■  ■■,  c8x?~'eax  cos  bx ; 
c^eax  sin  bx,  c2xeax  sin  bx,  c3'x2eax  sin  bx,  ■  ■  ■,  cjxs~l  e"x  sin  bx. 


Our  results  may  now  be  summed  up  in  the  following  rule  for 
solving  differential  equations  of  the  type 


dny  ,  d"-1)/  d"-2)/ 

"I  lr  1  _  1  x'2  j  _  _  n  _  Q  •" 


docn 


dxr 


ducn  ~ 2 


+  PnV  =  O, 


where  pv  p2,  •  •  • ,  pn  are  constants. 
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First  step.  Write  down  the  corresponding  auxiliary  equation 
rn  +  +p2rn~2  4 - ^Pn  = 

Second  step.  Solve  completely  the  auxiliary  equation. 

Third  step.  From  the  roots  of  the  auxiliary  equation  write  down 
the  corresponding  particular  solutions  of  the  differential  equation 
as  follows: 


Auxiliary  Equation 


Differential  Equation 


(a)  Each  distinct  real  j  a  partg,uiar  solution  eV. 

root  rx  J 

(, b )  Each  distinct  pair  of 1  .  J  two  particular  solutions 

imaginary  roots  aAbi  j  ^  fnj  cos  bx,  e"'  sinbx. 


(c)  A  multiple  root  occur¬ 
ring  s  times 


gives 


'  s particular  solutions  obtained  by 
<  multiplying  the  particular  solu¬ 
tions  (a)  or  ( b )  by  1,  x,  x 2,  •••,  af~x. 


Fourth  step.  Multiply  each  of  the  n*  independent  solutions  by 
an  arbitrary  constant  and  add  the  results.  This  gives  the  complete 
solution. 


Ex.  1.  Solve  —  —  3  —  +  4  y  =  0. 
dxz  dx 2 

Solution.  Follow  above  rule. 

First  step,  rz  —  3  r2  -f  4  =  0,  auxiliary  equation. 

Second  step.  Solving,  the  roots  are  —  1,  2,  2. 

Third  step,  (a)  The  root  —  1  gives  the  solution  e~x. 

(b)  The  double  root  2  gives  the  two  solutions  e2x,  xe2x. 
Fourth  step.  General  solution  is 

y  =  cie-*  +  c2e2x  +  Csxe2x.  Ans. 


Ex.  2.  Solve 


d+y  dhy 


dx * 


—  4  —  +  10  —  —  12  ^  +  5  y  =  0. 
dx 3  dx 2  dx 


Solution.  Follow  above  rule. 

First  step,  j4  —  4  r8  -f  10  r2  —  12  r  +  5  =  0,  auxiliary  equation. 
Second  step.  Solving,  the  roots  are  1,  1,  1  ±  2  i. 


*  A  check  on  the  accuracy  of  the  work  is  found  in  the  fact  that  the  first  three  steps  must  give 
n  independent  solutions. 
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Third  step,  (b)  The  pair  of  imaginary  roots  l±2i  gives  the' two  solutions 
excos2x,  exsin  2  x(a  =  1,  6  =  2). 

(c)  The  double  root  1  gives  the  two  solutions  e:r,  xeT. 


Fourth  step.  General  solution  is 

y  =  Cie*  +  e2xex  +  c3ex  cos  2  x  +  c4ex  sin  2  x, 
y  —  (c i  +  c2x  +  c3  cos  2  x  +  c4  sin  2  x)  ex.  Ans. 


Differential  equations 


1. 


<Py 

dx2 


=  9  y. 


EXAMPLES 

General  solutions 
y  =  c4e3x  +  c2e~Sx. 


2-S+*=°- 


y  —  ci  sin  x  +  c2  cos  x. 


*  3.  = 

dx2  dx 

4.  ^_4^  +  4y  =  0. 
dx 2  dx 


y  =  cie3*  +  c2e4x. 


y  =  (ci  +  c2x)  e2 


5.  ^_4^  =  0. 
dx3  dx 


y  =  c4  +  c2e2x  +  c3e-2x- 


,  6.  ^  +  2^-8y=0. 

dx4  dx2 


y  =  cie35^2  +  c2erx^2  +  c3  sin  2  x  +  c4  cos  2  x. 


d3s  d2s  ds 

7. - 6 —  =  0. 

dt 3  dt2  dt 


s  —  c\ezt  +  c2e~2(  +  c8. 


8.  —  —  12  —  +  27  p  =  0. 
dfl4  dd 2 


i  =  cie30  +  c2e~30  +  c3e0v/3  +  c4e  0y/3. 


9. 


+  13tt  =  0. 

dr2  dr 


u  =  (c4  sin  2  u  +  c2  cos  2  u)  e3”. 


10.  ^  +  | +  »<»  =  <>. 

dx4  dx2 


11. 


d3s 

—  =  s. 
dt 3 


y  =  (ci  4-  c2x)  cos  nx  +  (c3  +  c4x)  sin  nx. 

-f/  fV3  tV3 

s  =  Cie*  +  e  2  ^  c2  sin  — - — |-  c3  cos  — — 


12  __  7  °-S  +  6s  =  0.  s  =  Cie2t  +  c2ee  +  CzePK 

dP  dt 

dAy  _3^  +  3^_^  =  o.  y  =  ct  +  (c*  +  c3x  +  c4x2) ef*. 
dx4  dx3  dx2  dx 
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Type  II.  The  linear  differential  equation 


(I) 


dny  ,  dn~1y  ,  _  dn~2y 


+  i>i 


dxn  '  71  to1*-1  '  7'2  fUc"“2 


1  j/  , 

—  +  Pi 


-  +  •  •  •  +  PnV  — 


where,  X  is  a  function  of  x  alone ,  or  constant ,  and  pv  pv 

constants.  > 

When  X=  0,  (2)  reduces  to  (-1),  Type  I,  p.  435, 


j»n  are 


(J) 


ll+p  d^!l  +  p  dL^l+...+py  =  0. 


da;’1  ‘  ri  dx’1-1  ‘  r 2  dxn 
The  complete  solution  of  (J )  is  called  the  complementary  func¬ 
tion  of  (J). 

Let  u  be  the  complete  solution  of  (< J ),  i.e.  the  complementary 
function  of  (I),  and  v  any  particular  solution  of  (I).  Then 
dnv  d" v  d’l~-v  , 

l^+^dS^+p'd^7‘+"'+I‘’‘v-x' 

dnu  d" ~ '  u  dn~2u  A 

d?+p'i^+^a^+-+^u  =  0- 


and 


Adding,  we  get 

dLfu  +  v)  +  Pl  (u  +  v)+  p2  (u  +  v)+...+  pn  (u  +  v)  =  X, 

showing  that  u  +  v  is  a  solution*  of  (I). 

The  complete  solution  of  (I)  being  u  4-  v,  we  first  find  the  com¬ 
plementary  function  u  by  placing  its  left-hand  member  equal  to 
zero  and  solving  the  resulting  equation  by  the  rule  on  p.  438. 

To  find  the  particular  solution  v  is  a  problem  of  considerable 
difficulty  except  in  special  cases.  For  the  problems  given  in  this 
book  we  may  determine  the  particular  solution  v  by  the  following 
method. 

Differentiate  successively  the  given  equation  and  obtain,  either 
directly  or  by  elimination,  a  new  differential  equation  of  a  higher 
order  of  Type  I.  Solving  this  by  the  rule  on  p.  438,  we  get  its 
complete  solution  containing  the  complementary  function  u  already 
found,f  an(l  additional  terms.  Determining  the  constants  of  the 
additional  terms  so  as  to  satisfy  the  given  differential  equation, 
we  get  the  particular  solution  v. 


*  In  works  on  differential  equations  it  is  shown  that  u  +  v  is  the  complete  solution, 
t  From  the  method  of  derivation  it  is  obvious  that  every  solution  of  the  original  equation 
must  also  be  a  solution  of  tlie  derived  equation. 
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The  method  will  now  be  illustrated  by  means  of  examples. 

Note.  The  solution  of  the  auxiliary  equation  of  the  new  derived  differential 
equation  is  facilitated  by  observing  that  the  left-hand  member  of  that  equation 
is  exactly  divisible  by  the  left-hand  member  of  the  auxiliary  equation  used  in  find¬ 
ing  the  complementary  function. 


Ex.  1.  Solve 

(K) 


+  —  —  2y  =  aer2x. 
dx 2  dx 


Solution.  The  complementary  function  u  of  ( K )  is  the  complete  solution  of  the 
equation 

d2y  .  dy  9, 


(L) 


■  +  —  —  2  y  =  0. 
dx'2  dx 


Applying  the  rule  on  p.  438,  we  get  as  the  complete  solution  of  (Z,) 

(M)  u  =  cie*  +  c2er2x. 

Differentiating  (K)  gives 

(N) 


q.  —  2  —  =  —  2  aer2x. 
dx 3  dx'2  dx 


Multiplying  (K)  by  2  and  adding  the  result  to  (N),  we  get 

(0) 


^  +  3^-4y  =  0, 

dx*  dx;2 


a  differential  equation  of  Type  I.  Solving  by  the  rule  on  p.  438,  we  get  the  com¬ 
plete  solution  of  (0)  to  be 

y  =  c,\ex  +  c2e~2x  +  c3xe  2x, 

or,  from  (M), 

y  —u  +  csxe~2x. 


~~  ’J'-'V 


We  now  determine  c3  so  that  czxer2x  shall  be  a  particular  solution  v  of  (K). 
Replacing  y  in  (K)  by  c3xe-2*,  we  get  • 

Cse-2x(—  4  +  1)  =  ae~2x.  J  **  b 

•••  -  3c8  =  a,  or,  c3  =- |a.  V -r  o-J  (V-l) 

Hence  a  particular  solution  of  (K)  is 


v  =  —  ^axe-2*, 


if  ~  <Z& 


and  the  complete  solution  is 

y  —  u  +  v  =  c\ex  +  c2er2x  —  \axe~2*. 


Ex.  2.  Solve 

(P) 

Solution.  Solving 

(Q) 


V  ^  \  f  a.  J_, 


d2y 


dx 2 
d2y 


dx 2 


-)-  nly  =  cos  ax. 

+  n2y  =  0, 


a  a-  .  jL  . 


we  get  the  complementary  function 

(22)  u  —  Cj  sin  nx  +  c2  cos  nx. 


-f-  e 
$ 


•3 


C**- 


d  '-r\  lo  -f  t.  Ow 
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Differentiating  (P)  twice,  we  get 

fcy  ,  ~<Pv 


(S) 


+  n2  — -  =  —  a2  cos  ax. 
dx 4  dx2 


Multiplying  (P)  by  a2  and  adding  the  result  to  (<S)  gives 
(T) 


— -  +  (w2  +  a2)  -f  a2?r2y  =  0. 
dx*  K  'dx2 


Tlie  complete  solution  of  ( T)  is 

y  =  ci  sin  nx  +  c2  cos  nx  +  C3  sin  ax  +  c4  cos  ax, 
or,  ?/  =  u  +  c3  sin  ax  +  ci  cos  m- 

Let  us  now  determine  c3  and  c4  so  that  c3  sin  ax  +  c4  cos  ax  shall  be  a  solution  of 
(P).  Replacing  2/  in  (P)  by  c3  sin  ax  +  c4  cos  ax,  we  get 

(w2c4  —  a2c4)  cos  ax  +  (?i2c3  —  a2c3)  sin  ax  =  cos  ax. 

Equating  the  coefficients  of  like  terms  in  this  identity,  we  get 
n2c4  —  a2c4  =  1  and  n2c3  —  a2c3  =  0, 

1 


or. 


c4  = 


n2  —  a2 


and  c3  =  0. 


Hence  a  particular  solution  of  (P)  is 


v  = 


cos  ax 


and  the  complete  solution  is 


n2  —  a 2 


y  =  u  +  v  =  c4  sin  nx  -f  c2  cos  nx  + 


cos  ax 


?i2  —  a2 


EXAMPLES 


Differential  equations 


d2y  „dy 

-^-7/  +  122/  =  x. 

ax2  •  dx 


2/  =  cie3*  +  c2e*x  + 


Complete  solutions 
12  x  +7 


144 


2. 


d%  d3y  d2y  dy 

~  Z  IZi  +  2  1U5  ~  2  T7  +  y  =  a-  y  =  Cl  sin  x  +  c2  cos  x  +  (c3  +  c4x)  e*  +  a. 


dx4  dx3  dx2  dx 


3.  —  —  a2s  =  f  +  1. 
dt 2 


s  =  C]ea(  +  c2e~ a(  — 


t  +  1 


4. 


d3p_2d2P  dp  = 
df3  de2  de 


P  —  ^C1  +  c2#  +  —  ^  60  +  C3. 


d*y 


5.  ——  —  a4?/  =  x3. 


dx4 


2/  _  cxe3*  +  c2er CIX  +  c8  sin  ax  +  c4  cos  ax  —  — . 


o.  —5  +  a2s  s=  cos  ax. 
dx 2 


s  =  ci  sin  ax  +  c2  cos  ax  +  -Sm  a_  f  *7.  - 


2  a 


„  d?s  ds 
7 ■  ^  -2«5 +  «"»  =  «*• 


s  =  (Cl  +  c2f)  era(  + 


e! 


.V; 


0--\j  At 


(a  - 1)2 

(?  AJU«T  *✓* 


ft' 


4*  ,  * 

)  £  l4  ^ 


.  *  I  AS*'*  ^  - 

-4"'  v  '  ‘ 

,p  t<^hl  v 


‘  *  '  ftjr*  i 


>/'v 


I <U 


/ 
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Differential  equations 


Complete  solutions 


8.  —  —  5  —  +  6  y  —  enx.  y  =  c1e-x  +  c2e3x  +  -  - — — 
rfr?  d.r.  n ‘  —  5 


e"x 


dx2  dx 


9.  —  —  3^  +  2  y  =  xenx.  y  =  Cier  +  c2e2x  + 
dx2  dx 


n2  —  5  n  +  6 
xenx 


(2  n  -  3)  enx 
•ft2  —  3  n  +  2  (n2  —  3  ft  -f  2)2 


/72o  (7  o 

10. - 9 - b  20  s  =  t2e"(.  s  —  cie4(  +  c2er,t  + 

dt 2  dt 


2P  +  6t  +  7  ,g< 


e8L 


rl2s 


11.  — 4  s  =  t  sin2 1. 
dt 2 


*  -i  (  I  ~  S^)  ^ ''t  ; 

.7M  .. 


Type  III. 


'CL/  _  ^ 


da?' 


where  X  is  a  function  of  x  alone,  or  constant. 

To  solve  this  type  of  differential  equations  we  have  the  following 
rule  from  Chapter  XXXI,  p.  392: 

Integrate  n  times  successively .  Each  integration  will  introduce  one 

arbitrary  constant. 


Ex.  1.  Solve 


dhy 


'V, 


or. 


— -  =  xe*. 
dx3 

x>  ^ 

7° 

first  time, 

^  J- 

—  =  fxe-rdx, 

dx2  J 

O  **  ( t 

By  (A) 

—  Xe x  —  ex  +  Ci. 
dx2 

£ 

(  (  + 


VC  .  ^  j 


Integrating  the  second  time, 

dx 
dy 
dx 

Integrating  the  third  time, 

y  =  j'xe^dx  —  J~2  exdx  +  C\xdx  +  C2dx 


^  =  Cxex-dx~  f exdx  +  f  Cidx, 

dx  J  J  J 

=  xex  -  2  ex  +  Ci®  +  C2. 


-xex- 3^  +  +  C2x  +  C3, 


or, 


y  —  xex  —  3  ex  +  ci®2  T  c2x  +  c3.  A.ns. 


Type  IV. 

where  Y  is  a  function  of  y  alone 


(Vy  _  Y 

doc2  ’ 


I 


DVd1 


-r  P  1 


*  1  1  * 

^  r  ,  C  /  C*-?  £«•-*  -/  ^  J  '  .2? 

» 
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The  rule  for  integrating  this  type  is  as  follows : 

First  step.  Multiply  the  left-hand  member  by  the  factor 

2  ty-dx, 

dx 

and  the  right-hand  member  by  the  equivalent  factor 

2  dy, 

and  integrate.  The  integral  of  the  left-hand  member  will  be* 

'df 

dx 

Second  step.  Extract  the  square  root  of  both  members ,  separate 
the  variables ,  and  integrate  again f 


Ex.  1.  Solve 


d2y 

— |  +  a2y  =  0. 
dx 2 


Solution.  Here  —  =  —  a?y,  hence  of  Type  IV. 
dx 2 


First  step.  Multiplying  the  left-hand  member  by  2  —  dx  and  the  right-hand 
member  by  2  dy,  we  get  ^ x 


2?ildl=“2(lW' 
dx  dx2 


Integrating, 


Second  step. 


(!)*=-* 


2y2  +  CY 


j- =^Gl-a2y 2, 
ax 


taking  the  positive  sign  of  the  radical.  Separating  the  variables,  we  get 

dy 


'd  Ci  —  a?y'2 


=  dx. 


Integrating, 


or. 


1  .  ay 

-  arc  Bin  — 5=  =  *  +  C2, 

a  Vc[ 

.  ay 

arc  sin  — =  =  ax  +  aCo. 

vc; 


This  is  the  same  as 


ay 

vc; 


=  sin  (ax  +  aC2) 

=  sin  ax  cos  aC2  -f  cos  ax  sin  aC2, 


or. 


31,  p.  2 

Vc[  . 

y  —  cos  aC2  •  sin  ax  + - 1  sin  aQ  .  cos  ax 

u  a 

—  Ci  sin  ax  +  c2  cos  ax.  Ans. 


*  Since 

'dx /  dx  dx 2 

1  Each  integration  introduces  an  arbitrary  constant. 
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EXAMPLES 


Differential  equations 

1.  —  =  x2  —  2  cos  x. 
dx3 


2.  ,^  =  2. 

dv:i 

3.  —  sin3#. 
<18* 

4.  —  =  /sinrd. 
dt2 

d2s 

5.  —  =  gr. 
dU 

„  d"y 

6.  — —  =  xm. 
dee" 

_  d2y  „ 

7.  —  =  a2y. 
dx2 

8  d%  =  1 

di2  Vas 


9. 


d2y  _  a 
dt2  y* 


d2x 

10.  —  =  enx. 
dt2 


d2s 


Solutions 


y  =  —  +  2  sin  x  +  C]X2  +  c2x  +  c3. 


U  —  V2  log  D  +  C1«2  +  C2V  +  CS, 
cos 3 8  7  cos  8 


< 


P=- 


27 


+ 


9 


ci#2  T  C2#  +  cs- 


/ 

= - sin  nt  +  Cjd  +  c2. 


s  =  F  fifi2  4-  C\t  +  c2. 
\mxm  +  n 


V  = 


in  +  n 


+  C1X"-1  H - b  cn_ix  4-  c„. 


ax  =  log  (y  +  Vy2  +  Cl)  +  c2,  or 
y  =  cyeJlx  +  c2e~ax. 

3 1  =2a‘(s^  -  2  Ci)  (si  +  Ci)4  4-  c2. 
(ci«  4-  c2)2  +  a  =  C]?/. 


z —  ,  y/ci2enx  +  1  -  1  , 

t  v2  n  =  Ci  log  - b  c2. 

v j^e"*  +  1  +  1 


ds 


eu:  = _ Find  t ,  having  given  that  —  =  0  and  s  =  a,  when  £  —  0. 

dt2  s'2  dt 


Ans.  t  =  yf^,  |  ^(arc  vers  ^  -  it)  -Vas  -  s2 
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245.  Mechanical  integration.  W e  have  seen  that  the  determina¬ 
tion  of  the  area  hounded  by  a  curve  C  Avhose  equation  is 

y=f(x) 

and  the  evaluation  of  the  definite  integral 

^ 'fix )  dx 
C 

are  equivalent  problems  (§  209,  p.  357). 

Hitherto  we  have  regarded  the  relation  between  the  variables  x 
and  y  as  given  by  analytical  formulas  and  have  applied  analytic 
methods  in  obtaining  the  integrals  required.  If,  however,  the 
relation  between  the  variables  is  given,  not  analytically,  but  as 
frequently  is  the  case  in  physical  investigations,  graphically,  i.e. 
by  a  curve,*  the  analytic  method  is  inapplicable  unless  the  exact 
or  approximate  equation  of  the  curve  can  be  obtained.  It  is,  how¬ 
ever,  possible  to  determine  the  area  bounded  by  a  curve,  whether 
we  know  its  equation  or  not,  by  means  of  mechanical  devices. 
We  shall  consider  the  construction  theory  and  the  use  of  one  such 
device,  namely  the  Integraph,  invented  by  Abdank-Abakanowicz.j- 
Before  proceeding  with  the  discussion  of  this  machine  it  is  neces¬ 
sary  to  take  up  the  study  of  integral  curves. 

246.  Integral  curves.  If  F(x)  and  f(x)  are  two  functions  so 
related  that 

{A)  =/<*), 
then  the  curve 

(B)  y  =  F(x) 


*  For  instance  the  record  made  by 
certain  testing  machines. 


a  registering  thermometer,  a  steam-engine  indicator,  or  by 


t  See  Les  Integraphes ;  la  courbe 
1889. 


imtigrale  et  ses  applications,  by  Abdank-Abakanowicz,  Paris, 
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is  called  an  integral  curve  of  the  curve 
(C)  y=f(x).* 


The  name  integral  curve  is  due  to  the  fact  that  from  ((7)  it  is 
seen  that  the  same  relation  between  the  functions  may  he  expressed 
as  follows : 

(D)  C  f(x)dx  —  F(x).  F(0)=0 

«/0 


Let  us  draw  an  original  curve  and  a  corresponding  integral  curve  in  sucli  a  way 
as  easily  to  compare  their  corresponding  points. 


integral  curve 
y  =  F{x) 


original  curve 

y  =/(*) 


To  find  an  expression  for  the  shaded  portion  ( O'M'P ')  of  the  area  under  the 
original  curve  we  substitute  in  (A),  p.  371,  giving 

area  O'M'P'  =  jj'f(x)dx. 

But  from  (D)  this  becomes 

area  O'M'P'  =  1f(x)dx  =  [F(x)]x=Xl=  F(Xi)  =  MPA 


Theorem.  For  the  same  abscissa  Xi,  the  number  giving  the  length  of  the  ordinate 
of  the  integral  curve  (B)  is  the  same  as  the  number  that  gives  the  area  between  the 
original  curve ,  the  axes,  and  the  ordinate  corresponding  to  this  abscissa. 


*  This  curve  is  sometimes  called  the  original  curve. 

t  When  xt  =  O' If,  the  positive  area  O'M'R'P'  is  represented  by  the  maximum  ordinate  NR. 
To  the  right  of  If  the  area  is  below  the  axis  of  X  and  therefore  negative ;  consequently  the 
ordinates  of  the  integral  curve,  which  represent  the  algebraic  sum  of  the  areas  inclosed,  will 
decrease  in  passing  from  R'  to  T'. 

The  most  general  integral  curve  is  of  the  form 

y  =  F{x)  +  C, 

in  which  case  the  difference  of  the  ordinates  for  x—  0  and  x—  x ,  gives  the  area  under  the  original 
curve.  In  the  integral  curve  drawn  C=  F( 0)  =  0,  i.e.  the  general  integral  curve  is  obtained  if 
this  integral  curve  be  displaced  the  distance  C  parallel  to  O  Y. 
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The  student  should  also  observe  that 

(a)  For  the  same  abscissa  xu  the  number  giving  the  slope  of  the  integral  curve 
is  the  same  as  the  number  giving  the  length  of  the  corresponding  ordinate  of  the 
original  curve  [from  (C)].  Hence  (C)  is  sometimes  called  the  curve  of  slopes  of  (B). 
In  the  figure  we  see  that  at  points  O,  R,  T,V,  where  the  integral  curve  is  parallel  to 
OX,  the  corresponding  points  O',  R',  T,  V'  on  the  original  curve  have  zero  ordi¬ 
nates,  and  corresponding  to  the  point  IF  the  original  curve  is  discontinuous. 

(b)  Corresponding  to  points  of  inflection  Q,  S ,  II  on  the  integial  curve  we  have 
maximum  or  minimum  ordinates  to  the  original  curve. 

For  example,  since  d  /  r.s  n 


d  (X 
dx  V  9 


)  =  y 


it  follows  that 

(E) 

is  an  integral  curve  of  the  parabola 

(F) 


3 


X ■ 

y  =  — 
9 


y  =  — 
3 


Since  from  (F) 


area  OMil\  =  f  l  —  dx  =  — 
A'  3  £ 

and  from  (F) 


3 


9 


9 


it  is  seen  that  —  indicates  the  number  of  linear 
9 

units  in  the  ordinate  MXPV,  and  also  the  number 
of  units  of  area  in  the  shaded  area  OM\P\. 

Also  since  from  (E)  —  =  — ,  or  tan  r  =  — , 

K  ’  dx  3  3 


and  from  (F) 


iff i  Pi  = 


X]~ 


xF 

3 


indicates  the 


it  is  seen  that  the  same  number 
length  of  ordinate  MlPl  and  the  slope  of  the  tangent  at  V{. 

Evidently  the  origin  is  a  point  of  inflection  of  the  integral  curve  and  a  point 


with  minimum  ordinate  on  the  original  curve. 


247.  The  integraph.  The  theory  of  this  instrument  is  exceedingly 
simple  and  depends  on  the  relation  between  the  given  curve  and  a 
corresponding  integral  curve. 

The  instrument  is  constructed  as  follows.  A  rectangular  carriage  C  moves  on 
rollers  over  the  plane  in  a  direction  parallel  to  the  axis  of  X  of  the  curve 

V  =f(x). 

Two  sides  of  the  carriage  are  parallel  to  the  axis  of  X ;  the  other  two,  of  course, 
perpendicular  to  it.  Along  one  of  these  perpendicular  sides  moves  a  small  carriage 
Ci  bearing  the  tracing  point  T,  and  along  the  other  a  small  carriage  C2  bearing  a 
frame  F  which  can  revolve  about  an  axis  perpendicular  to  the  surface,  and  carries 
the  sharp-edged  disk  I)  to  the  plane  of  which  it  is  perpendicular.  A  stud  Si  is 
fixed  in  the  carriage  Ci  so  as  to  be  at  the  same  distance  from  the  axis  of  X  as  is 
the  tiacing  point  T.  A  second  stud  S2  is  set  in  a  crossbar  of  the  main  carriage  C 
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so  as  to  be  on  the  axis  of  X.  A  split  ruler  R  joins  these  two  studs  and  slides 
upon  them.  A  crosshead  H  slides  upon  this  ruler  and  is  joined  to  the  frame  F 
by  a  parallelogram. 

The  essential  part 
of  the  instrument  con¬ 
sists  of  the  sharp- 
edged  disk  B,  which 
moves  under  pressure 
over  a  smooth  plane 
surface  (paper).  This 
disk  will  not  slide, 
and  hence  as  it  rolls 
must  always  move 
along  a  path  the  tan¬ 
gent  to  which  at  every 
point  is  the  trace  of 
the  plane  of  the  disk. 

If  now  this  disk  is 
caused  to  move,  it  is 
evident  from  the  figure  that  the  construction  of  the  machine  insures  that  the  plane 
of  the  disk  B  shall  be  parallel  to  the  ruler  R.  But  if  a  is  the  distance  between  the 
ordinates  through  the  studs  Sj,  S2,  and  r  is  the  angle  made  by  R  (and  therefore 
also  plane  of  disk)  with  the  axis  of  X,  we  have 


tan  r  =  — ; 
a 


(A) 

and  if  y'  =  F  (x/) 

is  the  curve  traced  by  the  point  of  contact  of  the  disk,  we  have 

dy'  * 


(B) 

Comparing  ( A )  and  (23), 

(O) 


tan  r  = 


dy' 

dx 


dx 

V 

=  -,  or, 
a 


y'  =  \jv,]x  =  ^J7(®) dx  = 


That  is  (dropping  the  primes),  the  curve 

V  =  F(x) 


a  ' 


is  an  integral  curve  of  the  curve 

(B)  y 

The  factor  -  evidently  fixes  merely  the  scale  to  which  the  integral  curve  is  drawn, 
a 

and  does  not  affect  its  form. 

A  pencil  or  pen  is  attached  to  the  carriage  C2  in  order  to  draw  the  curve 
y  —  F(x).  Displacing  the  disk  B  before  tracing  the  original  curve  is  equivalent  to 
changing  the  constant  of  integration. 

dy'  _  dy'  dx  _  dy 

*  Since  x—  x'  +  d,  wliere  d  =  width  of  machine,  and  therefore  —  -  ~  •  ^  —  dx,  • 
t  It  is  assumed  that  the  instrument  is  so  constructed  that  the  abscissas  of  any  two  correspond¬ 
ing  points  of  the  two  curves  differ  only  by  a  constant ;  hence  x  is  a  function  of  x' . 
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248.  Integrals  for  reference.  Following  is  a  table  of  integrals 
for  reference.  In  going  over  the  subject  of  Integral  Calculus  for 
the  first  time,  the  student  is  advised  to  use  this  table  sparingly,  if 
at  all.  As  soon  as  the  derivation  of  these  integrals  is  thoroughly 
understood,  the  table  may  be  properly  used  for  saving  time  and 
labor  in  the  solution  of  practical  problems. 


SOME  ELEMENTARY  FORMS 

1.  f  (du  ±dv  ±dw  ±- ■  ■)  -J< du  ±j  dv  ±  jdw  ±  •  •  • 

2.  \  adv  —  a  Cdv.  —  , .  ,  , 

J  J  J  n  +  1 

3.  J df  (x)  =j'f(x)dx  =  f(x)  +  C.  5.  f~=  loS  x  +  C* 


/xn  +  1 

xndx  =  — —  -f  C,  n  ±  1. 


Forms  containing  Integral  Powers  of  a  +  bx 

6.  f  dX—  =  y  log  (a  +  bx)  +  C. 

J  a  4-  ox  o 


7.  J  (a  +  bx)ndx  = 


(a  +  bx)n  + 1 
b  (n  +  1) 


■  C,  n  ±  1. 


8.  Jf(x,  a  +  bx)dx.  Try  one  of  the  substitutions,  z  —  a  +  bx,  xz  —  a  +  bx. 

/T  dx 

_____  =  -[a  +  bx  -  a  tog  (a  +  bx)]+C. 

/x^dx 

— T7“  =  +  te)2  -  2«(«  +  &*)+  a2  log  (a  +  bx)]  +C. 

a  ox  O  ' 


n 


dx 


1  .  a  +  bx 


i  *  j.  \  i°s - 1  c. 

x(a  +  bx)  a  x 


dx 


lb  a  +  bx  „ 
= - h  -  log - 1  C. 


X 


12.  f- 

J  x  x__  ,  ... 

13.  cidx  =  l  rlog(a  +  hx)  +  _ a  i  +  c 

J  (a  +  bx\*  b2l  M  ’  a +  bx]  + 


x2  (a  +  bx)  ax  a2 
xdx 


(a  +  bx) 
x2dx 


,  .  r  x2dx  1  r  ,  a2  -i 

14'  J  JfT w  =  v  La  +  -  2«  l0S(«  +  +C. 


TABLE  OF  INTEGRALS 


451 


15 


dx 


16. 


J 


x  («  +  6x)2  a  (a  +  bx)  a2 

1  xdx 
(a  +  bx)8 


1  1  .  a  +  bx  „ 

--log - +  C. 


=  ir _ ! 

62  L  a  + 


+ - - - 1 

+  te  2  (a  +  6x)2J 


+  C. 


Forms  containing  a2  +  x2,  a2  -  x2,  a  +  6x",  a  +  6a? 


17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 


/(XX  1  CC  /•  rjqr 

— —  =  -tan-i-+C;  f 

a2  +  x2  a  a  J 


1  +  x- 


:  =  tan- 1  x  -f  C. 


C _ dx  —  1  1^CT  + x  ,  r>.  r  ^  1  ,  _x-a  ,  ^ 

Ja2-x2  2a  °a-x+  ’  J  x2  -  a2  ~  2  a  + 

/dx  1  ,  lb 

aT&aT2  “  X\a  +  C ’  When  a>0  and  6>0- 

f  dx  1  .  a  +  bx  „ 

J  a2  -  62x2  2  a6  00  a  —  6x  + 

J"xm  (a  4-  6x")i’  dx 

_xm~"  +  i(a  +  6x«)^  +  i  a (m  —  n  +  1 )  r 

- 6(»P  +  m  +  l) - 6(^TTJ)J!,"'"(“  +  tarfe 

/»■,«  +  ta-)^  =  ^'(o  +  W’  +  -  °»P  (•*.(„  + 

J  np  +  m  +  1  np  +  m  +  \J 

/dx 
xm  (a  +  bxn)p 

(in  —  n  +  np  —  1)6 


1 


/; 


(m  —  1)  ax™-1  (a  +  bxn)p~l 
dx 


xm  (a  +  bxn)v 


;  + 


(m  —  1)  a 


m  —  n  +  np  —  1 


f— 

J  xm~n 


dx 


(a  +  bxn)v 


h 


dx 


25. 

26. 

27. 

28. 

29. 


an(p -l)xm~l(a +  bxn)t>-1  '  an(p-l)  J  xm  (a  +  bxn)p-1' 
(a  +  6x”)iJ  +  1  ^6  (in  —  n  —  np  —  1)  r(a  -f  bxn)Pdx 


x"‘  a(m  —  l)xm~l 

■%(a  +  bxn)p  dx  _  (a  +  bxn)p 


lP 


+ 


a  (in  —  1)  J  xm~n 
anp  ('(a  +  bxn)p~ldx 


f~ 


j~(a  +  bxn)Pdx 

f 

J  xm  (np  —  m  +  \)xm~l  np  —  m  +  1 J  xm 

r  xmdx  xm~n  +  1  a(m  —  n  +  1)  r  xm~ndx 

J  (&  +  bxn)p  b(m  —  np  +  1)  (a  -f  bxn)p~1  b(m  —  np  +  t)  J  (a  +  bxn)>> 

C  xmdx  _  xm  + 1  m  +  n  —  np  +  1  r  xmdx 

J(a-\-bxn)p  an(p —  \)(a +  bxn)p~l  an(p  —  1)  J  (a  +  6x")p-1 

C  dx  _  1  r _ x_ _  _  ,,  /•  dx  ~| 

J  (a2  +  x2V!  2 (n  -  1) a2  L(a2  +  x2)"-1  +  '  ”  J  (a2  +  x2V'->J  ‘ 


(a2  +  x2)»  2  (ii  —  1)  a2  L(a2  +  x2)^ 
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30. 


r  dx  1 

[  31  4-  (2n  —  3)  I 

C  dx 

'  (a  +  bx2)B_1J 

'  (a  4-  bx2)'1  2  (n  -  1)  a  1 

L(a  4-  bx2)’1-1  ^ 

31. 


/xdx  _  1  f 
(a+bx2)"“  2J' 


dz 


32. 

33.  f 
J  : 

34.  f 
J 


(a  4-  bx2) 
x2dx 


(a  +  bz)n 


- ,  where  z  —  x2. 


r.  X~dX  —  X  _  I _ 1  r  ^ 

■  J  (o  +  6x2)"  =  2 b (n  -  1)  (a  +  to*)’*-1  2b(n  -  1)  J  (a  4- bx2) 


\M  —  1 


dx 


=  —  log- 


xn 


35.  f 
J  ( 


a:  (a  +  bx")  aw  a  +  bxn 

dx  1  r  dx 

x2  (a  +  bx2) 

xdx 


+  C. 


-= -  r 

»  fflT  ; 


«  J  x2  (a  4-  bx2)" 


— n 

-1  f/V 


dx 


ci*^  (a  +  bx2)" 


1  , 

=  - lOf] 


36. 


37 


38. 


39. 


/x 

a  - 


f, 


a  +  bx2  2  b 
x2dx 


(■'+!) 


+  c. 


x  a 
4-  bx2  b  b 


f- 

./  a 


dx 


4-  bx 2 


dx 


1 


•  =  —  lo 


x  (a  +  bx2)  2  a  a  4-  bx2 


J: 


dx 


x2  (a  +  bx2) 
dx 


+  0. 

dx 

ax  aJ  a  +  bx2 
x 


_  _  _  J_  _  b  r 
:21  ax  a  J  o 


(a  4-  bx2)2  2  a  (a  4-  bx2)  2  a  J  a  +  bx2 


1  /* 

2  a  J  c 


dx 


40 


'.  J* x  Va  4-  bx  dx  =  — 


Forms  containing  Va  4-  bx 
2  (2  a  —  3  bx)  V (a  4-  5x):i 


15  b2 


+  C. 


41.  fx2  V^Tto  dx  =  2  (8  ffl2  ~  12  +  15  ^  +  to)3 

J  105  63 


+  C. 


42.  r^g=  =  _2(2»:te)v— +& 

J  Va  +  5x  °b“ 


43.  f^^  =  2(8.--l»te  +  3^)v^  +  c 

"V/  n  _L  1  7)^ 

44.  r 

J  , 


Va  +  bx 
dx 


1  .  Va  +  bx  -  Va  _  „ 

=  —  log  — - - 77  4-  C,  for  a  >  0. 


:  Va  4-  bx  Va  °  Va  4-  bx  4-  Va 


45 


f: 


dx 


Va  4-  bx 


:  tan- 1 


—  a 


Va  +  bx 


4-  C,  for  a  <  0. 
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46  1 

f  dx 

J 

47-  J 

x2  Va  +  bx 

fVa  4-  bxdx 

X 

—  Va  +  bx  b  r 
2  a  J 


dx 


ax 


2a  J  x  Va  -)-  lx 

•  dx 
x  Va  +  bx 


Forms  containing  Vx2  -f  a2 

48.  C (x2  +  a2)*  dx  =  -  Vx2  +  a2  +  —  log  (x  +  Vx2  +  a'2)  4-  C. 

49.  f  (x2  +  a2)^  dx  =  -  (2  x2  +  5  a2)  Vx2  +  a2  +  — -  log  (x  +  Vx2  +  a2)  4-  C. 
•/  8  8 

n 

50.  f (x2  +  a2)2 dx  =  -+  a-j2  +  f (X2  +  a2)V 1  dx. 

■  n  +  1  n  + 1 J 

n  +  2 

51.  fx  (x2  +  a2)2  dx  =  (x2  +  a2)  +  C. 

71  -j-  2 

52.  f x2  (x2  +  a2)’  dx  =  -  (2  x2  4-  a2)  Vx2  +  a2  -  ~  log  (x  +  Vx2  +  a2)  +  G. 

J  8  8 


53. 


•  f - — — 1  =  log  (x  +  v/^2  +  a2)  +  G. 

/t2  _L  n 2\5 


(x2  +  a2) 
dx 


54.  r_ 

J  (x2  +  a' 


(x2  +  a2)2  a2  Vx2  +  a2 
xdx 


+  C. 


55.  f  xaX—  =  V^T^+C. 

J  (x2  +  a2)* 

56.  f  =  5  V^Ta2  -  -log(*  +  Vx2  +  a2)  +  G. 

J  ( x 2  +  a2)*  2  2 


57.  f- 

^  Ct.2 

58.  / 


(x2  +  a2)2 
x2dx 


x 


59, 


(x2  +  a2!2 
dx 

x  (x2  +  a2)’ 
dx 


vx2 


4-  log  (x  4-  Vx2  +  a2)  +  C. 


a- 


x 


1. 

=  -log- 

a  a  +  Vx2  +  a2 


+  C. 


■  / - ‘ 

J  ~2  2 


Vx2  +  a2 


60.  f- 
•  / 


x2(x2  +  a2)1 
dx 


azx 


+  C. 


Vx2  +  a2  ,  1  .  a  +  Vx2  4-  a2  „ 

- - - - log - bo. 

2  a2x2  2  a3  * 


61 

62. 


x3  (x2  +  a2)5 

(x2  +  atyhlx  _  Va^j^x2  —  a  log  - 


+  Va2  + ; 


+  0. 


fV2  +  ffl2)^  =  -  Vai8-+jg  +  log  (X  +  +  c. 

J  x2  * 
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63. 


64. 

65. 


66. 


67. 

68. 

69. 

70. 

71. 

72. 

73. 

74. 

75. 

76. 


77. 


Eokms  containing  a2 


a2) 


idx  =  -  Vx2  -  a2  -  —  log  (x  +  Vx2  -  a2)  +  C. 


jV 


_ ! _  o  ^4  j  — 

j (x2  -  a2)^dx  =  | (2 x2  -  5a2)  Vx2  -  a2  +  —  log(x  +  Vx2  -  a2)  +  C, 


11 

j (x2  -  a2)2  dx  = 


x  (x2  —  a2)2  na2 
n  +  1  a  +  1 


n 

J"  (x2  +  a2)2 


dx. 


fx  (x2  -  a2)^dx  =  (x2  fj,-—  +  C. 

J  x  +  2 


^  _ _ 

J"x2(x2  -  a2)*dx  =  ^(2x2  -  a2)  Vx2  -  a2  -  —  log(x  +  Vx2  -  a2)  +C. 


/ 

/ 

/ 

/ 


dx 


=  log  (x  +  Vx2  —  a2)  +  C. 


(x2  -  a2)* 

dx  _  x 

(x2  -  a2)3  a2  Vx2  —  a2 

xdx 


+  C. 


.  =  Vx2  -  a2  +  C. 


(x2  -  a2)5 


x2dx  x . 


-  =  -  Vx2  -  a2  +  —  log(x  +  Vx2  -  a2)  +C. 
(x2  —  a2)*  2  2 


x2dx 


-f  log  (x  +  Vx2  —  a2)  +  C. 


(x2  -  a2)l  Vx2  -  a2 

/dx  1  ,  x  „  r  dx  ,  _ 

- =  — sec-1- +C;  I -  =  sec~1x  4-C. 

x(x2  — a2)^  -  a  a  ^  x  Vx2  -  1 


/- 


x(x2  —  a2) 

dx  Vx2  —  a2 


x2(x2.— a2)* 
dx 


+  C. 


C  dx  Vx2  -  a2  1  ,  x  _ 

I - -  =  ^  „ - 1 - sec-1  -  +  G. 

J  x8  (x2  —  a2)1  2  a2*2  2  a8  a 

J  X 


a  cos-1-  4-  C. 
x 


i 


(x2  — a2)*dx  Vx2  — a2 


+  log  (x  +  Vx2  —  a2)  +C. 
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Forms  containing  Va8  —  x2. 

78.  f(a2  —  x2)-dx  = -Va^x2  + —sin-1- +C. 

J  2  2  a 

79.  ('(a2  -  =  -  (5  a2  -  2  x2)  Va2  -  x2  +  —  sin-1 -  +  C. 

»/  8  8  a 

n 

r  ,  x(a2  — x2) 2  a2n  /•  --i 

80.  j  (a2  -  x2)2dx  =  -T - —  -\ - -  (a2  — x2)2  dx. 

J  v  n-t-l  n  +1 J 

n-f-2 

81.  fx  (a2  -  x2) 2  dx  =_(a  ~x)  2  +c. 

J  n  +  2 


82. 


83. 


84. 


85. 


f x2 (a2  —  x2)4dx  =  -  (2x2  —  a2)  Va2  -  x2  +  ^-sin*1-  +C. 
d  8  8  a 

r  dx  .  .  x  r  dx  .  . 

j - -  sin-1  -  ;  =  sin-1  x. 

J  l„2  _  -r.2\i  a  J  Vl  —  X2 


(a2  -  x2)4 
dx 


/dx  _ 

(a2  —  x2}®  ai 


Vl  -  x2 

+  C. 


/ 


86 


87. 


88. 


89. 


90. 


91. 


/ 


(a2  -  x2)®  a'2  Va2  -  x8 

- r  =  —  Va2  —  x2  +  G- 

(a2  -  x2)5 

x2dx  x 

(a2  —  x2) 

x-dx 


r  &dx  x  - -  ,  a- 2  .  ,x  „ 

I - 1  =  -  «  Va2  -  x2  +  sin  -  +  c- 

J  (n?-  —  x2G  2  2  a 


(a2  —  x2)2  Va2  —  x2 
xmdx  xm_1 


x  .  ,  x 

—  sm- 1  -  +  C. 
a 


/xmdx 
(a2  —  x2)4 

/dx  1  , 

- -  —  log 

x  (a2  —  x2)2  a  a 
dx 


Va2  —  x2  + 


(m-l)a2/*  xm~ 


m 


/ 


(a2  -  x2)4 


-  dx. 


/ 


+  Va2” 


+  0. 


Va2  —  x2 


/: 


x2(a2-x2)4  a"x 

dx 


+  C. 


^^  +  J-log- 


jj-3  ^2  _  £2)1  2  a2x2  2  a3  a  +  Va2 

a  +  Va2  -  x2 


r‘2  —  0*2 


:+0. 


f  (ffl2  ~^dx  =  Va 2  -  x2  -  a  log ! 

J  X 

J  X2  x  a 


+0. 
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Forms  containing  V2  ax  —  x2,  V2  ax  +  x 2 
94.  J*  V2  ax  —  x2dx  =  '■ 


x  —  a 


V2  ox  —  x 2  H - vers- 1  -  +  C. 

2  2  a 


95 


•/ 


dx 


,xr  dx  .  i  ,  n 

-  =  vers-1  - ;  I  1  =  vers- 1  *  +  C. 

2  CL  J  -yJv.  nr.  — 


V 2  ax  —  x2 


a  J  V2 


x  —  xL 


r  , - -  ,  xm~l(2ax  —  x2)%  ,  (2m  +  1)  a 

96.  I  xm  ~v2  ax  —  x'2dx  = - — - h 


m  +  2 


97 


98. 


•/: 


xm  - 1 V2  ax~- 
dx 

x™  V2  ax  -  x 2  ~~  (2  m-  1)  axm  '  (2  m  —  l)aJ  xm-i  V2  ax  -  x2 

x"’dx 


dx 


V2  ax  —  x2  ^  ni  —  1 


f: 

m  +  2  J 

—  f — 

—  1)  Gt*/  1 


V2  ax  —  x2 


xm_  1  V2  ax  —  x2  ^  (2  m  —  1)  a  |~  xm_1dx 
m  m  J  V2  ax  —  x2 


•V2 


ax  —  x-2 


(2  ax  —  x2)®  m  — 3  rV2ax—x2 


99.  f'— — —  dx  = - - — — - 1 - ill — ” —  I  — n. 

J  xm  (2  m  —  3)  axm  (2  m  —  3)  a- 


xm~ 


100 


r  /- - -  3  a2  +  ax  —  2  x2  /- - 5  a3  ,  x 

|xV2ax— x2dx  = - v2ax  -  x2  4 - vers-1-- 

•/  6  2  a 

V2  ax  —  x2 


p/i 

102-  / 


dx 

x  V2  ax  —  x- 
xdx 


:  ax 
ax 


+  C. 


_ =  —  V2  ax  —  x2  +  a  vers-1  -  +  C. 

V2  ax  —  x2  a 


m  / 
/ 


x2dx 


x  3  a 


104. 


105. 


/ 


106-  / 
/ 

108 


V2  ax  —  x2 

V2  ax  —  x2 
x 

V2  ax  —  x2 
x2 

V2ax— x2 


V2  ax  —  x2  +  -  a2  vers- 1  -  4-  C. 
2  2  a 


dx  =  V2  ax  —  x2  +  a  vers- 1  -  +  (7. 

a 


dx  =  — 


2  V2  ax  —  x2 


—  vers-1  -  +  C. 
a 


x3 

dx 


dx  =  — 


(2  ax  —  x2)® 


3  ax3 
x  —  a 


+  C. 


(2  ax  — x2)®  a2V2  ax  —  x2 
J  xdx  a 


+  C. 

+  0. 


(2  ax  —  x2)®  aV2ax-x2 
109.  J~F(x,  V2  ax  —  x2)  dx  =  F(z  +  a,  V a2  —  z2)  dz,  where  z  =  x  —  a. 


x2dx. 
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110. 


f: 


dz 


—  log  (as  +  a  +  V2  ax  +  as2)  +  C. 


V2  ax  +  z 2 

111.  J F(x,  V2  ax  +  x2)  dx  =j~F(z  —  a,  Vz2  —  a2)  dz,  where  z  —  x  +  a. 


Forms  containing  a  +  bx  ±  cx2 


112. 


113. 


114. 


115. 


116. 


fa 


dz 


tan- 


j  2  cx  +  b 


f 


+  bx  +  cx2  V4  ac  -  b2  V4  ac  -  b2 

1 


+  C,  when  b2  <  4  ac. 


dx 


.  2  cx  +  b  —  V&2  _4  ac  ,  ^  . 

log -  ■  ■■  +  C,  when  b2  >  4  ac. 


/; 

/ 


a  bx  +  cx2  V&2  —  4  ac  2  cx  +  b  +  V&2  —  4  ac 
da:  1  ,  Vb2  + 4  ac  +  2cx-b 


log- 


+  bx  —  cx2  Vfr2  +  4  ac  VF2  +  4  ac  —  2  cx  +  b 


G. 


dx 


Va  +  bx  +  cx2  V^ 
J  Va  +  6x  +  cx2dx 


—  —  log  (2  cx  +  b  +  2  Vc  Va  +  5x  +  cx2)  +  C. 


2  cx  +  b 
4  c 


Va  +  6x  +  cx2  — 


62  —  4  ac 


117. 


119. 


120. 


8  c* 


log  (2  cx  +  b  +  2  VcVa  +  6x  +  cx2)  +  C. 


dx 


f 

118.  J" Va  +  bx  —  cx2dx 
xdx 


=  — -  sm 


-1 


2  cx  —  b 


Va  +  bx  —  cx2  Vc  Vf2  +  4  ac 
2  cx  —  b 


+  G. 


4  c 


/ - — - -  F2  +  4  ac  .  ,  2  cx  —  6 

Va  +  6x  —  cx2  H - sin- 1  — • 


8  c®  V62+4 


+  0. 


ac 


/ 

/ 


Va  +  frx+cx2  6 


Va+5x  +  cx2 
xdx 

Va  +  6x  —  cx2 


- log  (2  cx  +  6  +  2  VcVa+&x+cx2)  +  C. 

2  c? 


Va  +  bx  —  cx2  b  .  ,  2 cx—b 

- - - 1 - sm-1  - 

c  2  c?  VF2  +  4ac 


+  C. 


123. 


Other  Algebraic  Forms 


121.  fJ^dx  =  V(a  +  x)  (6  +  x)  +  (a  -  b)  log(Va  +  x  +  Vb  +  x)  +  C. 
J  \  b  +  x 

122.  f  ^  dx  =  V(a  -  x)  (6  +  x)  +  (a  +  b)  sin- 1  +  C. 

J  \  &  +  x  \a  +  j 


f  /a +  x 
J\b-x 


dx-  -  V  (a  +  x)  (6  -  x)  -  (a  +  6)  sin 


\a  +  6 


+  C. 
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124. 


125 


f4 


■s 


dx=  —  Vl  -  x2  +  sin-1  x  +  C. 

—  x 


dx 


;  =  2  sin- 1 


Vx  —  a 

J^ra 


+  c. 


V(x  —  a)  (/3  —  X) 

1 

Exponential  and  Trigonometric  Forms 

C.  129.  J~ sin  xdx  =  —  cos  x  +G. 

130.  J" cos  xdx  =  sin  x  +  C. 

1.  131.  J' tan  xdx  =  log  sec  x  =  —  log  cos  x  +  G. 


/QX 

axdx  =  - - 1 

log  a 

127.  J e"dx  =  ex  +  C. 

/»  pax 

128  ' 


/qCLX 

ea:rdx  = - 1 -G. 

a 

132.  J'cot  xdx  =  log  sin  x  +  G. 

//»  cJ/  JC/  /  tj-  3/  \ 

sec  xdx  =  ( - -  =  log  (sec  x  +  tan  x)  =  log  tan  (  -  +  -  )  +  C. 

J  cosx  \4  2/ 

//* 

cosec  xdx  =  (  — —  =  log  (cosec  x  —  cotx)  =  log  tan  -  +  C. 

J  sinx  2 


135. 

J" sec2  xdx  =  tan  x  +  C. 

138. 

J' cosec  x  cot  xdx  =  —  cosec  x  +C. 

136. 

j  cosec 2 xdx  =  —  cotx  +  C. 

139. 

f  sin2  xdx  =  -  —  -  sin  2  x  +  (7. 

J 

J  2  4 

137. 

(  sec  x  tan  xdx  =  sec  x  +  G. 

140. 

r cos'2  xdx  —  -  +  -  sin  2  x  +  C. 

J 

J  2  4 

141. 

r.  7  sin”-1  x  cosx 

I  sin”  xax  = - - -  -f 

71  —  1 

(  sin’*-2  xdx. 

J  n 

n 

J 

r  ,  cos’*-1  x  sinx  n 

-1  c 

142. 

cos’*  xdx  -  + 

- :  ( 

cos’*-2  xdx. 

J  n 

71  J 

143  C  dx  _  _  1  cosx  —  2  />  dx 

Jsin«x  n  -  1  sin"-1  x  +  n  —  1 J  ; 

f  dx  _  1  sin  x  n  —  2  ^ 

J  COS’1  X  n.  —  1  CORM-l  cr.  n  _  1  J  , 


144 


cos™  x  n  -  1  cos™- 1 X  n  —  l  J  cos’*-2  x 
cos™*-1  x  sinn  +  1  x  m  — 1 


145.  /cos-  *  sin- 

J  m  +  n  m  +  nJ 


146.  I  cosm  x  sin™  xdx  =  — 


5  S' 

•/; 


sin™-1  x  cosm  +  1  x  n  —  1 


dx 


TO  +  77 

1 


+ 


;/ 


TO  +  71 
777  +  77  —  2 


sin"*  x  cos"  x  7i  —  l  sin"*  - 1  x  cos’*  - 1  x  n 


cos”*  x  sin™ -2  xdx. 
dx 


n  —  2  /- 
—  1  J  si 


sin"*x  cosn-2x 
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148. 

149. 

150. 

151. 

152. 

153. 

154. 

155. 

156. 

157. 

158. 

159. 

160. 

161. 

162. 

163. 


/dx  _  1  1  ^  to  -f  n  —  2  r 

sinOT x  cos” x  to  —  1  sin™ - 1  x  cos'1  -  lx  to  — 1  9  sin™- 

to  —  n  +  2  reosmxdx 


dx 


2x  cos”x 


cos  '"xdx 


/cos 
si 


cos'”  + ]  x 


.  +  2  r  cc 

1  J  si 


X 


sin"  x  (n  —  1 )  sin"  ~ 1  x 

cos mxdx  _  cos’"-1 

sinnx  (to  —  n)  sin"  - 1  x  '  m  —  nJ  sin"x 

COS"  +  1X 


sin"  -  2  x 


cos’”  - 1  x  in  —  1  cos’”  _  2  xdx 


-f 


’+0. 


J”  sin  x  cos”  xdx  =  — 

/sin”  + 1  x  _ 

sin”  x  cos  xdx  = - b  C. 

n  +  1 

tan”_1x  r  „  ,  ~ 

tan"  xdx  = - I  tan”-2  xdx  +  C. 

n  —  1  J 

/,  cot”-1  x  r  „  ,  _ 

cot”  xdx  =  — - I  cot”-2  xdx  +  G. 

n  —  1  ^ 

Xs 


sin  (to  +  n)  x  sm  (m  —  n)  x 

sin  wix  sin  nxdx  = - 1 - - - - - 1-  G. 

,  2  (to  +  n)  2  (to  —  n) 

sin  (to  +  n)x  sin  (to  —  n)x 
- 1 - - ; - r 


J'  cos  tox  cos  nxdx 
J~ sin  mx  cos  nxdx  =  — 


2  (to  +  n)  2  (to  —  n) 

cos  (to  +  n)  x  cos  (to  —  n)x 

2  (to  +  n)  2  (to  —  n) 


+  C. 


f- 

c/  a 


dx 


f- 

J  a 


+  b  cos  x  Va-  —  62 
dx  1 


tan- 1  (  \  ^  tan  - ^  +  C,  when  a  >  b. 

\\a  +  b  2/ 

Vfr  —  a  tan  -  +  V&  +  a 
log - - -  ■  +  C,  when  a  <  b. 


-f  b  cos  x  V62  —  a2  °  tan  -  - 

2 


r- 

./  a 


dx 


a  tan  -  +  f> 

2  2 

:  tan-1  — +  C,  when  a  >  b. 


+  b  sin  x  Va2  -  6 2  Va2  -  62 


Xa 


dx 


a  tan  -  +  5  —  V(i2  —  a!2 


lot 


2 


+  6  sin  x  V(i2  —  a2  a  tan  ?  +  6  + 

2 


+  0,  when  a  <  6. 


Xs 


dx 


;2  cos2x  +  62  sin2x  ab 


Itan-d— )  +  C. 

\  a  / 


sin  nxdx 


eax  (a  sin  nx  —  n  cos  nx)  ^  ^  _ 


a2  +  n2 


f  eax  si 

/ex  (sin  x  —  cos  x)  ,  „ 
ex  sm  xdx  —  — 1 

2 
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/e"*  (n  sin  nx  +  a  cos  nx)  n 
e™  cos  nxdx  = - — — ^ - > 


a2  +  n 2 


/■ 


excos  xdx 


_  er  (sin  x  +  cos  x) 


/pjOLOfc 

xe^dx  —  -—(ax-1 )  +  C 
a2 


/q*71qCIX  yi  /* 

xneaxdx  — - I  xn~1eaxdx. 

a  aj 


//yrn.TVwi  /• 

amxxndx  = - - -  I  amxxn  ~ 1  dx. 

mloga  mlosaJ 


168 


xm 


+ 


(m  —  l)xm_1  in 


a  r  arax 
1 J  x"*_1 


eax cos™ ~ 1  x  (a  cos  x  4-  n  sin  x)  n(n  —  1) 


169.  C eax  cos"  xdx  =  - — — - y;: - ~  '  —  -  + 

J  a2  +  n2 


a 2  + 

in  (m  —  1) 


21  C, 

n2  J 


eaxcosn~2xdx. 


t—  1  fji  ( 772,  1  j  /* 

xm  cos  axdx  — - (ax  sin  ax  +  m  cos  ax) - - — - - -  I  xm  ~  -  cos  axdx. 

a 2  a2  J 


Logarithmic  Forms 

171.  Jlog  xdx  —  x  log  x  —  x  +  C. 

172.  =  i0g  (jog  x)  +  log  x  +  i  log2x  +  •  •  • 

J  logx  22 

/dx 
: 


173 


=  log  (log  x)  +  C. 


xlogx 

174.  f  x”  log  xdx  =  xn  + 1  f  X - - - 1  -\-C. 

J  Ln  +  1  (n  +  l)2J 


175.  Ceax  log  xdx  =  - — - C—dx. 

J  a  a  J  x 


177 


/jjjwi  +1  YL  f* 

xm  log"  xdx  = - log"  x  — -  (  xm  log"  - 1  xdx. 

in  +1  in  +  1  J 

/xmdx  _  xm  + 1  m  +  1  f 

lo2"x  (n  —  1)  log"- xx  +  n  —  1  J  1 


m  +  1  C  xmdx 
n 


log"_1x 


INDEX 


[Tlie  numbers  refer  to  the  pages.] 


Absolute  convergence,  227  ;  value,  9. 
Acceleration,  105. 

Approximate  formulas,  240. 

Archimedes,  spiral  of,  283. 

Areas  of  plane  curves,  polar  coordinates, 
376,406  ;  rectangular  coordinates,  371, 
402. 

Areas  of  surfaces,  388,  411. 

Asymptotes,  252. 

Auxiliary  equation,  435. 

Binomial  differentials,  334. 

Binomial  Theorem,  1,  111. 

Cardioid,  282. 

Catenary,  281. 

Cauchy’s  ratio  test,  224. 

Change  of  variables,  152. 

Circle  of  curvature,  183. 

Cissoid,  280. 

Computation  by  series  of  e,  237 ;  of 
logarithms,  238 ;  of  7r,  238. 

Concave  up,  123  ;  down,  124. 

Conchoid  of  Nicomedes,  281. 
Conditional  convergence,  227. 

Cone,  2. 

Conjugate  points,  264. 

Constant,  11 ;  absolute,  11 ;  arbitrary, 
11 ;  numerical,  11 ;  of  integration, 
289,  309. 

Continuity,  22  ;  of  functions,  22. 
Convergency,  219. 

Coordinates  of  center  of  curvature,  184. 
Critical  values,  120. 

Cubical  parabola,  280. 

Curvature,  center  of,  183 ;  circle  of, 
183;  definition,  159;  radius  of,  159. 
Curve  tracing,  266. 

Curves  in  space,  271. 


Cusp,  263. 

Cycloid,  95,  281. 

Cylinder,  2. 

Decreasing  function,  116. 

Definite  integration,  355. 

Degree  of  differential  equation,  425. 

Derivative,  definition,  39. 

Derivative  of  arc,  141,  143. 

Differential  coefficient,  39. 

Differential  equations,  424. 

Differential  of  an  area,  355. 

Differentials,  140. 

Differentiation,  37  ;  of  constant,  48 ;  of 
exponentials,  60;  of  function  of  a 
function,  57  ;  of  implicit  function,  84, 
260  ;  of  inverse  circular  functions,  70  ; 
of  inverse  function,  58  ;  of  logarithm, 
58,  62  ;  of  power,  51 ;  of  product,  50  ; 
of  quotient,  52;  of  sum,  49;  of  trig¬ 
onometrical  functions,  67. 

Double  point,  262  ;  integration,  396. 

Envelopes,  208. 

Equiangular  spiral,  283. 

Evolute  of  a  curve,  187,  213. 

Expansion  of  functions,  231. 

Exponential  curve,  284. 

Eamily  of  curves,  208. 

Fluxions,  37,  44. 

Folium  of  Descartes,  282. 

Formulas  for  reference,  1. 

Function,  algebraic,  17 ;  continuity  of, 
22  ;  definition,  12  ;  derivative  of,  39  ; 
explicit,  15;  explicit  algebraic,  17; 
exponential,  17 ;  graph  of,  24 ;  im¬ 
plicit,  83,  202  ;  increasing,  decreasing, 
116  ;  inverse,  15,  18  ;  logarithmic,  17  ; 
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Function,  —  continued. 
many-valued,  14  ;  of  a  function,  57 
rational,  16 ;  rational  integral,  16 
transcendental,  17  ;  trigonometric,  17 
uniform,  one-valued,  14. 

Greek  alphabet,  4. 

Helix,  272. 

Homogeneous  differential  equation,  430. 

Huygens’  approximation,  242. 

Hyperbolic  spiral,  283. 

Ilypocycloid,  282. 

Increasing  functions,  116. 

Increments,  37. 

Indeterminate  forms,  172. 

Infinitesimal,  21,  141. 

Infinity,  21. 

Inflection,  136. 

Integer,  7. 

Integral  curves,  446 ;  definite,  356 ; 
definition,  288 ;  indefinite,  289. 

Integrapli,  448. 

Integration,  by  partial  fractions,  315; 
by  parts,  341 ;  by  rationalization,  329 ; 
by  transformation,  337;  definition, 
287. 

Interval  of  a  variable,  11. 

Involute,  189. 

Jordan,  248. 

Laplace,  37. 

Leibnitz,  44;  formula,  111. 

Lemniscate,  281. 

Length  of  curves,  378. 

Limajon,  283. 

Limit,  change  of,  365;  infinite,  360; 
interchange  of,  358;  of  a  variable,  17; 
of  integration,  167;  theory  of,  19,  26. 

Linear  differential  equation,  431. 

Litmus,  283. 

Logarithmic  curve,  284 ;  spiral,  283. 

Logarithms,  Briggs’,  240  ;  common,  240 ; 
Naperian,  240 ;  natural,  34. 

Maclau'rin’s  theorem  and  series,  234. 

Maxima  and  minima,  116,  135,  169,  246. 


Mean  value,  extended  theorem  of,  168 ; 
generalized  theorem  of,  172  ;  theorem 
of,  167. 

Moment  of  inertia,  408. 

Multiple  roots,  100. 

Newton,  37,  44. 

Node,  262. 

Normal,  90,  275;  plane,  271,  277. 
Numbers,  complex,  9;  imaginary,  8; 

irrational,  8  ;  real,  8. 

Numerical  value,  9. 

Order  of  differential  equations,  425. 
Ordinary  point,  259,  273. 

Osculation,  263. 

Osgood,  220. 

Parabola,  281 ;  cubic,  280 ;  semicubical, 
280;  spiral,  284. 

Parameter,  11,  208. 

Parametric  equations,  92. 

Partial  derivatives,  193;  integration,  394. 
Pierpont,  259. 

Points,  conjugate,  264;  end,  265;  iso¬ 
lated,  264;  of  inflection,  136;  salient, 
265;  singular,  259;  turning,  118. 
Probability  curve,  284. 

Quadratic  equation,  1. 

Radian,  17. 

Radius  of  curvature,  162. 

Rates,  148. 

Rational  fractions,  315. 

Real  number,  8. 

Reciprocal  spiral,  283. 

Reduction  formulas,  344. 

Rolle’s  Theorem,  166. 

Semicubical  parabola,  280. 

Series,  alternating,  226 ;  arithmetical,  1 ; 
convergent,  219;  definition,  217;  diver¬ 
gent,  220 ;  geometrical,  1 ;  infinite, 
218 ;  nonconvergent,  220  ;  oscillating, 
220 ;  power,  228. 

Sine  curve,  284. 

Singular  points,  259. 
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Solution  of  differential  equations,  425. 
Sphere,  2. 

Stirling,  235. 

Strophoid,  283. 

Subnormal,  99. 

Subtangent,  90. 

Successive  differentiation,  109, 146,  205 ; 

integration,  392. 

Surface,  area  of,  388. 

Tangent  curve,  284. 

Tangent,  to  plane  curves,  89 ;  to  space 
curves,  271. 

Tangent  line  to  surface,  271. 

Tangent  plane,  273. 


Taylor’s  Series,  232 ;  theorem,  232. 
Test,  comparison,  222. 

Total  differentiation,  198. 

Trajectory,  93,  127. 

Transcendental  function,  17. 
Trigonometric  differentials,  303. 

Triple  integration,  415. 

Vallbe-Poussin,  31. 

Variable,  definition,  11 ;  dependent,  12; 

independent,  12. 

Velocity,  102. 

Volumes  of  solids,  384,  415. 

Witch  of  Agnesi,  280. 
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